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ABSTRACT
�e motion control problem for the double-integrator system sub-
ject to velocity constraint is addressed. A novel methodology, which
consists of a two-stage process and regards a trade-o� between natu-
ral and learned behaviors to develop a family of analytic controllers,
is proposed. To this end, �rstly, a natural behavior is designed to
achieve asymptotic tracking of a desired continuous trajectory by
using a Control-�eory approach. Secondly, learned behaviors are
discovered by using a Genetic Programming approach to synthesize
an analytic controller to ensure a bounded velocity of the system.
�e integration of these approaches allows the system to exhibit a
good tracking performance while keeping the velocity bounded to a
desired value, freely set by the user. Simulation results are provided
to illustrate the e�ectiveness of the proposal, and a comparison
with a traditional Control-�eory-Based solution is also given and
discussed.
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1 INTRODUCTION
�e double-integrator system is one of the most fundamental plants
used in control theory due to its wide applications in engineering
(see e.g. [1, 2]). Its dynamics is described by the second-order
di�erential equation

Üq(t) = u(t), (1)
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where q(t), Ûq(t), Üq(t) ∈ R is the position, velocity and acceleration,
respectively, and u(t) ∈ R is the control input to be designed to
impose a desired behavior. �e dynamics (1) describes the motion
of a single-degree-of-freedom rigid body with unit moment of iner-
tia and simpli�ed models of mechanical systems, commonly used
in Robotics and other �elds (see e.g. [3–5]). �e motion control
problem for this system include asymptotic convergence to a given
reference. �ough this problem has been solved from the control
theory approach, the input and the velocity, in general, can take
any value, which in practice could remain saturated because the
systems have physic limits. However, the operation of systems
under saturated conditions for long periods of time has proved to
cause damage of parts, deterioration of performance, and even in-
stability. In this work, the integration of both, Control �eory (CT)
and Genetic Programming (GP) approaches, is proposed to build
up a family of controllers valid for the double-integrator system,
to achieve asymptotic tracking of a desired continuous trajectory
while bounding the system velocity (to a desired value). �e main
contributions of this paper are summarized as follows.

• A methodology for learning analytic control functions
based on genetic programming.

• A natural behavior is generated for a double-integrator
system by means of a classical CT-based controller. Next,
such behavior is complemented, by implementing a GP
approach, upon that the system learns how-to accomplish
a previously established performance considering velocity
constraints.

�en, our control objective is described as the design of the con-
trol input u(t) such that the following two performance conditions
are achieved. First, the position q(t) asymptotically converges to a
desired trajectory qd (t); that is

lim
t→∞

(
qd (t) − q(t)

)
= 0. (2)

Second, the velocity Ûq(t) remains within a boundary layer de�ned
by the desired velocity bound Ûqmax ; that is

| Ûq(t)| ≤ Ûqmax , ∀ t ≥ 0. (3)
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Table 1: Some solutions discovered by the evolutionary process and control laws used for performance comparison.

Solution Mathematical expression Fitness
uGP1 10 ∗ ( Ûqd (t ) − Ûq(t ))+ sinh(sinh(3 ∗ ( Ûqd (t ) − Ûq(t )))) 0.94
uGP2 2 ∗ Ûqd (t ) − Ûq(t ) + sinh(3 ∗ (tanh( Ûqd (t )− Ûq(t )) − Ûq(t )) + Ûqd (t ))− tanh(tanh( Ûqd (t ) − Ûq(t )))+ tanh( Ûqd (t ) − 2 ∗ Ûq(t )) −

tanh(2 ∗ Ûqd (t ) − Ûq(t ))
0.92

uGP3 (min(sech(sech( vmax )) − 2 ∗ Ûqd (t )+ 3 ∗ Ûq(t ), asin(ϵ )))2 − Ûq(t )+ Ûqd (t ) + tanh(min(tanh( Ûqd (t ) − Ûq(t )), Ûq(t ))) −
min(tanh( Ûq(t )− Ûqd (t )), asin(ϵ ))−2∗( Ûq(t )+ Ûqd (t ))+ cosh((min( Ûq(t )−asin(ϵ ), asin(min(tanh( Ûq(t )− Ûqd (t )), Ûqmax ))−
sech( Ûq(t ) − Ûqd (t ))))2) − tanh( Ûqmax− Ûqd (t ) + Ûq(t ))

0.89

utanh (tanh(( Ûq(t ) + Ûqmax )/∆))/2 − (tanh(( Ûq(t ) − Ûqmax )/∆))/2 2989.68

upcf

1, Ûq(t ) < Ûqmax
(1 − cos((π /∆) ∗ ( Ûq(t ) − Ûqmax )))/2, − Ûqmax ≤ Ûq(t ) < − Ûqmax + ∆

0, − Ûqmax + ∆ ≤ Ûq(t ) ≤ Ûqmax − ∆
(−1 + cos((π /∆) ∗ ( Ûq(t ) + Ûqmax )))/2, Ûqmax − ∆ < Ûq(t ) ≤ Ûqmax

−1, Ûq(t ) > Ûqmax

0.96

2 SYNTHESIS OF TRACKING CONTROLLERS
�e proposed control input for the double-integrator system is a
combination of two controllers given by

u(t) = uCT + uGP , (4)
whereuCT is a traditional PD-like controller used to achieve asymp-
totic tracking of the reference and uGP is used to keep the velocity
within the desired limits. �e design of uGP is not evident and is a
real challenge since there is no established procedure to propose
such analytic controller. An alternative approach is then proposed
for designing uGP by using Genetic Programming, in which the
system stability, the tracking performance and the maximal allowed
velocity can be considered simultaneously. �us, the �tness func-
tion is de�ned in (5), including the Root Mean Square Error (RMSE)
between the position error and the velocity error, the parameter
Noc which takes into account the number of milliseconds where
boundary limits are exceeded by the controlled system, and the
initial conditions q(0) and Ûq(0). �us, the �tness function is de�ned
as the average performance of a set of M initial conditions

f =

∑M
i=1

(√∑n
t=0(qd (t )−q(t ))2

n +

√∑n
t=0( Ûqd (t )− Ûq(t ))2

n + Noc

)
i

M
(5)

3 SIMULATION RESULTS
Some discovered ��est solutions uGPi , i = 1, 2, 3 as well as state-
of-the-art proposals utanh and upcf , are shown in Table 1. A per-
formance comparison against our ��est solution using the same
parameters and initial conditions is shown in Figure 1.

4 CONCLUSIONS
A new methodology towards the development of controllers merg-
ing CT and GP approaches was proposed. It was applied to solve the
motion control problem for the double-integrator system subject to
velocity constraints. �e proposal allows the system to achieve as-
ymptotic tracking of a given reference while bounding the velocity
to a desired value. �e family of controllers found by the evolution-
ary process are ��est, compared to solely Control-�eory-based
solutions, under the same se�ings. Future work will extend the pro-
posed framework to improve performance of the controlled system
applying a Multi-Objective Genetic-Programming-based approach
considering physical constraints of other variables (e.g. torques
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Figure 1: Detailed comparison of exhibited velocity with the
di�erent approaches during the settling time.

and/or displacements) to increase feasibility of real-world imple-
mentations and to facilitate the stability analysis of the closed-loop
system.
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