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Abstract—In this paper, estimation of a regression function
with independent and identically distributed random variables
is investigated. The regression estimators are defined by min-
imization of empirical least-square regularized algorithm over
a class of functions, which are defined by the feed forward
neural networks (FNNs). In order to derive the learning rates
of these FNNs regression function estimators, the new FNNs
operators are constructed via modified sigmoidal functions.
Vapnik-Chervonenkis dimension (V-C dimension) of the class
of FNNs functions is also discussed. In addition, the direct
approximation theorem by the neural network operators in Lﬁ «
with Borel probability measure p is established.

I. INTRODUCTION

LET (z,y) € X xY C R¥ x R, dim € N,dim > 1.
(x,y), (z1,11), (x2,92), - - , be independent and identi-
cally distributed (I. I. D) random variables with |y| < L < oo,
where L is a positive real number. Let p be a Borel probability
measure on Z = X x Y C R¥™ x R.

Let f,(z) = E(Y|X = x) be the regression function. Under
the mean squared error measurement, f, minimizes the Lo risk
error(cf. [1]),

() = E{If@) -yP}. M

In applications, however, the distribution of (z,y) is usu-
ally unknown, as well as the probability measure p and
regression function f,. Therefore, the problem always be-
come to construct the nonparametric regression estimates
fo ¢ R¥™ — R based on a set of data D, =
{(z1,91), (z2,92), -, (n,yn)}, Which can be used to ap-
proximate the regression function f,. The L, error of such
regression estimator is measured by

Il o= Lo 3=l fo = S 122 - 2

In nonparametric learning, the estimators f,, are usually
chosen from some hypothesis spaces. For example, the re-
producing kernel Hilbert space (RKHS), especially with the
polynomial kernel, has been widely used ( See for example,

(2], [3], [4D.
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In this paper, the estimators f, are assumed to have the

form
m

fulx) = cho(ajx +b;),

=0

In other words, the hypothesis spaces are defined by

M =3 fo : RT"™ 5 R, fol2) = cjo(az+1b;):
=0
. m
aj € R™™bj,c; € R, Y lejl € [Ln, Lu] ¢, 3)

J=0

Such function f,, € H,, is called feed forward neural
networks (FNNs) with one hidden layer, m neurons. c; are
the coefficients, L, > L, a; are the connection weights, b;
are the thresholds. In the general form, b;,c; € R, a; € R*™
and r € X C Rdim,dim > 1. In this paper, the univariate
problem is considered. In what follows, let dimm = 1 and
X = [-1,1]. o(x) is called the active function of neural
networks. In many classical networks, o(z) is often taken as
the sigmoidal function, i. e., it satisfies the conditions,

lim o(z) =1, lim o(x)=0.
r—+00 T——00

For examples, the logistic squashing function, one of the

most widely used sigmoidal function, is defined by

o(z) = —

S 4
14e®’ @

which also has many applications in biology, demography, etc.

Recently, some authors considered the neural networks as
the regression estimators. For example, in [5], Kohler and
Krzyzak showed that the Lo error of neural networks to
regression function can be bounded for some special regression
functions, where the function m(z) is Holder continuous, if
there is a constant C' such that,

Im(z) =m(y)| < C-Jlz —y[",0<p <1

In this paper, the authors discuss the general case for
regression function, and choose the set of FNNs as hypotheses
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space. The regularized regression algorithm is presented to
define

f= argming, cx,, (En(fn) + A H c(fn) ”%)

with the empiric error

1 n
en(fn) == n Z(fn(xl) - yi)27
i=1
and the regularization term
|| C(fn) ||§: Z |C'L‘23 fn € Hma
i=0

here A > 0, Jy| < L < o0.

II. MODIFIED SIGMOIDAL FUNCTIONS AND RELATED
CONCLUSIONS

In [6], Chen and Cao introduced the following function

O(xz) := % (clx+1)—0o(x—1)), (%)

where o(x) is the logistic function defined by (4). They
constructed operators in the same paper and proved that the
continuous functions can be approximated by these operators
in the uniform norm.

Function ®(x) has some interesting properties.

Proposition 1: (a) / (z)dz =1,
(b) The Fourier transform of ® equal to 0, that is, <i>(k) =0,
ke Z k0

“+o0
(c) For any = € R, Z

k=—oc0

O(x—k)=1;

(d) ®(x) is even and non-increasing for z > 0.
Proof.(a), (b) and (c) can be found in [6]. By the definition
of ®(z), we have
e?—1 1
2 (T+ette) (1 4el-a)
Then ®(x) is even. By noting that
e(e? — 1) e’ —e
2 (1+ el t7)2(1 + el-@)2"

—T

' (z) = —

we see that, ®(x) is increasing on (—oo, 0] and decreasing
n (0, 00).

In this section, a new FNNs operator is constructed based
on (5). The approximation properties of this operator are
investigated. Especially, the Jackson type estimation of the
operator is established in Lf) . With Borel probability measure.

The feed forward neural networks operator with ®(z) is
defined as follows:

2(k+d)

PR

=0

Ira(f ) = O(kx —j+ (k+d), d<k, (6

where the coefficients c; are defined by

—l47
Joi T f(H)dpx (1)
N I S
Joa i dpx (t)
j+l—k—d
f%k—jdl f()dpx (t)
§+1—k—d
f%k;dl dpx (t)
f1_7 de(t)

i
flfﬁ de (t)
Remark 1: If we add the restriction 2(k 4+ d) < m on I g,

then by (d) in Proposition 1, it is obvious that I, 4(f, ) € Hp,
We show that Iy, 4 is bounded in LP = spaces. In fact, we

,0<5<d-1,

, d<j<2k+d,

Cj =

2k +d+1— 2k + d).

have
Theorem 1: Let X = [-1,1], f € Lgx,(l <p <o) If
there is a positive constant C' such that
J)d
S ®ke = Ddpx(@) ¢, 11 ™
fil dpx ()
k+1
then

[ Ti,a(f) o< 3CI flp- ®

Proof. p = oo, by the definition of Iy, 4(f, z), we can rewrite
it as follows

2(k+d)
Lea(f,2)= > ¢;®(kz —j+ (k+d))
j=0
—k-1 —ltpty
_ f71_1+i( )dpx (1) (ke — )
==ty \ Jor T dpx (D)
e [ J5T Ft)dpx(t)
+> | = (kx — j)
j=—k gl dPX(t)
rd (L f(t)dpx(t)
Py (TR ke )
=k+1 Jio 1 dpx(t)

Thus, by (c) in Proposition 1, for f € pr’

k+d
1Tka(Dlloo < 1flloe > (k=)
=—(k+d)
“+oo
<o D @k —5) = || [l ©)

j=—o00

When 1 < p < oo, by Minkowski’s inequality, we have

1 2 3
I Zia(F) o<l I 1l + 1 I3+ 1 L3 1l
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By Holder’s inequality, (a) in Proposition 1 and assumption
(7), we have

2
112 p< ¢ /X (&) Pdpx (£) = CII |
Analogously, we have
1 3
LI < ClFIE | 1) 2< CLFIE.
Therefore, for 1 < p < oo, we have

[ Ti,a(f) o< 3C flp-

Remark 2: If dpx(t) = dt, then (7) reduces to [, (k +
1)®(kxz — j)dx < C, which can be easily deduced from (a)
in Proposition 1.

Next, we prove that the error between Iy, 4(f,x) and f(x)
can be bounded by K-functionals between Lf)X and some
Sobolev type spaces.

Theorem 2: Suppose X = [—1,1]. For any function g such
that g, ¢’ € L2, we have

1k.a(g,) = 9gllez
<2y Dia-llg'llez, +4e”lglrz

where Ay 4 := Hlk’d (}f; de(u)‘ ,x)‘

Proof. By the definition of I,,, 4(f, ) and (c) in Proposition
1, write ®(.) := ®(kx — j) write

Ll

Ik7d(gvx) - g(.f)

—k—1 e
ST (a) — g(@)dpx (1) )
= 141 ()
j——%-%d) ( I T dpx (1)
e [ TEE (9 - g()dox (1
+ > | d(.)
j==k fk%l dpx (t
st [ [L (g(t) - g(2))dpx (t)
2 3(.
: j—%l 117ﬁ dpx (t) g
- > g@)®()
|31>k+d+1

=1L+ I+ Is+ Iy
Therefore, by Minkowski’s inequality,

1k.a(g,-) = gllzz

<Uhllez, +12lle + Msllzs + [Hallzz -
Applying the Schwarz inequality and (c)in Proposition 1 ,

ks < [ 3 f@etdex)
X X .
|7|>k+d+1

Since ®(x) is even and non-increasing when z > 0 ( (d)
in Proposition 1), also notice that |kx — j| > d + 1 for |j| >
k 4+ d + 1. We deduce that

i, <2 [ o ([ oar) doxo

< C a2, <oeg)2
= 7o g Lz S g Lz

We can estimate || I2[| 2  in a similar way. By using Schwarz’s
inequality and (c), (d) in Proposition 1, we have the estimates
for I — I, and obtain

1 1x,a(g, ) *9||2Lgx
< 4(||—’1H%3X + ||—72H%gx + ||Is||%gx + \|I4||2Lgx)

<2y/Bea-lgllzz, +de~llgllzz_.

which proves Theorem 2.
Denote the K-functional between the Lf,x and Sobolev
space by

K(f,t) =

g,9'€L

inf {BC+Dllg= fl
" PX
/ —d/2
209/l 5 +4eglz, }-
Theorem 3: For f € L>

PX’

Hka(f) = fllpz < K(f, v/ Bra)-

we have

2 ; 2
Proof. For any g € L7  that also satisfies g’ € L7, by
Minkowski inequality and Theorem 1,

Mk,a(fs) = fll 12
PX
< ||Ik,d(f -9 ')HL%X + ”Ik,d(ga ) = gHL‘ﬁX
+[lg — f||LgX
<BC+Dg—fllgz + kalg,") —gllpz -
PX PX

By taking the infimum over the space where function g
belongs to , and by Theorem 2,

[ k,a(f,") — f”L%x < K(f,/Ak,a)-

Remark 3: The difference between Theorem 3 and the usual
(weighted) approximation is that the weight used in this paper
is a Borel probability measure px, which is not necessarily
regular.

III. MAIN RESULTS

The main purpose of this paper is to investigate the error
between two least square errors ( f,) and e(f,,). (It is obvious
that e(f.) — e(f,) =|| f- — f» [I3-) In order to do that, we
rewrite e(f,) —e(f,) with the regularization term of parameter
A

e(fo) —e(f,) S elfo) —efp) + M e(£2) 113 -
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Then, (f,) —
follows:
e(f2) —e(fo) Selfe) —e(fp) + A N e(£2) 113
< (e(f2) —ex(f2) + (e2(In,a(fp)) — e(Tk,alfp)))
+{e(f) + A ef2) 13 —e=(Inalfp))
= e(Ixa(fp)) 13}
+ (e(r.a(fp)) = (fp) + Al ela(£o)) 113)-

In what follows, we always assume that 2(k + d) < m to
ensure that I,, 4(f,z) € H,,. Term (10) is at most zero, since
It.a(f,) € Hum. Therefore

s(fz) _E(fp)
< (e(f) —ex(f2) + (e2UT,a(f) — eTra(fo)))
+ (e(Ira(f,)) —e(fo) + Al c(Tx.a(fp)) 113)-

The term £(f2) — €.(f2) + e:(Ia(fp)) — €(k,a(f,)) in
(11) is called the sample error, and the term e(I} 4(f,)) —
e(fp) + A || ¢(Ix,a(f,)) ||3 estimates the regularization error.
Their discussion would be processed in Section 4 and 5. After
estimating these three terms, we obtain the following Theorem.

Theorem 4: Suppose that |Y'| < L. Let

1
n(1+ el Ia(fp)l3)
Mx,alfps-) — fp||L2 , then for any ¢ > 0 and
0 < § < 1, with confidence 1 — g we have
(fz) _€(fp)
7M2 1 1
n - +2A —
<3, 6 + + e+ -
. [24Mne (m+ 1)}

e(f,) + A || e(f2) ||3 can be decomposed as

(10)

(1)

write A =

7(m+1) 198 M2 _ _ne?

2
ne 128M7

€ ne

IV. PRELIMINARIES
In this section, we present some definitions and lemmas for
preparation. _
Definition 1: (cf. [7]) Let A be a class of subsets of Rdm
and n € N.

(a) For z1,--- , 2z, € R¥™_ define

S(Av{zlv"' 7Zn}) = |{Aﬂ{z1, ,Zn} tA€ A}|a
that is, s (A, {z1,- -+, zn}) is the number of different subsets
of {z1,---,2n} of the form AN{z, -+ ,2,}, A€ A

(b) Let G be a subset of R¥™ of size n. One says that A

shatters G if s(A,G) = 2", i.e., each subset of G can be
represented in the form 4 N G for some A € A.
(c) The n—th shatter coefficients of A is

max s(

{z1,,z2n }CRI™ A’ {zl’ T 7Zn})

Definition 2: (cf. [7]) Let A be a class of subsets of Rdim
with A # ¢. The VC dimension (or Vapnik-Chervonenkis
dimension ) V4 of A is defined by

Va=sup{n e N:S(An)=2"}

S(A,n) =

i.e., the VC dimension V4 is the largest integer n such that
there exists a set of n points in R%™ which can be shattered
by A.

Lemma 1: (cf. [7]) Let F be a s-dimensional vector space
of real functions on R%™, and set

Fi={{z: /() 20} : f € F},

then we have Vz < s.

Lemma 2: Let F be a family of real function on R, and g :
R — R be the function increasing on (—o0, 0] and decreasing
on [0,00). Define G = {go f: f € F},

Gr={(z,t) eR"™ x R:t < (g0 f)(2); },
Fti={(z,1) € R¥m xR:t< f(2);f€F}
F ={(zt) e R" x R:t> f(2); f € F}.

Then

Vg+ S max {V]:+ 5 V]:— } . (12)

Furthermore, let 7 be a s-dimensional vector space of real
functions on R%*™_ we have the estimation

Vrr <s+1, (13)

and

V].‘* S s+ 1. (14)

Proof. Assume that (ay,b1), -, (an,b,) are shattered
by GT. Then there exist functions fi,---,fon such that
(I{g(fj(al))>b1}’ 2+ Ig(f,(an))2b,)) takes all 2 values for
7 =1,---,2" We divided the proof into three cases.

Case 1. If all f;(a;) < 0,5 = 1,2,---,2". In this case,
noting that function g is non-decreasing. For all 1 <1 < n,
define

.= . (a:)) > b:
8 1<Hju<%n {fj (a;) : (fj (a;)) = bz} ) (15)
t; = ax, {fi(a:) = g(fj(ai)) <bi}. (16)
By the monotonicity of g, s; > t;, we have
i+t
t; < Si + < S;.
Furthermore,
S; +t;
9(fi(ai)) > b;i = fi(ai) > si = fj(ai) > —
and
si+t;
9(f5ai)) <bi = fila) < si = filai) < —5—-

Thus for every j < 2", the binary vector

(I{fml)z%}’”' ’I{man)z“’"T“"})

has the same values as

(Lot an=bays  Lalhsan))=ba) -

Therefore, the pairs

u s1+t a Sp+1n
1 2 ) ) sy 9
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are shattered by FT.
Case 2. If all f;(a;) > 0,5 = 1,2,---,2". The proof is
Similar to Case 1, and we can prove the pairs

u s1+ 11 a Spn +1in
1 ) ) ) sy 9

are shattered by FT.

Case 3. If f;(a;) < 0 for some j = 1,---,2" and i =
1,--- ,n. Define
sry = IR {fiai) - g(fj(ai)) < bi},
st = max {fiai) - g(fi(ai)) < bi},
b o= Iax, {fiai) - g(fj(ai)) = bi},
ti, == min {f;(a;) : g(fj(as)) = bi}

1<5<2m

Sps+s1, +t-, 1.
Let M; = ~“+——i—"i"—i then we have

g(fjlai) = M;) < b; =
Sy, — 81, b, — 11,
fila;) > 1

and

g(filai) — M;) > by =
< Sp, — 81, + ity — 1,

filai) < 1 :

Therefore, we also have that

I .
ry =Sy +Htry —t] ) 9
{fj(al)g%}

I
{fﬂw)é%}

has the same values as

(Lot an-miyznys s Lg(f(an)—Mi)>ba) ) -
Thus, the pairs

(al,sﬁ_shitﬁ_tll)’_..’

S, — 81, +tr, — 1,
Qn, 4

are shattered by FT.
Noting that for f € F,0 € R,

Ft={{(z,t) ER" x R:t < f(2)}: f € F}
C {{(z,t) e R"™ x R: f(z) +t0 > 0}}

Since F is a s-dimensional vector space under the assumption,
applying Lemma 1 to the s+ 1 dimensional linear vector space
{f(z) +t0: f € F, 0 € R}, which has dimension s + 1, we
have (13).

Setting t£ — f(z) > 0, £ € R, then (14) can be deduced by
the same discussion as (13).

Definition 3: For a subset S of a metric space and 1 > 0, the
covering number N (S, ) is defined to be the minimal integer
l € N such that there exist | disks with radius 7 covering S.

Definition 4: Let € > 0, let G be a set of functions R¥™ —
R. Let 2" = (21,-++ , 2,) be n fixed points in R¥™. Let r,
be the corresponding empirical measure, i.e.,

y .
rn(4) =~ > Ia(zi), AC R
i=1

Then
1o 1/p
1 fllzy ) == {HZIf(zi)”} ;
i=1

any e-cover of G w.rt. ||+ || () will be called an L;, e-cover
of G on 2", denoted by N, (e, G, 2").

In other words, N, (€, G, 2") is the minimal N' € N such
that there exist functions gi,---,gn : R¥™ — R with
the property that for every g € G there is a j = j(g) €
{1,--+ ,N'} such that

T 1/p
{nZL‘](Zz) gj(zi)|p} <E€.

Lemma 3: Let F and G be two families of real func-
tions on R™. If F @& G denotes the set of functions
{f+g:f€F,ge G} thenforany 2z} € R*™ and €, > 0,
we have

M(E+6,FDG,2") <N (6,F,z")N1(6,G,2").

Lemma 4: Let F and G be two families of real bounded
functions on R™. For any f € F,g € G, FO G =
{f-g:f€F,geG} Then for any 2z} € R"™ and ¢, > 0
we have

Nl (e+5,f®g,z”)
< /\/1 (6/]\42,.7:7 Zn)Nl (6/M1,Q,z") .

Lemma 5: Let G be a set of functions g : R¥™ — [0, B,
forany n € Z* and € > 0,

s (fo)) ool an

Furthermore, if Vg+ > 2 and 0 < e < % p > 1, then

2eBP

log

(18)

Vg+
N, (6.0, 2") < 3( 3eBp> G .

We can find Definition 3, 4 and Lemma 3, 4 and 5 in [7].
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V. PROOFS OF THE MAIN THEOREMS
Write
a = (fa(x) = y)* = (fo(2) = v)%
B = (I7rL,d(fp7x) - y)2 - (fp(x) - y)2'
Then the sampling error in (11) can be represented as follows

(5(fz) - 5z(fz)) =+ (ez(lm,d(fp)) - E(Im,d(fp)))

:{E(a)—i Oé(Zi)}‘F{TlLZB(Zi)_E(B)}

=1

19)

(20)
Theorem 5: Let o be defined as in (19). Then

1n
Ay = =
AM,e (m +

@)

) 7(m+1)
<e+8 [ } .

128M2 ne?
ne P <_ 128M3> ’
where M,, = 8L3,, Ly, is the upper bound of ~7"  |c;| defined
as in (3).
Proof of Theorem 5. As |y| < L ( so |f,(x)| < L), and
|f(z)| < L, ( Note the assumption L < L,, ), so

(f(@) =9)* = (fp(x) —)?
=(f(2) + fo(z) = 2y)(f(2) = fo(@))

< 31 =M,
Let o := (f.(x) —y)? — (folz) — y)?,
A:={a(z): R" = [0,M,]},

by (17) in Lemma 5, we have

OO

write

1 n
P — ) —E
{Zlellg) n ;a(z ) — E(a(z))| > w}
w n nw?
§8E{Nl <§’A’Z )}.QXP{_HBW}' (1)
Noting that
i; a1 (2:) — aa(zi)]
1 n
:gZ\(fl(x)— = (falzi) = v:)?|
Zlfl :Cz f2 .I',L)‘
Therefore,
w n
N1<8’ ) M (32L Hun x) (22)

Define

S1:={ax +b,a,b € R},
Sy :={o(ax +b),a,b € R},
Ss:={c-o(ax +b),a,b,c € R,c € [—Ly,Ly]}.

By (13) in Lemma2, noticing that the dimension of & is 2
(12) — (14) imply that

VS; <3.
From Lemma 4 and Lemma 5,
Ni (w0, 85,2") = Ni (5 + 5 {e-olaz +0)} ")
w w
<N (2.001a) M (i (otar+ ) ")
6eLn>3 (GeLn>7
log <
w w

Applying Lemma 3, we have
Nl (32[17’ Hm7x )

< v
=\ 320, (m+ 1

m+1
a837 In>:|
)
_ |:1926L72L (m+ 1)} Tim+1)

4L, <4eLn
< -3
w w

(23)

w

Therefore, from (21), (22) and (23) we obtain

{zzlz 2 ()~ Bla(:) }

i=1
24M, e (m +1) T(m+1) B nw?
P 128022

B
w

Then, for arbitrary € > 0, by the relationship

:/SP((>t)dt+/O@P(§>t)dt
0 €

Yimi afz) — E(a(2))

Taking ¢ = sup,en |%
1 n
E | sup|— a(z;) — Ela(z
an;<> (U®

24M,e (m + 1)} 7(m+1)
€

}, we have

<e+38 [ (24)

128M2 ne
2290w [
ne P\ T128m2 )
which proves Lemma 5.
Lemma 6: Suppose that £ is defined on Z, with the mean
value E(¢) = p and variance o2(£), and for almost every

z) — < . en, For any given € > 0, the
(2) = E(§)| < Me. Then, For any gi 0, th
following inequality holds ,
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Prob,czn

=ep {‘2<a2<£; T } |

Theorem 6: For any 0 < ¢ < 1, we have, with confidence
l—dand A= HIk,d(fp) fp||L2 >

1 — 5612 1
it ) — E(B) < log = + A.
n;mzn (B) < = —log <+

Proof of Theorem 6. Since

B = Txa(fp,x) —y)* = (folz) —y)*
=Ir,a(fps ) = fo(@))Ik,a(fp, z) + fo(2) — 29).

By Lemma 1 and Theorem 1 (9), we have

18] < (Ik,a(fo: Moo + L) (Hk,a(fp: )l +3L)
< (I follse + L) (I fplloo +3L) = 2L - AL = 8L?,

and [5(z)

o*(B) < B(B*) <16L% || Ija(f,) —

— E(B)| <2-8L? = 16L?. Furthermore,

2
fp ||L§X

By Lemma 6, for any given s, the following inequality holds

with confidence 1 — exp fWi%Mﬁ) 1 i1 §(zi) —
w < s. Now
1 —exp {— ns® }
2(a2(8) + %MBS)
>1l—expq— ns’ 2
B2L°(| Ia(fp) = fo Iz +59)

Suppose that s* is the unique positive solution of the equation

ns2

32L2(| Ialf,) —

= logé,
fo H2L§X +%5)

and denote || I 4(f,) — f» HQL2 by A. Then s* is the same
solution of *
32L2 1 1
ns? — 3 slog5—32M2Alogg:O.

We have s* < % log + + A. Thus

1 & 56L% 1
— ) — < g*F < Z
- E B(zi) — E(B) <s* < ™ log 5 + A

i=1

(25)

holds with confidence 1 — §. This completes the proof of
Theorem 6.

Proof of Theorem 4. By (11), (20), (24) and (25), write
A =e(Ix,a(fp)) — (f,), note the value of A, we have

e(fz) —e(fo)
<A1+ Do+ e(Tkalfp)) = e(fp) + A || elka(fp)) II3

7(m+1) ne
<e+8 24M e (m + 1) . 12802 o 128;’3
- € ne
L? 1 1
+56 log = +2A+ —.
3n 1 n

This proves Theorem 4.

Applying the upper bound estimate of |I; 4(f,) — f,l3
in Theorem 3, combining with Theorem 4, the following is
obvious.

Corollary 1: Suppose that |Y| < L. K(f, \/Ak,q) is defined
as in Theorem 3. For any ¢ > 0 and 0 < § < 1, with
confidence 1 — ¢, the following estimate holds,

E(fz) - Z":(fp)

7(m+1)
<€+8[24Mne< o
€
128M2
128]\42
56L2 1
log = 4+ 2K A —.
T3, 6+ (f, v k,d)+n

VI. CONCLUSION

In this paper, we solve the following two main problems.

1. We present the mathematical description to the space
which is composed by the FNNs.

2. We take H,,, the set of feed forward neural networks
(3) as the hypothesis space, and give the exact rate of neu-
ral network estimators to regression functions (Theorem 4).
Furthermore, we investigate the least square error estimate of

).
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