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General Scheme for Evolutionary Algorithms? Bitwise Mutation

Population
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for i =1ton do
with probability x/n
J}; =1 Ty
1: initialise a population Py of X individuals uniformly at random. .
. S . otherwise
2: for t =0,1,2,... until termination condition do ,
3: evaluate the individuals in population P;. LTi = Ti
4 fori =1to )\ do return 2’
5 select two parents from population P;.
6: recombine the two parents.
7 mutate the offspring and add it to population P .

2Pseudo-code adapted from Eiben and Smith [2003]. 435



Uniform Crossover - Two Offspring Uniform Crossover - One Offspring

Parents Offspring
Parents G Offspring
T mm _/V u E z [0]1[1]0[1] w [1]1]0]1]1]
\—> \—>@ e (D> qmemm
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y [1]ofo]1]0] 4/ v 1
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for i =1 ton do
with probability 1/2

u; = x; and v; 1= y;

fori=1to n do
with probability 1/2
u; = x; and v; == v;
otherwise ! ! i =Y

otherwise
u; = 1y; and v; 1= x;

return u and v. u; = y; and v; = 2 N
return u or v with equal probability.

Selection - Linear Ranking Goldberg and Deb [1991] Example - Linear Ranking Selection

fort =0to oo do
Sort current population P; according to fitness f, st
FPAD) = F(P(2)) > - = F(B(V)).
fori=1to A do
(Selection)
Sample 7 in {1,...,A} st. Pr(r <~X) = B(7).
Pt+1(’i) = Pt(r).
(Mutation)
Flip each bit position in P;y1(¢) with prob. x/n.

a :[0,1] — [0,00) a ranking function if Rank

1 0
/ a(y)dy =1
0

Prob. of selecting individual with rank < v is v

.
80 = [ o)y
Linear ranking selection is obtained for

a(y) =n-2(n-1),

where 77 € (1, 2) specifies selection pressure.
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Example - Linear Ranking Selection Interactive Visualisation of Evolutionary Algorithm

fort =0to co do X
Sort current population P; according to fitness f, st :

f(R(1) = f(P(2) = - = f(P(N).

for i =1to A do N e B
(Selection)
Sample 7 in {1,...,A} st. Pr(r <~A) = B(7). A\ g
Pt+1 (Z) = Pt(’f').

(Mutation)

Flip each bit position in P.y1(i) with prob. x/n.

Problem

I
1

> Can we parameterise the EA so that it optimises f efficiently, e.g. individuals with fitness > ¢

> Is it possible to predict the behaviour of this and other EAs?

ONEMAX(z) := » _z; http://www.cs.nott.ac.uk/~pszpl/ea/
1=1

Evolutionary Algorithms are Algorithms Runtime as a function of problem size

. . . . RS on Easy FSM instance class.
Criteria for evaluating algorithms

1. Correctness

» Does the algorithm always give the correct output?

8e+06
|

2. Computational Complexity

» How much computational resources does
the algorithm require to solve the problem?

Iterations of RS.
10 @

---1 0 D

4e+06
|

Same criteria also applicable to evolutionary algorithms i - H
1. Correctness. 6 EH :
T

. . e N N
» Discover global optimum In finite time? T T T T T T T T T T T T T T T T T T T T 1

4 567 89 1 13 15 17 19 21 23 25

0e+00
L

2. Computational Complexity.

» Time (number of function evaluations)
most relevant computational resource.

Number of states in FSM (n).

» Exponential = Algorithm impractical on problem.
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Runtime as a function of problem size

Iterations of (1+1) EA

(1+1) EA on Easy FSM instance class.
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Number of states in FSM (n).

» Exponential = Algorithm impractical on problem.
» Polynomial = Possibly efficient algorithm.

A Model of Population-based EAs

Population

[ofo[1]1]0]

I10111.

Parents

@_' Offspring
("—>—/ [Tolii[o] \*@®_

New Individual

> 1[1[0[1]1]

Wide range of evolutionary algorithms...

> selection mechanisms (ranking selection, (i, \)-selection,
tournament selection, ...)

> fitness models (deterministic, stochastic, dynamic, partial, ...)

> variation operators

> search

spaces (e.g. bitstrings, permutations, ...)

We will describe many of these with a general mathematical model.

Outline

A Model of Population-based EAs

438

Introduction
Runtime Analysis

Upper bounds
The Level Based Theorem
Examples
Mutation and Selection
Mutation, Crossover and Selection

Lower Bounds
Negative Drift Theorem for Populations
Mutation-Selection Balance
Negative Drift with Crossover

Population

New Individual

—> [1[zfo[1]1]

Require: Search space X and random operator D : X* — X

: Py ~ Unif(X*)

:fort=0,1,2,...

for i =1to A do
Pyia1(i) ~ D(F)

until termination condition do



Runtime Analysis of Population-based EAs Runtime Analysis of Evolutionary Algorithms

Definition
Given any target subset B(n) C {0,1}" (e.g. optima), let

TB(n) = Iz-frgl{]l {t\| PN B(n) # @}

be the first time® the population contains an individual in B(n).

Frank Neumann - Carsten Witt

Thomas Jansen

Theory of

=| Bioinspired Computation

Problem g::d%m'.;zed i | : In CombEige ptimization g écgllztzii:r?ary Algorithms
rci F euris _CS o =| Algorithmsand Their
ShOW hOW Foundations and Recent Developments. 5| Computational Complexity
> E [Tg(n)] (the expected runtime) izt =
» Pr (TB(n) < t) (the “success” probability) s - &) pringer

depend on the mapping D.

3We here count time as the number of search points that have been sampled since
the start of the algorithm. For a typical D that models an EA, this corresponds to the
number of times the fitness function is evaluated.

Approaches to Runtime Analysis of Populations Asymptotic notation

> Infinite population size

» Markov chain analysis He and Yao [2003]

» No parent population, or monomorphic populations
» (14+1) EA 0] A
» (1+X\) EA Jansen, Jong, and Wegener [2005] 1)
> (1,\) EA Rowe and Sudholt [2012] ¢ ¢(n) :

» Fitness-level techniques . :

c, 8(n) cg(n)

cgln

» (1+)) EA Witt [2006] .
» (N+N) EAs Chen, He, Sun, Chen, and Yao [2009] L i 4
» non-elitist EAs with unary variation operators Lehre [2011b],  f =0 "0 fn) = otgm) "0 fim = Qtzm)
Dang and Lehre [2014] (@ (b) ©@
» Classical drift analysis
» Fitness proportionate selection Neumann, Oliveto, and Witt
[2009], Oliveto and Witt [2014, 2015]
> Family trees f(n) € O(g(n)) <= 3 constants ¢,ng >0 st. 0
> (u+1) EA Witt [2006] f(n) € Qg(n)) <= 3 constants ¢,ng >0 st. 0
Q

(
( (

> (p+1) IA Zarges [2009] f(n) €B(g(n)) < f(n) € O(g(n)) and f(n)€
(

n

» Multi-type branching processes Lehre and Yao [2012]
> Negative drift theorem for populations Lehre [2011a] F(n) € o(g(n))

» Level-based analysis Corus, Dang, Eremeev, and Lehre [2014] 439 n—o0 g(n)



Level-based Theorem?*

4Corus, Dang, Eremeev, and Lehre [2014]

Level partitioning of search space

Definition

(Ai1,y...,Am+1) a level-partitioning of search space X if
> U;n:ﬁl Aj = X (i.e., together, levels cover the search space)
» A; N A; = 0 whenever ¢ # j (i.e., they are nonoverlapping)

> the last level Ay,4+1 covers the optimum for the problem

To denote everything above level j, we also define

m—+1
Aj: U_&
i=j+1

Outline - Level-based Theorem?®

Definition of levels of search space

Definition of “current level” of population
Statement of theorem and its conditions
Recommendations for how to apply the theorem
Some example applications

Derivation of special cases

» Mutation-only EAs
» Crossover
» Mutation-only EAs with uncertain fitness (e.g. noise)

SR o A

51t is out of scope of this tutorial to present the proof of this theorem. The proof
uses drift analysis with a distance function that takes into account the current level, as
well as the number of individuals above the current level.

Current level of a population P wrt vy € (0,1)

Definition
The unique integer j € [m] such that

PN A]_ | >~y > |PnA]

Example
Current level wrt yg = % iS ...
(@)
(@) O (@] @)
@) (@) @) @) (@)

Al A2 A3 A4 A5 AG
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Current level of a population P wrt vy € (0,1)

Definition
The unique integer j € [m] such that

|IPNA]_ | > v0x > |PN AT

Example

Current level wrt vg = % is 4.

© O
[OX©)
000
o0

Al A2 A3 A4 A5 A6

Level-based Theorem® (1/2) (setup)

v

Given a level-partitioning (A1,..., Amy1) of X

» m upgrade probabilities z1, ..., zy € (0,1] and
Zmin ‘= ming; z;

> a parameter § € (0, 1), and

» a constant 7o € (0, 1),

5This version of the theorem simplifies some of the conditions at the cost of a
slightly less precise bound on the runtime.

Level-based theorem (informal version)

If the following three conditions are satisfied
(G1) it is always possible to sample above the current level

(G2) the proportion of the population above the current level
increases in expectation

(G3) the population size is large enough

then the expected time to reach the last level cannot be too high.

Level-based Theorem (2/2) [Corus, Dang, Eremeev,

and Lehre, 2014]
If for any j € [m], any v € [0, ~0] and any pop. P € X* where

YL [PNAT| <X < [PN AT

a new individual y ~ D(P) is in A;‘ with probability

Z; ifvy=0
P cAT)>!{7 G1&G2
r('y a)—{7(1+5) ify >0 ( )

and the population size A is bounded from below by

A> D <1< m >+11> (G3)
_7062 " 7057Zmin

then the expected time to reach the last level Ay, is less than

1536
55

1
mAln(A) + E —

— z;

j=1"7
441



Level-based Theorem visualised

D(F;)

Simple Example to lllustrate Theorem

Problem

» search space X = {1,--- ,m + 1}

» fitness function f(x) = x (to be maximised)

Evolutionary Algorithm

fort =0,1,2,... until termination condition do
fori =1 to A do
Select a parent « from Py using (g, X)-selection
Obtain y by mutating «
Set i-th offspring P;41(7) = y

Suggested recipe for application of level-based
theorem

1.

Find a partition (A1,..., Am+1) of X that reflects the
state of the algorithm, and where A,,, 41 is the goal state.

. Find parameters ~¢ and § and a configuration of the

algorithm (e.g., mutation rate, selective pressure) such that
whenever |P N Aj| = A > 0, condition (G2) holds, i.e.,

Pr (y € A;r) > ~v(1+9)

. For each level j € [m], estimate a lower bound z; € (0,1)

such that whenever [P N Aj| = 0, condition (G1) holds, i.e.,
Pr (y € A;’) > zj

Calculate the sufficient population size A from condition (G3).

. Read off the bound on expected runtime.

(p, A)-selection mechanism

1. Sort the current population P = (&1, ...,x) such that

F@) > f@z) > ... > fan)

2. return Unif(x1,...,x,)

442



A simple mutation operator... Step 1: Level-partition

1 Problem
I
3 3 » search space X = {1,--- ,m + 1}
» fitness function f(x) = = (to be maximised)
j—1 J j+1

1 .
z fye{z—1,z,z4+ 1}
Pr V xT) = — 3
V(@) v) {0 otherwise.

Step 1: Level-partition Properties of a Population at Level j
» Assume Aj; is the current level of the population P, i.e.,

Problem YA=|PN A;r| <AL |PN A;r_1| (1)

» search space X = {1,--- ,m + 1} >90A  individuals

» fitness function f(x) = x (to be maximised)

Level-partition of X

AL,
s
DD o
J

A individuals

Aj:={j}

Aj ={i+1j+2,...,m+1} > (p, A) selects parent u.a.r. among best p individuals

» by choosing parameter o := p/, assumption (1) implies
» Pr (select parent in Aj_l) =
» Pr (select parent in Aj) =
443



Properties of a Population at Level j Condition (G2)

H . . >70X  individuals
» Assume Aj; is the current level of the population P, i.e,,

YA=|PNAS| <y < |PNAS ] (1)

Af,
+
|:| A]
>~0A  individuals |:| |:|
O O—
J

A individuals

DD : |:||:|.=. Pr<y€A+)

A individuals

» (p, A) selects parent u.a.r. among best p individuals
» by choosing parameter ¢ := p /X, assumption (1) implies
» Pr (select parent in A;F_1> =1

>~(1+46
» Pr (select parent in Aj') = % 2 )
Condition (G2) Condition (G2)
>v0A  individuals >70X  individuals
Al Al
|:| At At
slloe_ olloo_
J — J
A individuals A individuals
. 1+1
Assuming that % = Z = 1_;

Pr (y € Aj') > Pr (select parent in Aj) - Pr (do not downgrade) Pr (y € A;‘) > Pr (select parent in A;‘) - Pr (do not downgrade)

A (1= >0 2 (1-1)
) 3 - ) 3
1

> v(1+9) >v(1+9)

Vv

442 = Condition (G2) satisfied for § = 1/2.



Condition (G1)

>v0A  individuals

Pr(y € Af) >
= Zj > 0
Condition (G3) - Sufficiently Large Population

Recall that vo = p/A =4/9and § =1/2 and z, = 1/3

5 (n (o) +11)
n
Y062 ZxY007

Condition (G1)

>~0A  individuals

Pr (y € Aj') > Pr (select parent in A;) - Pr (upgrade offspring to Aj')
1
>1-—
- 3

:Zj>0

= Condition (G1) satisfied by choosing z; := % for all j € [m].

1
3

Condition (G3) - Sufficiently Large Population

Recall that vo = p/A =4/9and § =1/2 and z, = 1/3

5 (n (o) +11)
n —_—
Y002 ZxY007

= 72 (In (864m) + 11)
< 72(In(m) +18) < A

Hence, choosing A > 72(In(m) + 18) sufficient to satisfy (G3).

445



Example: Summary

We have shown that if A > 72(In(m) + 18) and pu = 4\/9
» (G1) is satisfied for z; = 1/3 for all j € [m]
» (G2) is satisfied for 6 = 1/2, and
» (G3) is satisfied

hence, by the level-based theorem, the expected running time of
the EA is no more than

1536 o1
5 (m)\ In(A) + > z) = O(mAln )

j=1"79

Selective Pressure

Cumulative selection probability
Dsel has cumulative selection probability 3(«) if

)
°:| VP € X* Vv € (0,70)
’y
e Pr ( f(psa(P)) > f(yranked) ) > B(v)
O > If f(P)=(8,7,6,5,5,4,3,2),
then 3(3/8) = Pr (select an individual > 6).
g » 2-tournament selection, B(v) > 72 + 2v(1 — )

v

linear ranking-selection B(v) = v(n(1 — v) + ~)
(s A)-selection B(y) > YA/

v

Population-Selection Variation Algorithm (PSVA)

A RN

for t = 0 to co do
fori =1 to A do
Sample ¢-th parent x according to peel (P, *)
Sample i-th offspring P;41(2) according to pyar(x, -)

Corollary for PSVA

If for any j € [m]
(C1) puar(y € A |z € AT ) > 55 > 5pmin
(C2) puar(y € A |z € AT) > po
J J
v(1+9)
(C3) B(v) = “po

(Ca) x> -8, (m( m ) 4 11)

2
Yo 575min

then the expected time to reach the last level A, 41 is less than

1536 Po w= 1
5 (m)\ In(A) +— Y S)

0 55 5
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Proof of Corollary: (C2) & (C3) — (G2)

>yA  individuals

A

G—

olloo_

J

A individuals

If [IPN AT | > vA > |[PNAf| =:9X and y ~ D(P)

then Pr (y € A;‘) >

> v(1+9).

Proof of Corollary: (C1) & (C3) — (G1)

>vA  individuals

+
AT

X
[5] [m]
EH—] ’

+
J

A
alll

If [IPNAJ_|| > voAand [PNAf| =0and y ~ D(P)

Pr (y € Aj) >

=2z; >0

Proof of Corollary: (C2) & (C3) — (G2)

>yoA  individuals

X

5] [m]
EH—[] y

ar,
s
DD_DD=

YA individuals

If |IPNAS_ | > vA > |[PNAf| =:9X and y ~ D(P)

then Pr <y € Aj') > Pr (ac € A;') Pr (y € A;." | x € A;")
(i.e., select « from level 7 + 1

and do not downgrade it)

> B(7)po
> (1 +9).

Proof of Corollary: (C1) & (C3) — (G1)

>yoA  individuals

N
A,

X
[5] [wm]
S ’

+
J

A
alll

If [PNAJ_|| > A and [PNAS| =0and y ~ D(P)

Pr (y € Aj) > Pr (a: € Aj_1> Pr <y €Al |xe Aj_1>
(i.e., select  from level 5 and upgrade it)
> B(70)s;
> v0(1 +6)s;/po
=2z; >0
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Example Application

n 1
LEADINGONES(z) = Z H x;

t=1j5=1

Partition into n + 1 levels

Aj:={x e {0,1}" |z ="---

Example Application

:a:j_lzl/\a:j:(]}

(pe,A) EA with bit-wise mutation rate x/n on LEADINGONES

If A/ > eX(149d) and A > ¢” In(n) then

+ .
(Cl) Dvar (y € A] | T € Ag) Z nex
(C2) Dvar (y S Aj U Aj_ | xr € AJ) >
(C3) B() 2 A/ > (1 + d)eX
(C4) X >’ In(n)

x(1 —9)

1—-96
eX

>

Sj —=: S«
Do
Y(1+6)/po

cln(m/s*)

then E [T] = O(mAIn(A) + 37, s7') = O(nAIn(\) + n?)

i=15;

Example Application

(12, A) EA with bit-wise mutation rate x/n on LEADINGONES

If A/ > eX(14+9) and A > ¢” In(n) then

+ ] x(1—9)
(C]-) Pvar (y € Aj | T c AJ) > nex
1-9
(C2)  puar (y € A;j LJA;." | z € Aj) > ~

(C3)
(C4)

B(Y) = A/ > v(1 4 §)eX
A >’ In(n)

Exercise: Our first example, linear ranking selection

How to set the following parameters
» population size A
» selective pressure 1
> mutation rate x/n
so that the EA optimises LEADINGONES efficiently?

Hints
» (C1), (C2), and (C4) already satisfied as for (g, A)-selection
» Remains to show (C3), i.e., B(vy) > (1 4+ 6)v/po

» Linear ranking has cumulative selection probability

B(y) =71 =) +7)

448



Genetic Algorithms with Crossover Corollary for Genetic Algorithms

If for any j € [m]
(Cl) pvar(y € A;_ | T € A;_—l) > S; > Sk

S x1 Z
\__»@_,M > Y (C2) puar(y € Af |z € AT) > po
S x2 (C3) puorlx € Af |u € Af_,v € A) > &
1+
(C4) B(y) =7/,
€) A> > (") +s
Definition (Genetic Algorithm) = 827 " Y287 54
for t = 0,1,2,... until termination condition do then the expected time to reach the last level A,,41 is less than
fori =1 to Ado
i 1536 o1
Select parents 1 .and @2 from population P; acc. to P mAIn(A) + Po Z 1
Create z by applying a crossover operator to ®; and x. 65 Yo i=3 8j
Create y by applying a mutation operator to y.
Proof of Corollary: (C1) and (C4) —> (G1) Proof of Corollary: (C1) and (C4) —> (G1)
A;l A;——l
S 1 — 1
— x2 |:| — x2 |:|
O O
j j
+ + +
Pr(yEAj) Pr(yEAj>2Pr(z€Aj_1>sj
> Pr (a:l, xo € A;‘_1> €15;
> B(v0)%e1s;
146
> 73 < > €185
Po€170
> Y0(1 + 9)s;/po
=: zj. =: zj.

449



Proof of Corollary: (C2), (C3), and (C4) — (G2)

>yA  individuals

—riske, 2
— G’

Af,
s
DD'DD=

YA individuals

Pr (y € Aj)

> (1 +9).

Example application 1 — (x,\) GA on LeadingOnes

—_—]

x1 z n i
©_'|E_ Y LEADINGONES(z) := Z H x;.
X2

i=15=1

(1,A) Genetic Algorithm (GA)

fort = 0,1,2,... until termination condition do
for i =1 to A do
Select a parent & from population Py acc. to (u, A)-selection
Select a parent y from population P, acc. to (p, A)-selection
Apply uniform crossover to  and y, i.e. z := crossover(x,y)
Create Py (%) by flipping each bit in z with probability x/n.

Theorem
If X > clog(n) for a sufficiently large constant ¢ > 0, and
% > 2eX(1 + J) for any constant § > 0, then the expected runtime of

(1,A) GA on LEADINGONES is O(nAlog(\) + n?).

Proof of Corollary: (C2), (C3), and (C4) — (G2)

>yoA  individuals

B

x1 z
—fHe

At
I
DDVDD=

YA individuals

Pr (y € A;r) > Pr (z € A;r) Do
> Pr <€C1 € A;__l) Pr (272 € A;') €1P0o

> B(70)B(v)e1po

1446
> Y0 YE1Po
Po€170

> (1 +9).

Example application 1 — (u,A\) GA on LeadingOnes
f A/ >...and A > ¢’ In(n) then
(Cl) pvar(y S A;_ | T € Aj_—l) >

x1—-96)
" =18 =: 84
nex
+ +y5 170
(C2) pvar(y € 14‘7 | xr € 14‘7 ) Z =: po
eX

?
(C3) pxor(in € Aj_ | u e Aj__lav € Aj_) > e1>0

?
(C4) B(v) =2 > v/ 52

8 m
4

» (C1) and (C2) hold as for mutation-only EAs.
» (C5) holds if the constant ¢’ > 0 is large enough (m = n)
» Remains to show that (C3) and (C4) can be satisfied

» Need to determine the parameter £;.

> Need to determine a lower bound for the ratio A/ p.
450



Condition (C3) — (u,\) GA on LeadingOnes

Parents G Offspring
= [1]1]ofof1] _/> \»
e =0
yl1lo[11]olH _\> vfL1[0]ofolo]

Assume that « € A2j+1 and y € AZJ" then

w]_:...:wj:]_ Ulz"'Zszl
:yjzl V1

I
I
g
<.
|
[y

Condition (C4)

We need for all v € (0,70)

1496
Po€17o0

B(Y) >y

Condition (C3) — (u,\) GA on LeadingOnes

Parents

« [1]1]o]of1] -

v [1]o[1]1]o] A

G

=@

v O
s, meEEm

Assume that x € A2j+1 and y € AZJ" then

Yy ==

il!jzl
y; =1

Uy =+«
V1 =

=

Without loss of generality, ;41 = xj+1 = 1, hence

Pr (crossover(z,y) € A>jy1 | ® € Asjy1and y € Asj) >

Condition (C4)

We have chosen the parameters

We need

B(Y)

451

Yo := p/A

po:=(1—9)e™ X
o 1

€1 = 2

for all v € (0,70)

Offspring

-

2

2eX
P0€1‘)’0

1—l—5

1—5

) ()



Condition (C4)

We have chosen the parameters

Yo := p/A

po:=(1—9)e X
. 1

E:]_ «— 5

We need to choose p and A such that for all v € (0,~0)

1—|—6 < >
2eX
p0€1‘)’0 1—6

B > 12

Example application 1 — (x,\) GA on LeadingOnes
If X/p > 2eX <1+5> for any const. § > 0, and A > ¢’ In(n)
then

(C1) puar(y € Af |z € AT ) >
x(1—46)

S; =: 8
nex J "

1-96
(C2) pvar(y € A;_ | x € A+) > ox =: Ppo

(C3) pxor($6A+|u6A 1,'U€A+)>—— 1>
0
(C4) B(y) > 12 > ~,/2H0

> 1= >
o (0 (girac) )

ol ™M

9270 Y3075

(C5) A > " In(n) >
Hence, the expected runtime of (x,A) GA on LEADINGONES is

O(nXlog(A) + n?).

Condition (C4)

We have chosen the parameters

Yo := p/A

po:=(1—9)e™ X
o 1

5]_ «— 5

We need to choose p and A such that for all v € (0,~0)

1 —|—5 ( >
2eX | ——
P0€1‘)’0 1—5

e., it is sufficient to choose p and A such that

A 1
>2ex<+5>.
n 1—-94

By > 12

Example application 2 — (x,A\) GA on Onemax

— ke, "
@D_'IEI_—> Y ONEMAX(x) := zzzl ;.

(1£,A) Genetic Algorithm (GA)

fort = 0,1,2,... until termination condition do
for i =1 to A do
Select a parent x from population P; acc. to (u, A)-selection
Select a parent y from population P; acc. to (g, A)-selection
Apply uniform crossover to « and y, i.e. z := crossover(x, y)
Create P;1(2) by flipping each bit in z with probability x/n.

Theorem
If X > clog(n) for a sufficiently large constant ¢ > 0, and
% > 2eX(1 + 9) for any constant § > 0, then the expected runtime of

45 (1,A) GA on ONEMAX is O(nAlog(A)).



Example application 2 — (x,A\) GA on Onemax
If A/ > ...and A > ¢’ In(n) then

>
>
>

(Cl) pvar(y € A;_ | T € A;——l) >
x(n—j)(1 -9
nex ’

Sj
1-9

(C2) pvar(y € A;_ | T € A;_) Z =: Ppo
eX

?
(C3) pur(w € AT Ju€ Af_j,v€ A]) > c1>0

?
(C4) B =7 2> 7/ poss

8 m

(C1) and (C2) hold as for mutation-only EAs.
(C5) holds if the constant ¢’ > 0 is large enough
(m=n+1)
Remains to show that (C3) and (C4) can be satisfied
> Need to determine the parameter ;.
» Need to determine a lower bound for the ratio A/ p.

Condition (C3) — (x,\) GA on OneMax

Parents Offspring
wffo[1]1]0[1] _/> uff1]1[0[1]1] \_'
e O
y ILe[eAo] Y tonon

Ci

Proof.
Assume that * € A>;4; and y € A5,

25 +1 < |z|+ |yl
= |u| + |v|

Condition (C3) — (u,\) GA on OneMax

Parents G Offspring

«ffof1/1]o0]1] _/r uff1]1[0[1]1] \»
/2@ PaiOg g o0
y1[olo[1][0] _\> vJofo]1T0]0]
Proof.
Assume that x € A2j+1 and y € AZJ"
2j+1< |z| + |y
Condition (C3) — (u,\) GA on OneMax
Parents G Offspring

w-\_' _/u\» )

nnnnn) 2 s

> [1[1]o[1]1]

Proof.
Assume that x € A>j4; and y € A>j, and w.l.o.g. that

25+ 1< |z| + |yl
= |u| + |v]
< 2|ul.
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lu| > |v]



Condition (C3) — (x,\) GA on OneMax Example application 2 — (x,A\) GA on Onemax
If X/ > 2eX (%) for any const. § > 0, and A > ¢” In(n)

Parents %! Offspring then N .
» [O[I[[oM) oo BN (C1) prar(y € A |2 € A ) >
N i [R— x(n —j)(1 —6)
Vas /_> [1[1]o]1]1] =: s
y [1lolo[1]o] - _\» » [0[o[1]0]0] nex s
(C2) pvar(y € A;— | S A;_) > =:DPo
eX
1
Proof. (C3) peor(x € Aj' | w € A;‘_l,v € Aj') > — =te1 >
2
Assume that x € A>; 14 and y € A>;, and w.l.o.g. that |u| > |v| 0
. A 146
25 +1 < |o| + |y| (C4) B(M) = 27 Z 7/ pomane
= |u| + |v] . 8 < ( m ) )
C5) A>c"In(n) > In | ——=— 8
< 2ful. (©3) (") 2 520 M (G2o7s, ) T

Therefore Pr (u € Azji1) =1 and Hence, the expected runtime of (u,A) GA on ONEMAX is

=:e. O(nAlog(A) 4+ nlog(n)).

1
Pr (crossover(z,y) € A>jy1 | € € Asjyiand y € Asj) > 5

Lower Bounds

Problem
Consider a sequence of populations P, ... over a search space X,
and a target region A C X (e.g., the set of optimal solutions), let

Ta:=min{ Xt | PNA#0}

Lower Bounds We would like to prove statements on the form

Pr (Ta < t(n)) < e M), (2)

> i.e., with overwhelmingly high probability, the target region A
has not been found in t(n) evaluations

» lower bounds often harder to prove than upper bounds

» will present an easy to use method that is applicable in many
situations
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Algorithms considered for lower bounds

Definition (Non-elitist EA with selection and mutation)

fort = 0,1,2,... until termination condition do
fori =1 to A do
Select parent x from population P according to pse

Flip each position in « independently with probability x /n.

Let the i-th offspring be P41 (2) := «.
(i.e., create offspring by mutating the parent)

Assumptions
> population size A € poly(n), i.e. not exponentially large
> bitwise mutation with probability x/n, but no crossover.

» results hold for any non-elitist selection scheme pg
that satisfy some mild conditions to be described later.

(pey X)-selection mechanism

: I I

Py Py P Py

Probability of selecting ¢-th individual is p; € {0, %}
» reproductive rate bounded by ag = A/

Reproductive rate’

Definition
For any population P = (x1,...,x) let psei(x;) be the
probability that individual x; is selected from the population P

» The reproductive rate of individual x; is A « psei(;).

» The reproductive rate of a selection mechanism
is bounded from above by ay if

VPE XY VEEP X pu(z) < ag

(i.e., no individual gets more than ay offspring in expectation)

"The reproductive rate of an individual as defined here corresponds to the notion of
“fitness” as used in the field of population genetics, i.e., the expected number of
offspring.

Negative Drift Theorem for Populations (informal)

Py

b oy < eX

If individuals closer than b of target has reproductive rate
ag < eX,
then it takes exponential time e¢(~®) to reach within a of target.
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Negative Drift Thm. for Populations [Lehre, 2011a] The worst individuals have low reproductive rate
Consider the non-elitist EA with

> population size A = poly(n)

o ) Lemma
> bitwise mutation rate x/n for 0 < x < n Consider any selection mechanism which for ¢,y € P satisfies

Iei T := mir;{t | H(Py, z*) < a} for any (@) If f(z) > F(y), then pser(x) > psei(y).
v €{0,1}". (selection probabilities are monotone wrt fitness)

P If there are constants aip > 1, § > 0 and integers (b) /ff(a:) = f(y), then psei(x) = psei(y).
a(n) and b(n) < % where b(n) — a(n) = w(lnn), (ties are drawn randomly)

Q st. If f(x) = minyep f(y), then pse(x) < 1/A.
) . (c1) Ifa(n) < H(z,z*) < b(n) then (individuals with lowest fitness have reproductive rate < 1)
A psel(m) S aqQ.
Proof.

C2 = In(opg +di<1
(C2) v (o) /x < » By (a) and (b), psel(x) = minycp psei(y).

(C3) b(n) < min {%9 % (1 -\ ¢(2 - dj))} > 1 = ZCBEP psel(w) 2 >\ . minyep psel(y) — A . psel(w)_
then there exist constants ¢, ¢’ > 0 such that 0

Pr <T < ec(b(n)—a("))) < e—¢ (b(n)—a(n))

Example 1: Needle in the haystack Example 1: Needle in the haystack (proof°)

Definition

v

Apply negative drift theorem with a(n) := 1.

v

_ " By previous lemma, can choose ag = 1 for any b(n),
NEEDLE(x) = {1 ife =1 hence ¥ = In(a)/x +d =6 < 1forall x and § < 1.
0 otherwise. Choosing the parameters § := 1/10 and b(n) := n /6 give

v

Theorem min {Z,Z (1 — V(2 - 1,b)>} = g < b(n).

The optimisation time of the non-elitist EA with any selection
mechanism satisfying the properties above® on NEEDLE is
at least e€™ with probability 1 — e~*(™) for some constant ¢ > 0.

v

It follows that Pr (T < ec(b(m—a(m)) < e=n),

8From black-box complexity theory, it is known that NEEDLE is hard for all search
heuristics (Droste et al 2006). 456 9For simplicity, we assume that b(n) < n/x.




Exercise: Optimisation time on Jump,

k
Opt.
Fitness
0 |Z| (number of 1-bits) n
0 ifn—k<|z|<n
Jumpg(x) := o | ’
|z| otherwise.

When the best individuals have low reproductive

rate

Remark

» The negative drift conditions hold trivially
if g < eX holds for all individuals.

Example (Insufficient selective pressure)

Selection mechanism

Parameter settings

Linear ranking selection n < eX
k-tournament selection k<ex
(p,A)-selection A< peX

Any in cellular EAs A(G) < eX

Exercise: Optimisation time on Jump,

Opt.
Recipe
Fitness
> a(n) =1
> b(n) =k
0 || (number of 1-bits) n > g = 1 as before

Jumpg () := {

0

||

» small

ifn—k <|z| <n,
otherwise.

Mutation-selection balance

Runtime

7
poly

A

I
exp

1

o 3

457
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Example
The runtime T of a non-elitist EA with

> (e, A)-selection
» bit-wise mutation rate x/n
» population size A > clog(n)
on LEADINGONES has expected value

E[T] = e$2(m) if A < peX
oA In(A) + n?) if A > pex



Mutation-selection balance Other Example Applications

Expected runtime of EA with bit-wise mutation rate x/n
Ru

! itist EA with Selection Mechanism  High Selective Pressure
Fitness Proportionate v > fiax In(2eX)

— Linear Ranking n > eX
k-Tournament k > eX
‘ ‘ e ) (ks X) A > peX

2 value Cellular EAs
_ ONEMAX O(nA?)

BT — if A < peX LEADINGONES O(nA2 + n?)

Oom ) if A > peX Linear Functions O(nA? + n?)

exp r-Unimodal O(rA? + nr)
1 " 5 Jump,. O(nA? 4+ (n/x)")

0 n n
Other Example Applications Fitness proportional selection + crossover Oliveto

and Witt [2014, 2015]

Expected runtime of EA with bit-wise mutation rate x/n

Selection Mechanism  High Selective Pressure Low Selective Pressure Definition (Simple Genetic Algorithm (SGA) (Goldberg 1989))
Fitness Proportionate v > fiax In(2eX) v<x/In2and A > n? fort =0,1,2,... until termination condition do
Linear Ranking n > eX n < eX fori =1 to A do
k-Tournament k > eX k< eXx Select two parents  and y from P, proportionally to fitness
(s A) A > peX A< pex Obtain z by applying uniform crossover to x and y with
Cellular EAs A(G) < ex p=1/2

Flip each position in z independently with p = 1/n.
ONEMAX O(nA?) e Let the é-th offspring be P11 (%) := x.
LEADINGONES O(nA? + n?) e () (i.e., create offspring by crossover followed by mutation)
Linear Functions O(nA? 4+ n?) et ()
r-Unimodal O(r)? + nr) et
Jump, O(nA2 + (n/x)") et (™)
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Application to OneMax

Expected Behaviour
» Backward drift due to mutation close to the optimum
> no positive drift due to crossover

> selection too weak to keep positive fluctuations

Difficulties When Introducing Crossover:
> Variance of offspring distribution

» # flipping bits due to mutation Poisson-distributed — variance
0o(1)

> # of one-bits created by crossover binomially distributed according
to Hamming distance of parents and 1/2 — deviation Q(4/n)
possible

Negative Drift Theorem With Scaling

Let X, t > 0, random variable describing a stochastic process over
finite state space S C R;

If there 3 interval [a, b] and, possibly depending on £ := b — a, bound
€(£) > 0 and scaling factor () st.

(Cl) E(Xt+1—Xt|X0,...,Xt A\ a<Xt<b) Z €,

(C2) PI‘Ob(lXt+1 — Xt| 2 jT | X(),...,Xt N a< Xt) S e_j
for j € Ny,

(C3) 1 < r < min{e?¢, /et/(1321og(el)}.

then

Pr (T < ed/(132T2)) — 0(6_62/(1327'2)),

Potential Function
For drift theorem, capture whole population in one value: For
X ={1,...,z,} let g(X) := Yk enOveMax(@i),

Negative Drift Theorem With Scaling
Let X;, ¢ > 0, random variable describing a stochastic process over
finite state space S C R;

If there 3 interval [a, b] and, possibly depending on £ := b — a, bound
€(£) > 0 and scaling factor () st.
(Cl) E(Xt+1 —Xt | X(),...,Xt N a < Xt < b) Z €,

(C2) PI‘Ob(|Xt_|_1 — th Z j’l° | Xo,...,Xt N a< Xt) S e_j
for 7 € Np,

(C3) 1 < r < min{e?¢, \/et/(1321og(el)}.
then

Pr (T < ed/(lazrz)> — O(e—el/(132r2))‘

drift away from target

—

target
a . ot b
no large jumps

Negative Drift Theorem With Scaling

Let Xy, t > 0, random variable describing a stochastic process over
finite state space S C R;

start

If there 3 interval [a, b] and, possibly depending on £ := b — a, bound
€(£) > 0 and scaling factor r(£) st.

(Cl) E(Xt+1—Xt|X0,...,Xt AN (1<Xt<b) Z €,

(C2) PI‘Ob(|Xt+1 — th Z j’l" | Xoyeees Xe N a< Xt) S e 7
for 3 € Np,

(C3) 1 < r < min{e?¢, \/et/(1321og(el)}.

then

Pr (T < e“/(laz,ﬂ)) — O(e—ee/(1327'2))‘

Problem: maybe 7(£) = Q(~+/¢€)

Solution
Find bits that are “converged” within population, i.e., either ones or

zeros only. Crossover is irrelevant for these.
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Diversity
X¢: # individuals with 1 in some fixed position at time ¢

Assume uniform selection. Then:

» The probability crossover produces an individual with 1 in the
fixed position is:
k. Ek L1 kp—k) _ K

TR +2-3 u: T p

» {Xi} = B(u, k/p) ~ E(X¢ | X1 =k) =k
(martingale)

» But random fluctuations ~~ absorbing state 0 or p (due to
the variance).

Compare fitness-prop. and uniform selection:

» Basically no difference for small population bandwidth
(difference of best and worst ONEMAX-value in pop.)

> E(Xt | Xt—l = k) =k+ 1/(7/.1,)

Summary

» Runtime analysis of evolutionary algorithms
» mathematically rigorous statements about EA performance
» most previous results on simple EAs, such as (14+1) EA
» special techniques developed for population-based EAs
» Level-based method Corus et al. [2014]
» EAs analysed from the perspective of EDAs

» Upper bounds on expected optimisation time
» Example applications include crossover and noise

» Negative drift theorem Lehre [2011a]
» reproductive rate vs selective pressure

» exponential lower bounds
» mutation-selection balance

» Diversity + Bandwidth analysis for fitness proportional
selection
» analysis of crossover
» low selection pressure
» exponential lower bounds

Result

Let p < n1/8=¢ for an arbitrarily small constant € > 0. Then
with probability 1 — 2_9("6/9), the SGA on ONEMAX does not
create individuals with more than (1 + ¢)% or less than (1 —¢)%
one-bits, for arbitrarily small constant ¢ > 0, within the first
gn®/10 generations. In particular, it does not reach the optimum
then.

Overall Proof Structure

init. Small
diversit:

tness®
prop. D
= uni-
or!

,L Small

bandw.

Not a loop, but in each step only exponentially small failure prob.
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Level based Theorem

To simplify condition (G3), note first that for 6 € (0,1)

4(149) (24576(1 4 6)m)
Y062 " Y007z

4'2<1 < m >+1 (24576 2))
n| —— n .
Y002 27007

< g (1 () +11)
al ™
Y062 z2Y00"
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Result

Assuming that § € (0,1) we have e = §/2 and c = §*/384.
If e\ > 1, then

54
In(1 + cA) + 1 < In(e2e) = In(A) + In (;2> < In())

Consider the case where cX < 1. By (G3), we must have
A > 88 > 2e. So we get

In(1+cA)+1<1In(2) +1=1In(2e) < In(A)
We therefore have
2 LA |
= (m)\(l +In(1+cX) + > )
ce = zj

1536

1
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