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ABSTRACT Nowadays, the Covariance Matrix Adaptation Evolution

Speeding-up black-box optimization algorithms via learn- Strategy (CMA-ES) [5] is considered as a state-of-the-art

ing and using a surrogate model is a heavily studied topic.
This paper evaluates two different surrogate models: Gaus-
sian processes and random forests which are interconnected
with the state-of-the art optimization algorithm CMA-ES.
Results on the BBOB testing set show that considerable
amount of fitness evaluations can be saved especially during
the initial phase of the algorithm’s progress.

in setups where very few fitness evaluations are possible,
so several surrogate-assisted versions have appeared during
the last decade. One of the most promising results are re-
ported with Support Vector Machine (SVM) ordinal regres-
sion models 9] adopted specially for the CMA-ES.

This paper evaluates two kinds of surrogate models, Gaus-
sian processes (GP) and Random forests (RF), in combina-
tion with the CMA-ES. The resulting modified CMA-ES
Categories and Subject Descriptors algorithm, temporarily named S-CMA-ES, is benchmarked
on the BBOB testing set |6] with two different settings of the
algorithm and is compared with the original CMA-ES, too.
Compared to the previous version of S-CMA-ES [1], Maha-
lanobis distance is used for model training and prediction
which speeded up the GP-based S-CMA-ES.

G.1.6 [Numerical Analysis]: Optimization—global opti-
mization, unconstrained optimization; F.2.1 [Analysis of
Algorithms and Problem Complexity]: Numerical Al-
gorithms and Problems
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G i ; Rand forest . . .
SUSSlan process; Handom lotes Following Jin’s terminology [8], S-CMA-ES uses the ge-

neration-based evolution control which switches between g,

1. INTRODUCTION original- and g, model-evaluated generations. The indi-
One of the approaches speeding up optimization of ex- vidual-based evolution control which samples many candi-
pensive black-box problems is surrogate modelling. This date points every generation and chooses some of them for
technique tries to decrease the number of expensive fitness the original re-evaluation did not noticeably speed-up the
evaluations via (usually CPU-intensive) fitting and usage of original CMA-ES in our preliminary tests, and is, therefore,
a regression model of the objective function [10]. The model not described in this work.
is trained on the already gathered input—output value pairs The incorporation of surrogate models within the CMA-
(xi,yi),i=1,...,N and is used instead of the original ex- ES is rather straightforward. The only point where we have
pensive fitness to evaluate some of the points needed by the modified the original CMA-ES is the sampling and fitness-

evaluating part which is replaced by the Algorithm [I] and,
similarly to the original sampling and evaluating code, exe-
cuted at the beginning of each CMA-ES generation.

As opposed to Loshchilov’s **aACM-ES [9|, S-CMA-ES

optimization algorithm.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed

for profit or commercial advantage and that copies bear this notice and the full cita- calls the model training or pI‘ediCtiOH diI‘eCtly within ev-
tion on the first page. Copyrights for components of this work owned by others than ery generation of the CMA-ES. In order not to circumvent
ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or re- . .
publish, to post on servers or to redistribute to lists, requires prior specific permission the BBOB/ COCQ benchmarl.ﬂng t091b0X7 fitness values in
and/or a fee. Request permissions from permissions @acm.org. the model—generatlons are adJUSted in such a way that the
GECCO ’15, July 11 - 15, 2015, Madrid, Spain model-predicted fitness values §; = faq(x;) are never lower
© 2015 ACM. ISBN 978-1-4503-3488-4/15/07. .. $15.00 (better) than the so-far minimal (best) achieved original fit-
por: http://dx.doi.org/10.1145/2739482.2768468 ness value ypese = minay (step 17 in the Algorithm [I)).
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continuous black-box optimizer. However, it is not the fastest


http://dx.doi.org/10.1145/2739482.2768468

Algorithm 1 Surrogate CMA-ES Algorithm

Input: g (generation), g, (number of model generations),
o, A, m, C (CMA-ES internal variables),
r (maximal distance between training points and m),
nreq (minimal number of points for model training),
nyax (maximal number of points for model training),
A (archive), faq (model), f (original fitness function)

1: xg ~N(m, O'2C) k=1,...,A {CMA-ES sampling}
2: if g is original-evaluated then

3 yk < f(xx) E=1,...,A {fitness evaluation}
4 A= Au{(xi, ) Yaa

5 (Xeryu) < {(x,9) €A| (m-x)T0C2(m-x) <}
6:  if |X¢:| > nreq then

7 (Xtr, ytr) <« choose naax points if |Xtr| > NMAX
8: {transformation to the eigenvector basts:}

Xir < {(0071/2)Txtr for each x¢r € X}

9: fam < trainModel( Xy, yer )

10: mark (g + 1) as model-evaluated

11:  else

12: mark (g + 1) as original-evaluated

13:  end if

14: else

15: xke(acfl/z)Txk k=1,...,)

16:  yr < fam(xk) k=1,...,)\ {model evaluation}
17 {shift yx values if (minyy) < besty from A}

Yk = Yk + max{0, mina y — minyx} k=1,...,)\

18:  if g,, model generations passed then

19: mark (g + 1) as original-evaluated
20:  end if
21: end if

Output: far, A, (Yr)ier

2.1 Gaussian Processes

Gaussian process is a probabilistic model based on Gaus-
sian distributions. It is specified by mean and covariance
functions u(x), k(x1,x2,0), and a relatively small number
of hyper-parameters @ which precisely specify the covari-
ance function and which are fitted based on training data
(Xn,yn) = {(xi,9:) | xi € RP,y; = f(x:)}iLy (in our case,
f(x) is the original fitness function being modelled).

Covariance functions k describe prior assumptions on the
shape of the modelled function f; k(xi,x;) is the covari-
ance between the function values at two data points x; and
Xj, k(xi,%x;) = cov(f(xi), f(x;)), and express the similarity
between function values in these two points [11].

The values of the covariance function on all the pairs
(xi,%;) of the N training data form the matrix Ky € RV,
{Kn}i,; = k(xi,xj,0). The final Gaussian process’ covari-
ance matrix Cy is defined using the noise variance 0721 as
Cy=Kxy+ UZIN with Iy being an identity matrix.

We have used the Matérn covariance function with the
parameter v = 5/2 and with 7 = (x; — x;)

)

2
v=5/2 2 V51 5r V51
KMatérn(r) =0f (1 + Vi + 3? exp| - ¢
The parameter £ is the characteristic length-scale with which
the distance of two considered data points is compared and
O’? is signal variance. Fitting the GP model in our applica-

tion means tuning the hyper-parameters 6 = (o2, ¢, a]%) using
the maximume-likelihood method.
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2.2 Random Forests

Random forest is actually an ensemble of decision trees
[2]. Decision trees have a wide spectrum of forms, utiliza-
tions, and properties |4]. So far, we have paid attention only
to binary regression trees with real inputs. In such regres-
sion trees, each observation x = (z1,22,...,Zp) € RP passes

through a series of binary decisions (z; ; ¢ € R) associated
with internal nodes and arrives in the leaf node containing
a real-valued constant utilized for the prediction of function
values y. Each binary decision determines whether the ob-
servation proceeds to the left or right child of the respective
internal node.

The tree growing starts with one node (root) and a set
of all input data. As the first step, real constants (left and
right) for all allowable splits of the input set in all variables
of the input space are calculated by averaging function val-
ues of training points in respective subsets. As the second
step, a split with the minimal mean-squared error (MSE)
between the resulting constants and the training points in
relevant subsets is chosen, and apropriate child nodes are
connected to the root. Those two steps are repeated recur-
sively with the children. The tree growing stops whenever
any of the user-defined constraints holds: the tree reaches
the allowed maximum of splits, the value of the MSE of the
predictors decreases below a specified threshold, or if each
node contains at least the defined number of points and any
additional split would violate it.

An important aspect of random forests are random dif-
ferences between individual trees within the ensemble. This
increases robustness and improves generalization of the pre-
diction. The forest gains randomness during training by
bagging [3].

The overall forest prediction is provided by averaging all
tree predictions. This form of prediction means the larger
the ensemble the greater the robustness to noise.

3. EXPERIMENTAL SETUP

Four S-CMA-ES algorithms are part of this study: GP1-
CMAES, GP5-CMAES, RF1I-CMAES and RF5-CMAES.
Here, GP/RF denotes the type of the surrogate model, and
the number of model-evaluated generations g, follows. All
considered S-CMA-ES versions use the distance r = 8 (see

algorithm , and g, = 1. For the GP model, K;I::tgn
covariance function with starting values (Ui,l,a?) =
log(0.01,2,0.5) has been used. We have tested RF com-
prising 100 regression trees, each containing at least two
training points in each leaf. All the algorithms are based
on the same IPOP-CMA-ES (Matlab code v. 3.61) with the
following parameters: number of restarts = 4, IncPopSize =
2, Ostart = %7 A =4+|3log D|. The remainder settings were
left default.

4. CPU TIMING

In order to evaluate the CPU timing of the S-CMA-ES al-
gorithms, we have run all the proposed algorithms on the
function fs until a maximum budget 50D evaluations is
reached, which was far more than the required 30 seconds.
The code was run on an Intel(R) Core(TM)2 Duo CPU
E7600 @3.06GHz, 4 GB RAM with 1 processor and 2 cores.
Times per function evaluation for dimensions 2, 5, 10, 20
are registered in Table [1] for all four algorithms.



Algorithm 2D 5D 10D 20D

GP1-CMAES 0.2255 0.5713 0.1621 0.2272
GP5-CMAES 0.1870 0.2076 0.1184 0.1645
RF1-CMAES 0.2850 0.2470 0.1155 0.1395
RF5-CMAES  0.9870 0.8532 0.2315 0.1353

Table 1: The time in seconds per function evaluation for
dimensions 2, 5, 10, 20 for the S-CMA-ES algorithms.

5. RESULTS

Results from experiments according to [6] on all the 24
noiseless benchmark functions given in |7| are presented in
Figures [T} [2] and [3] and in Tables 2] and [3] The expected
running time (ERT), used in the figures and tables, de-
pends on a given target function value, fi = fopt + Af, and is
computed over all relevant trials as the number of the orig-
inal function evaluations (FEs) executed during each trial
until the best function value reached f;, summed over all tri-
als and divided by the number of trials that actually reached
i 16]-

The most noticeable speedup of the surrogate-assisted S-
CMA-ES can be observed for the “GP5” version of the S-
CMA-ES (GP model, gm = 5), especially in case of higher
target values fi, i.e. in earlier parts of the optimization
progress. The graphs in Figure[I]reveal that the GP5-CMA-
ES obtained the best results on nine functions (f2, fs, f7, fio,
fi1, f13, f14, f15, f23) in at least 3 out of 4 dimensionalities
among the four tested S-CMA-ES versions and the original
CMA-ES. This fact is also clear from the empirical cumula-
tive distribution functions (ECDF) in Figures[2|and [3] where
practically all the central parts (roughly between 10 and 100
FEs/dimension) are dominated by the GP5 model.

However, the dominant algorithms change if we consider
lower (tighter) target values or later parts of the optimiza-
tions, which can be seen from the ECDF graphs. Here, the
GP5-CMA-ES is always outperformed by the GP1-CMA-ES
(gm =1) and often also by other algorithms: by the original
CMA-ES and, in 20D, by the RF1-CMA-ES, too.

Random forest S-CMA-ES outperforms other algorithms
only rarely in 5D, usually in early stages of the optimization
(on fi2, fi3, f16, f17, f22 and fa3), but it is the best algorithm
on 5-dimensional fig. Nevertheless, the RF performance on
20D benchmarks is considerably more balanced and the RF
models can be here considered more robust than the GP
models, which start to suffer from higher dimensions (on
fi2 and fa0).

6. CONCLUSION AND FUTURE WORK

We have compared four versions of the recently proposed
surrogate-assisted CMA-ES algorithm with regular CMA-
ES; Gaussian processes and random forests were used as
surrogate models with two different evolution-control set-
tings.

We plan to further investigate both the algorithm and the
models. It is clear that the optimization performance suf-
fers from the fixed number of model-evaluated generations
for which some kind of self-adaptation will be inquired. Fur-
ther, better model re-use and re-train will be studied as the
models are currently always trained from scratch.
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Figure 1: Expected running time (ERT in number of f-evaluations as log;, value) divided by dimension versus dimension.
The target function value is chosen such that the bestGECCO2009 artificial algorithm just failed to achieve an ERT of
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CMA-ES [3.2(5) 1.8(2) 2.6(1) 3.1(1) 1.1(0.5) 37/45 CMA-ES [2.6(3) 1.4(1) 1.8(1) 1.9(0.7) 1.5(2) 43/45
GP1-CMA[2.8(2) 1.5(2) 2.3(1) 2.5(3) 1.6(2) 11/15 GP1-CMA4.6(3) 1.9(2) 1.9(1) 1.4(0.8) 1.2(0.8) 15/15
GP5-CMA|3.0(3) 1.3(0.7) 1.6(1) 2.2(0.8) 2.6(2) 8/15 GP5-CMA|3.5(4) 1.6(1) 1.6(1) 1.1(0.8) 3.0(3) 11/15
RF1-CMA[1.9(1) 1.6(1) 2.2(0.2) 2.4(1) 3.0(3) 6/15 RF1-CMA|5.4(4) 2.2(2) 2.4(1) 1.7(1.0) 1.3(1 14/15
RF5-CMA|3.4(3) 1.6(1) 4.6(10) 14(11) 6.1(8) 4/15 RF5-CMA|3.5(5) 1.6(1) 2.4(1) 7.0(4) 5.7(10) 8/15
#FEs/D 0.5 1.2 3 10 50 #succ #FEs/D 0.5 1.2 3 10 50 #succ
[ 2.5e42:2.6  1.6e+2:10  1.0e42:19 7.0e+1:65 T.6e+1:434 [15/15 16 J.0e+1:4.8  2.5e+1:16 T.6e4+1:46  1.0e+1:120  4.0e+0:334 [15/15
CMA-ES [3.5(7) 2.4(1) 2.8(2) 2.5(0.7) 1.1(0.9)* 43/45 gI;’A{A—CEﬁA;gEB iggg é;(o?()o 8 iz((ll)) ;?1((22)) 41127115
GP1-CMA[2.7(3) 2.4(3) 2.6(3) 5.1(7) 3.2(2) 9/15 - . . . . . . 5
GP5-CMA[1.6(1) 1.6(2) 3.0(3) 5.2(1) 7.5(5) 5/15 GP5-CMA[2.0(2) 1.5(2) 2.7(4) 1.3(1) 1.9(1) 13/15
RF1-CMA[2.4(3) 1.9(2) 2.5(2) 7.9(15) 12(5) 3/15 RF1-CMA[1.3(1.0) 0.90(2) 1.3(0.7) 1.8(2) 2.1(3) 11/15
RF5-CMA|2.7(4) 1.9(1) 4.9(2) 31(36) o0 1252 0/15 RF5-CMA|2.5(2) 1.3(1) 1.1(1) 1.7(0.5) 3.2(3) 9/15
#FEs/D 0.5 1.2 3 10 50 #succ _#FEs/D 0.5 1.2 3 10 50 #succ
5 6.3¢4+1:4.0 4.0e41:10 1.0e-8:10 1.0e-8:10 1.0e-8:10 15/15 f17 1.0e+1:5.2 6.3e+0:26 4.0e+0:57 2.5e+0:110 6.3e-1:412 [15/15
CMA-ES [2.4(0.9) 1.9(1) 23(13) 23(14) 23(10) 45/45 CMA-ES |3.2(5) 1.7(2) 1.5(0.7) 1.2(0.5) 0.72(0.5) [44/45
GP1-CMAJ2.0(2) 1.5(0.8) 26(59) 26(48) 26(36) 15/15 GP1-CMA 4«553) 1.6(1.0) 1-1(0)»6) 0'7(8(0«3) 0~4(5()0»2) 15§15
GP5-CMA[3.0(2) 1.7(0.1) 6.4(3) 6.4(2) 6.4(5) 15/15 GP5-CMA3.6(2) 1.6(2) 1.6(5 1.8(6) 2.5(2 10/15
RF1-CMA|2.3(1) 1.7(1) 45(43) 45(37) 45(46) 15/15 RF1-CMA|3.0(3) 2.2(2) 3.3(0.7) 3.9(3) 4.1(4) 7/15
RF5-CMA|2.8(2) 1.9(1) 137(84) 137(87) 137(143) 10/15 RF5-CMA|4.8(5) 8.6(16) 9.0(9) 10(10) 22(48) 2/15
#FEs/D 0.5 1.2 3 10 50 #succ _#FEs/D 0.5 1.2 3 10 50 F#succ
f6 1.0e+5:3.0 2.5e+/4:8.4 1.0e+2:16 2.5e+1:54 2.5e-1:254 [15/15 f18 6.3e+1:3.4 4.0e+1:7.2 2.5e+1:20 1.6e+1:58 1.6e+0:318 [15/15
CMA-ES [3.9(4) 2.0(3) 3.2(3) 3.0(1) 2.1(0.4)*6 |5 45 CMA-ES [2.7(3) 2.6(3) 2.0(1) 1.4(0.9) 1.1(0.4) 44/45
GP1-CMA2.2(3) 1.a(1) 2.3(2) 2.2(2) 74(62) 1715 GP1-CMA[2.4(3) 3.6(4) 2.1(1) 1.2(0.5) 1.2(0.6) 14/15
GP5-CMA[3.0(3) 1.8(1) 2.8(0.6) 3.7(1) o0 1260 0/15 GP5-CMAI1.7(0.9) 3.0(4) 5.2(8) 2.1(3) 5.8(10) 7/15
RF1-CMA|3.0(3) 2.0(2) 15(7) 8.5(12) 0o 1258 0/15 RF1-CMA[L.5(2) 1.7(2) 1.3(0.7) 0.89(0.8) 2.2(2) 11/15
RF5-CMA|3.6(4) 2.4(2) 19(26) 154(164) oo 1260 0/15 RF5-CMA|2.2(2) 3.0(3) 9.5(20) 7.6(18) 29(24) 2/15
#FEs/D 0.5 1.2 3 10 50 #suce _#FEs/D 0.5 1.2 3 10 50 #suce
7 1.6e+2:4.2  1.0042:6.2  2.5¢41:20 7-0e+0:54 1.0e40:324 [15/15 f19 1.6e-1:172  1.0e-1:242  6.8¢-2:675  4.0e-2:3078  2.5¢-2:4946 [15/15
CMA-ES [2.6(6) 3.1(1) 3.4(2) 3.8(1) 1.7(0.9) lug/a5 CMA-ES |eo it it it oo 1258 0/45
GP1-CMA[1.7(0.9) 2.0(1) 2.1(1) 4.7(4) 1.4(1) 15/15 GP1-CMAfeo it it it oo 1260 0/15
GP5-CMA[2.2(3) 2.5(2) 1.9(0.6) 1.2(0.4)* 0.82(0.7) [15/15 GP5-CMAjeo o o o oo 1262 0/15
RF1-CMA/[1.9(2) 2.6(1) 2.7(2) 15(25) 10(6) 5/15 RE1-CMAjco o ot o oo 1258 0/15
RF5-CMA[2.5(2) 2.7(2) 5.3(13) 33(37) 17(26) 3/15 REF5-CMAfco b b b oo 1262 0/15
#FEs/D 0.5 1.2 3 10 50 #suce #EES/D] 0.5 1.2 3 __10 50 #succ
8 1.0¢44:4.6 6.9¢43:6.8  1.0¢+3:18 6.5¢41:54 1.6e+0:258 [15/15 20 6.3¢4+3:5.1 4.0c43:8.4  4.0e+1:15 2.5e+0:69 7.0e40:851 [15/15
CMA-ES [3.0(4) 2.8(2) 2.7(2) 3.2(3) 4.1(2) 37,45 CMA-ES ]2.5(1) 2.1(2) 3.7(2) 3.1(0.9) 13(12) 5/45
GP1-CMA|2.8(3) 2.2(3) 2.3(2) 2.1(0.5) 7.2(10) g/15 GP1-CMA[L.9(2) 1.8(1) 3.0(1) 4.2(10) 11(10) 2/15
GP5-CMAJ2.1(0.9) 1.9(2) 1o(1) 2.5(2) 70(89) 1715 GP5-CMA[2.5(3) 1.8(2) 2.1(0.6) 2.1(1) o0 1260 0/15
RFI1-CMA|2.6(3) 2.3(2) 31(2) 7.8(8) 36(49) 2/15 RF1-CMA[2.9(1) 2.4(3) 3.9(2) 5.6(6) 00 1258 0/15
RF5-CMA|2.3(2) 2.0(2) 2.8(1) 56(104) 00 1252 0/15 RF5-CMA|2.5(2) 1.8(1) 25(30) 20(28) oo 1260 0/15
A£FEs/D 0.5 12 5 10 50 #ouce _#FEs/D 0.5 1.2 3 10 50 #suce
[ 2.5¢41:20 T.6c+1:26 T0c+1:35  4.0e40:62  1.6e-2:256 [15/15 21 4.0e+1:3.9  2.5e41:11  1.6e+1:31  6.3e+0:73 1.6e40:347 | 5/5
CMA-Es | 10(2) 8.0(5) 7.0(0.9) 7.3(8) 44(33) 5/45 CMA-ES [2.2(5) 1.7(2) 1.5(0.9) 7.3(10) 10(16) 13/45
Gri.oMa| 12(1) 10(3) 8.2(3) 14(23) o 1958 o/15 GP1-CMARL.1(1) 1.4(1.0) 0.99(0.6) 4.7(13) 4.9(13) 7/15
GP5-CMA| 15(5) 14(2) 13(11) 27(35) 70(141) 1715 GP5-CMAI2.5(2) L.7(1) 0.89(0.4)  1.4(1) 4.7(4) 8/15
RF1-CMA| 38(51) 36(24) 30(21) 48(66) oo 1258 0/15 RF1-CMAI2.0(2) 1.8(3) L.4(1) 4.1(14) 4.8(7) 7/15
RF5-CMA|106(199) 126(108) 257(218) o oo 1252 0/15 RF5-CMA|1.8(1) 2.6(2) 2.9(7) 7.5(9) 10(7) 5/15
#FEs/D 0.5 1.2 3 10 50 #suce _#FEs/D 9.5 1.2 3 10 50 #suce
10 2.5¢46:2.9  6.8¢45:7.0  2.5ct5:17  6.9¢43:54 2.5c+1:207 |15/15 22 6.3e+1:3.6  4.0e#1:15  2.5e+1:32  1.0e41:71 1.6e+0:341 | 5/5
CMA-ES [1.9(1) 2.0(1) 1.5(2) 4.4(3) 4.4(5) 32745 CMA-ES |3.4(5) 2.3(2) L.7(1.0) 5.5(14) 8.9(9) 14/45
GP1-CMA[1.2(0.5) 0.94(0.4) 0.85(1) 2.9(2) 2.0(1) 15/15 GP1-CMAI2.6(3) 1.4(1) 1.2(0.8) 3.6(9) 10(9) 4/15
3 GP5-CMA|2.9(2) 7.5(24) 4.6(12) 4.3(10) 11(13) 4/15
GP5-CMA[2.4(3) 1.6(1) 1.0(1) 1.6(0.7) 0.95(0.2)*% 15/15  ppi_cnals.1(3) 2.0(2) 1.3(1) 5.5(27) 3.2(8) 9715
gg;gﬁﬁg?g; f?g; }ngé)z) iggigg 3(23) éﬁg RF5-CMA[2.1(4) 4.7(2) 2.9(0.1) 7.3(8) 24(14) 2/15
- . . .5(0. oo
#FEs/D 0.5 1.2 3 10 50 #succ
#FEs/D 0.5 1.2 3 10 50 #succ 123 1.06+1:3.0  6.3¢+0:9.0 _ 4.0e+0:33 2.5¢40:84 1.0e+0:518 [15/15
351 1.0¢46:3.0 6.9¢44:6.2  6.3¢+2:16 6.5¢41:74 6.5e-1:208 [15/15  oMA-ES |2.5(2) 2.0(3) 3.1(6) 5.2(4) 26(31) 475
CMA-ES 12.0(1) 2.6(2) 4.7(3) 4.4(4) 63(58) 3/45  GP1-CMA[1.9(2) 2.7(5) 3.2(3) 6.5(3) 4.9(5) 6/15
GP1-CMA[1.4(1) 2.4(2) 4.5(2) 2.3(0.8) 5.1(2) . 11/15  Gps cMal2.4(2) 2.0(1) 2.4(2) 3.0(4) 2.2(2) 11715
GP5-CMA|1.5(2) 2.5(1) 2.9(1) 1.9(1.0) 2.3(0.3)* 14/15 RF1-CMA[1.8(2) 2.0(0.9) 3.0(3) 8.7(12) o0 1260 0/15
RF1-CMA|2.2(2) 2.6(2) 3.9(3) 5.1(4) oo 1258 0/15 RF5-CMA|2.4(2) 1.5(1) 3.3(3) 4.0(4) oo 1288 0/15
RF5-CMA|2.2(3) 2.3(3) 3.0(2) 11(7) o0 1260 0/15 i pge/D 0s 1o 3 10 50 Heuce
#FEs/D 0.5 1.2 3 10 50 F#succ 24 6.3e+1:15 4-0e+1:37 4.0e+1:37  2.5e+1:118  1.6e+1:692 |15/15
f12 4.0e+7:3.6 1.6e+7:7.6 4.0e+6:19 1.6e+4:52 1.0e+0:268 [15/15 CMA-ES 2.3(3) 2.4(2) 2.4(2) 2.3(1) 1.6(4) 33/45
CMA-ES |2.2(4) 2.5(3) 2.8(2) 4.6(0.7) 9.3(5) 18/45 GP1-CMA|1.7(1) 1.7(1) 1.7(1) 1.3(0.4) 1.1(1.0) 13/15
GP1-CMA|2.0(3) 2.5(2) 1.9(1) 3.7(2) 6.2(6) 8/15  GP5-CMA1.5(0.8) 1.1(0.5) 1.1(0.4) 2.5(3) 1.6(2) 9/15
GP5-CMA|3.1(4) 2.9(2) 3.0(3) 21(30) 8.5(9) 6/15 RF1-CMA|1.9(2) 2.4(1) 2.4(3) 2.4(4) 1.9(1) 9/15
RF1-CMA|2.1(2) 3.2(4) 3.2(2) 5.1(2) 22(47) 3/15 RF5-CMA|1.8(2) 3.6(11) 3.6(2) 4.1(2) 2.9(5) 7/15
RF5-CMA[1.9(2) 1.7(2) 5.6(20) 117(340) o0 1260 0/15

Table 2: Expected running time (ERT in number of function evaluations) divided by the respective best ERT measured during
BBOB-2009 in dimension 5. The ERT and in braces, as dispersion measure, the half difference between 90 and 10%-tile of
bootstrapped run lengths appear for each algorithm and run-length based target, the corresponding best ERT (preceded by
the target A f-value in italics) in the first row. #succ is the number of trials that reached the target value of the last column.
The median number of conducted function evaluations is additionally given in italics, if the target in the last column was never
reached. Entries, succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared
to all other algorithms of the table, with p = 0.05 or p = 107° when the number k following the star is larger than 1, with
Bonferroni correction by the number of instances.
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#FEs/D 0.5 1.2 3 10 50 #succ #FEs/D 0.5 1.2 3 10 50 #succ
31 6.3c41:24  §.0ct1:42 1.0c-8:43 7.0e-8:43 1.0e-8:43 [15/15 i3 T.6e4+3:28  1.0043:64  6.3e42:79  4.0ef1:211  2.5e40:1724 [15/15
CMA-ES [4.9(2) 4.5(0.8) 64(2) 64(3) 64(3) M5/45 CMA-ES [3.5(0.9) 4.0(1.0) 5.3(1) 7.6(6) 6.4(3) 16/45
GP1-CMA|3.9(1) 3.1(0.5) 58(9)*2 58(5)*2 58(7)*2 15/15 GP1-CMA[2.5(0.9) 2.4(0.4) 2.9(0.5) 49(50) 42(32) 1/15
GP5-CMA[2.9(0.3) 2.0(0.2)* oo oo oo 5034 0/15 GP5-CMA|2.4(0.9) 1.5(0.3)*%  1.6(0.2)*% 2.9(0.8)*2  4.5(6) 7/15
RF1-CMA|[3.9(2) 3.5(0.7) 73(17) 73(17) 73(11) 15/15 RF1-CMA|3.2(1) 3.0(0.6) 3.9(1) 7.1(3) 7.3(7) 5/15
RF5-CMA|3.7(1) 3.0(2) o oo o0 5006 0/15 RF5-CMA|3.4(1) 3.0(0.8) 4.2(1) 343(297) 00 5006 0/15
#FEs/D 0.5 1.2 3 10 50 #succ #FEs/D 0.5 1.2 3 10 50 #succ
2 7.0e+6:29  2.5¢46:42 7.0e45:65 T.0e44:207  1.0e-8:412 [15/15 14 25e+1:15  1.6e+1:42  1.0e+1:75  1.6e+0:219 6.3¢-4:1106 [15/15
CMA-ES [1.0(0.7) 1.3(0.4) 14(4) 11(2) 00 5006 0/45 CMA-ES [9.1(3) 4.9(2) 4.0(1) 2.9(0.4) 4.0(0.3) 44 /45
GP1-CMA|1.5(0.4) 1.6(1) 8.9(6) 8.0(3) 00 5006 0/15 GP1-CMA|7.9(5) 3.9(1) 3.0(0.7) 2.3(0.9) 4.6(4) 13/15
GP5-CMA|0.90(1.0) 1.3(1) 5.4(1)*2 3.9(0.5)*3 o0 5006 0/15 GP5-CMAI5.7(2) 2.6(0.6) 2.1(0.6) 1.7(0.4) 67(68) 1/15
RF1-CMA|1.1(0.8) 1.2(1) 11(5) 29(12) o0 5006 0/15 RF1-CMA|7.1(3) 4.4(2) 3.5(1) 3.1(1) 33(32) 2/15
RF5-CMA|1.2(1) 1.3(1.0) 184(109) oo o 5006 0/15 RF5-CMA|6.5(3) 3.9(2) 3.7(1) 153(144) o0 5006 0/15
#FEs/D 0.5 1.2 3 10 50 #succ _#FEs/D 0.5 1.2 3 10 50 #succ
3 6.3¢4+2:33  {.0e+2:44  1.6e+2:109  1.0e+2:255  2.5e+1:3277 |15/15 f15 6.3e+2:15 4.0e4+2:67  2.5¢42:292  1.6e+2:846  1.0e+2:1671 [15/15
CMA-ES [2.0(1) 4.0(1) 7.5(2) 7.2(2) 7.8(8) 8/45 CMA-ES [3.6(3) 1.9(0.5) 0.81(0.1) 0.78(0.2) 0.64(0.2) 15/15
GP1-CMA|2.3(0.6) 3.2(1) 5.9(2) 4.2(4) 22(19) 1/15 GPI1-CMA|3.7(2) 1.5(0.4) 0.60(0.1) 2.2(3) 3.9(7) 7/15
GP5-CMA|1.9(1.0) 2.9(1) 15(10) 43(65) o0 503/ 0/15 GP5-CMA4.5(2) 2.2(0.6) 0.93(0.3) 0.92(0.4) 0.70(0.2) 15/15
RF1-CMA|2.0(2) 3.7(2) 6.4(2) 4.0(0.7) 22(15) 1/15 RF1-CMAJ|3.6(0.9) 1.9(0.8) 0.95(0.5) 1.7(2) 6.5(6) 5/15
RF5-CMA[1.7(0.9) 2.6(0.7) 18(25) 82(75) 0o 5006 0/15  #FEs/D 0.5 1.2 3 10 50 #suce
#FEs/D 0.5 1.2 3 10 50 #suce 16 J.0e+1:26  2.5e41:127  1.6e4+1:5640 1.6e+1:540 1.0e+1:1384 [15/15
fa 6.3¢42:22  4.0e+2:91  2.5e42:250  1.6e42:332  6.9e+1:1927 [15/15 CMA-ES [3.3(3) 10(5) 3.2(1) 3.2(2) 1.4(0.6) 45/45
CMA-ES |7.7(2) 3.4(1) 2.4(0.6) 4.1(0.8) 2.4(4)*6  [30/45 GP1-CMA[.3(3) 4.3(1) 1.4(0.3) - 1.4(0.4) s 0.90(0.2) 14/15
GP1-CMA|9.2(7) 4.5(0.8) 11(13) 42(68) 39(45) 1/15 GP5-CMA|3.4(2) 1.6(0.3) 0.54(0.1) 0.54(0.1) 0.57(0.7) 15/15
GP5-CMA|7.5(2) 5.5(1) 13(10) 215(178) o0 5022 0/15 RF1-CMA|2.8(4) 4.6(3) 1.6(0.4) 1.6(0.3) 0.79(0.2) 15/15
RF1-CMA|[8.1(2) 3.4(1) 2.5(0.9) 7.7(11) o0 5006 0/15 RF5-CMA|4.2(5) 2.2(0.9) 0.83(0.2) 0.83(0.3) 1.0(2) 13/15
RF5-CMA[8.9(3) 13(15) 57(75) oo 00 5006 0/15  #FEs/D 0.5 1.2 3 10 50 #succ
#FEs/D 0.5 1.2 3 10 50 Hsuce 17 1.6e4+1:11  1.0e41:63  6.3¢+0:305  4.0e40:468  1.0e+0:1030 |15/15
5 2.5e+2:19  1.6e+2:34 1.0e-8:41 1.0e-8:41 1.0e-8:41 |15/15 CMA-ES 3.3(2) 2.2(1) 0.96(0.4) 1.0(0.3) 1.0(0.3) 45 /45
CMA-ES [1.6(1) 1.9(0.8) 33(9) 33(15) 33(15) hs/a5 GP1-CMA[2.4(2) 1.4(0.7) 0.73(0.3) 0.79(0.3) 3.4(5) 10/15
GP1-CMAJ1L.6(1) 1.9(0.5) 92(83) 92(74) 92(83) 11/15 GP5-CMAJ3.3(3) 1.6(1.0) 0.79(0.3) 0.87(0.7) 11(20) 5/15
GP5-CMA|1.7(0.6)  1.7(0.4) a.8(2)*4 a.8(1)*4 4.8(0.6)*% [15/15 RF1-CMAI3.1(3) 1.9(0.8) 0.78(0.2) 0.83(0.5) 4:2(9) 9/15
RF1-CMA1.8(0.6) 2.3(1) 50(21) 50(31) 50(34) 15/15 RES5-CMAJ4.0(4) 2.7(2) 3.6(4) 17(16) o 5006 0/15
RF5-CMA[2.0(1) 2.0(0.7) 265(494) 265(415) 265(166) 6/15 _#FEs/D 0.5 1.2 3 10 50 #succ
#FEs/D 0.5 1o 3 10 50 Hsuce fi8 J.0c+1:116  2.5¢+1:252  1.6e+1:430  1.0e4+1:621 _ 4.0¢+0:1090 [15/15
, - - - - - CMA-ES [1.1(0.5 1.2(0.4 1.1(0.9 1.1(0.2 1.2(0.2 44/45
6 7307506 0907443 LGe#{:62  10c72:353  1.Ger 11078 [15/15 GPI_CMAO.S(I(OAQ) 0.851(0.)1) 0.s<5(0.>1) 0.925(0?4) 5.2((9) ) 8%5
CMA-ES 13.0(2) 2.4(2) 2.7(2) 2.0(0.4) 1.5(0.2) 145/45  Gps.cMA|0.95(0.2)  0.85(0.6)  1.7(3) 2.8(4) 19(21) 3/15
GP1-CMAJ2.8(2) 2.0(1) 2.0(0.4) 1.7(0.5) 4.2(4) 11/15 Rp1-CMA|0.87(0.8)  0.82(0.3)  0.87(0.3) 1.0(0.5) 10(13) 5/15
GP5-CMA|2.6(1) 1.6(0.5) 1.5(0.3) 19(20) 00 5024 0/15 Rps.CMA1.3(1) 2.7(1) 5.4(3) 53(99) o 5006 0/15
RF1-CMA[2.7(2) 2.1(0.9) 2.3(0.4) 2.9(1) 66(36) 1/15
RES-OMA[R-1(2) 16 1.8(0.6) 32(41) o0 5006 0/15 #Ff]fsS)/D 1.6 ?';5 5 1.0 11‘;34 5 6.9 233 1e5 7.0 212, 1e5 2.5 ;% 165 ?Slus)cc
#FEs/D 0.5 1.2 3 10 50 HSUCC GMARS |ao o A Demsae fo cEme s 0§45
7 T.0e+3:11  4.0e42:39  2.5e42:74  6.3¢+1:319  1.0¢+1:1351 [15/15 G p1-CoMAleo - - - oo 5006 /15
CMA-ES [1.7(1) 2.4(2) 2.6(1) 1.7(0.5) 1.1(0.3) M5/45 Gps-cMAleo - - - oo 5020 /15
GP1-CMA|2.1(2) 2.2(1) 1.7(0.5) 0.92(0.3) 3.0(3) 10/15 Rp1-CMA| oo - - - e 5008 /15
GP5-CMA[2.4(1) 1.8(0.4) 1.3(0.3) 0.58(0.1)*2  1.6(2) 14/15 RF5-CMA|oo oo oo oo 0 5034 0/15
c
RrLomabon a0 sen (40 el o s r o
20 1.6e+4:38  1.0e+4:42  2.5e+2:62  2.5e40:250  1.6e+0:2536 |15/15
#FEs/D 0.5 1.2 3 10 50 #Fsucc CMA-ES [3.3(2) 4.0(1) 5.9(1) 5.8(1) 11(8) 7/45
8 J0e+4:19  2.5e+4:35  4.0e4+3:67  2.5e42:231  1.6e+1:1470 [15/15 GP1-CMA2.8(1) 3.2(1) 3.6(0.7) 4.0(1) 00 5006 0/15
CMA-ES 16.5(3) 4.7(0.9) 4.5(0.7) 3.0(1.0) 3.6(1) 31/45  Gp5.cMA[2.3(0.3) 2.2(0.1)*  2.5(0.4)*3  284(332) 0o 5022 0/15
GP1-CMA|5.5(2) 3.4(0.7) 3.1(0.4) 2.3(0.4) 3.0(1) 12/15 REp1-CMA|3.5(1) 3l9(1) 5.2(2) 3.4(0.5) 6.1(4) 115
GP5-CMA4.4(0.7) 2.6(0.2)*  2.2(0.7)*2  11(8) 8.2(4) 5/15 RF5-CMA|2.6(1) 2.9(1) 6.6(4) 134(160) oo 5006 0/15
e B I (O VA 1 i i PR P i e
: : 21 6.3¢41:36  4.0e4+1:77  4.0e4+1:77  1.6e+1:456  4.0¢+0:1094 [15/15
#FEs/D 0.5 1.2 3 10 50 F#succ CMA-ES [5.9(3) 7.5(6) 7.5(18) 4.3(6) 8.8(8) 17/45
[ 1.0e42:357  6.3¢41:560  4.0e+1:684  2.5e+1:756 1.0e4+1:1716[15/15 GP1-CMA|3.8(2) 6.3(30) 6.3(1) 1.8(0.2) 3.4(3) 10/15
CMA-ES | 2.9(0.3) 2.5(0.2) 2.2(3) 2.2(0.5) o0 5006 0/45 GP5-CMA|3.2(0.4) 2.9(0.8) 2.9(0.4) 1.8(2) 7.7(9) 6/15
GP1-CMA| 2.1(0.8) 1.6(0.3) 1.4(0.6) 1.5(0.1) o0 5006 0/15 RF1-CMA[5.2(2) 3.7(1) 3.7(1) 5.5(6) 8.0(13) 6/15
GP5-CMA|12(28) 12(25) 13(19) 12(4) o0 5020 0/15 RF5-CMA|7.6(5) 6.1(3) 6.1(5) 8.7(9) 14(18) 4/15
RELOMA|ZS(M)  ss@) 800 58®)  <o0s |03 yppon| 05 12 5 10 50 pence
22 6.5¢+1:45 J.0c+1:68 7.0e+1:68  1.6e+1:231  6.3e+0:1219[15/15
#FEs/D 0.5 1.2 3 10 50 #succ CMA-ES | 4.8(2) 10(17) 10(9) 17(22) 9.2(12) 15/45
10 1.6e46:15  1.0e46:27  4.0¢+5:70 6.3c+4:231  {.0¢+3:1015 [15/15 GP1-CMA|12(30) 17(20) 17(15) 12(17) 2.7(5) 10/15
CMA-ES [5.6(6) 5.5(4) 5.1(2) 4.8(1) 3.2(0.9) U5/45 Gps.cma| 2.5(1)* 3.6(0.3)*2  3.6(12)*2  4.8(11) 2.0(2) 11/15
GP1-CMA|5.4(4) 5.4(2) 4.2(0.9) 3.5(2) ) 2.3(0.8) 15/15 RE1-OMA| 4.6(2) 5.2(3) 5.2(3) 1.6(2) 3.0(4) 10715
GPS—CM:4-8((2)) 3-6((1)) 3-1((2) : 2-0((0)-3)* 1-(1((;-4>*3 15§15 RF5-CMA| 5.8(2) 11(2) 11(21) 11(12) 5.7(15) 7/15
RF1-CMA[5.9(5 5.3(2 4.1(0.9 3.9(2 74(97 1/15
- #FEs/D 0.5 1.2 3 10 50 #succ
RF5-CMA[5.1(3) 5.2(2) 10(19) 145(217) o0 5006 0/15 23 6.3¢40:29 4.0e40:118  2.5e+0:306 2.5¢40:306  1.0e4+0:1614[15/15
#FEs/D 0.5 1.2 3 10 50 #succ CMA-ES [1.4(0.6) 6.9(12) 115(67) 115(75) oo 5020 0/45
f11 4-0e+4:11 2.5e+3:27 1.6e+2:313 1.0e+2:481 1.0e+1:1002[15/15 GP1-CMA|2.1(2) 6.4(5) 5.8(4) 5.8(2) 1.6(1) 14/15
CMA-ES ]1.7(1) 2.3(2) 36(35) 151(213) oo 5006 0/45  Gps.cMA[2.2(2) 2.9(0.6) 1.9(0.1)*2  1.9(0.3)*2 0.84(0.8) [15/15
GP1-CMAL.3(1) 1.8(3) 14(5) 15(19) oo 5006 0/15  RF1-CMA[1.3(1) 3.4(5) 244(119) 244(390) 0o 5010 0/15
GP5-CMA|L.8(1) 2.3(2) 5.2(3) 17(35) oo 5008 0/15  RE5-CMA|1.8(2) 4.5(5) 113(109) 113(144) 0o 5086 0/15
RF1-CMA|1.5(3) 3.2(3) 8.6(5) 12(5) o0 5006 0/15
RF5-CMA|1.9(2) 2.8(2) 105(100) 146(133) o0 5008 0/15 _#FEs/D 0.5 1.2 ,3 10 50 #succe
FEs/D o 1o 3 0 50 souce 24 2.5¢+2:208  1.6¢42:918 1.0¢42:6628 6.3c41:9885 4.0c41:31629[15/15
# CMA-ES [1.3(0.3) 1.7(1) 3.6(3) 3.2(2) 3.6(7) 2/45
CM??ES 51-5”(51’;8123 45-93(51*7139 32-;:;;76 3'36364:)209 é-‘(’fi;’m“ égﬁg GP1-CMA|0.83(0.1) 0.84(0.5) 0.20(0.0)  0.24(0.3)  0.38(0.4) 5/15
GP1-CMA| 4.7(3) 3.9(2; 37(0.9) 2.821) 2‘4%0‘2) 13715 GP5—CMA0.51(O,1)I<42 0.86(1) 0.37(0.6) 0.32(0.5) 1.1(0.8) 2/15
GP5-CMA|18(46) 22(18) 38(31) 74(96) 21(30) 3/15 RF1-CMA[1.3(0.3) 2.0(1) 0.50(0.0) 0.52(0.6) o0 5006 0/7
RF1-CMA| 3.9(2) 3.9(2) 3.1(0.8) 1.8(0.2)*2  3.0(1) 12/15 RFS5-CMA[2.2(1.0) 4.1(4) 11(10) o o0 5034 0/15
RF5-CMA| 5.2(3) 4.6(3) 9.4(19) 39(108) 00 5006 0/15
Table 3: Expected running time (ERT in number of function evaluations) divided by the respective best ERT measured

during BBOB-2009 in dimension 20. The ERT and in braces, as dispersion measure, the half difference between 90 and
10%-tile of bootstrapped run lengths appear for each algorithm and run-length based target, the corresponding best ERT
(preceded by the target A f-value in italics) in the first row. #succ is the number of trials that reached the target value of
the last column. The median number of conducted function evaluations is additionally given in italics, if the target in the last
column was never reached. Entries, succeeded by a star, are statistically significantly better (according to the rank-sum test)
when compared to all other algorithms of the table, with p = 0.05 or p = 107 when the number k following the star is larger

than 1, with Bonferroni correction by the number of instances.
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