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ABSTRACT

Variation operators have seemingly been less in the focus than se-
lection operators during the first years of research on evolutionary
multiobjective optimization. Several new developments in bench-
marking and hypervolume selection have now sparked a renewed
interest in the topic. Here, we benchmark a variant of the S-metric
selection evolutionary multi-objective optimization algorithm with
self-adaptive mutative control of a single step size parameter, but
without recombination. It obtains better results than variants with
differential evolution or polynomial mutation as variation.
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1 INTRODUCTION

For a long time, the prevailing variation operators in multiobjective
optimization were simulated binary crossover combined with poly-
nomial mutation (SBX/PM) and differential evolution (DE) [1, 15].
Also the more sophisticated approach of covariance matrix adapta-
tion has been transferred from single-objective to multiobjective
optimization [8] and usually reaches a better performance [10].
However, the historically important variation operator of classical
evolution strategies for single-objective optimization [2] has been
noticeably absent so far, with a few exceptions [9, 11]. While it is
not expected to reach the top performance of todays derandomized
variation operators, it is an interesting question if and how it would
work in multiobjective optimization. This question was recently an-
swered positively in [16], where the incorporation of self-adaptive
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Algorithm 1 (y + 1)-SMS-EMOA

Input: population size p, initial population Py, number of off-
spring A
1: £t <0
2. while stopping criterion not fulfilled do
3. Ot <« createOffspring(P;)
evaluate(O¢)
Qt <« Pt U Ot
r < createReferencePoint(Q; )
while |Q;| > p do
{Fi,...,Fw} < nondominatedSort(Q;) // sort in fronts
x* < argmingcp,, (As(x,Fw,r)) // determine x* with
smallest contribution
Qr < Qr~ {x*}
end while
122 Prpp < Qr
13: t<—t+1
14: end while

// create A offspring
// calculate objective values

D A A

10: // remove worst individual

11:

step size control into the S-metric selection evolutionary multi-
objective optimization algorithm (SMS-EMOA) was investigated.
Thus, we are benchmarking the best known configuration of the
algorithm on the bbob-biobj test suite here.

2 ALGORITHM PRESENTATION

The applicability of the Gaussian mutation operator to the SMS-
EMOA was already shown in [9, 11] in different variations. It creates
an offspring i from an individual ¥ by calculating

j=%+aN(0,1), (1)

where I is the identity matrix. In (1), the simplest variant with
one step size parameter o is presented. This variant requires one
exogenous learning parameter 7 in its adaptation rule, which is typ-
ically recommended to be chosen as 7 = 1/ /D for D-dimensional
unimodal single-objective problems [2]. In this case, the step size
is varied by a multiplicative mutation

o=5-exp(rN(0,1)), @)

where ¢ is the step size of the parent individual. It is important
to note that for the adaptation to work, (2) has to be carried out
before the actual mutation of the decision variable in (1).

In [16], it was shown that for the self-adaptation to work well,
a relatively high selection pressure (u + A)/p has to be used, just
as in single-objective optimization [2]. Thus, the original selection
scheme has to be extended to a (p + A)-selection. We do this
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pragmatically by using a decremental greedy selection [4], also
known as backward elimination. It removes the individual with the
worst hypervolume contribution per iteration.

Algorithm 1 shows the pseudocode of the resulting algorithm.
The corresponding implementation is avaiable in [14]. The parame-
ters for this algorithm were determined in [16] by a full-factorial ex-
periment on unimodal instances of the 2016 edition of bbob-biobj,
with a budget of 10*D. In this experiment, the best configura-
tion turned out to be no recombination, a learning parameter of
= 1/+/D, and a (50 + 250)-selection. With the budget of 10*D,
this configuration performed significantly better than a (50 + 250)-
SMS-EMOA with standard SBX variation operator on the whole
bbob-biobj 2016 test suite [16].

3 CPUTIMING

In order to evaluate the CPU timing of the algorithm, we have
run the SMS-ES on the entire bbob-biobj test suite [13] for 10°D
function evaluations according to [7]. The Python code was run
on an Intel Xeon 5140 CPU @2.33GHz with 2 processors and 4
cores. The time per function evaluation for dimensions 2, 3, 5, 10,
20 equals 3.4x107%,3.4x107%,3.6x107*, 4.1x107%, and 5.0 x 1074
seconds respectively.

4 EXPERIMENTS

We compare the algorithm proposed in Sect. 2 (named SMS-ES
in the following) with the (p + 1)-SMS-EMOAs with simulated
binary crossover/polynomial mutation (SMS-PM) and differential
evolution (SMS-DE) that were benchmarked on bbob-biobj in
2016. Besides the selection scheme, the initialization is another
notable difference between the implementations. For the SMS-ES,
the hypercube [-100, IOO]D is normalized to the unit hypercube.
The algorithm is then initialized in [0.475,0.525]°
to the region [~5,5]” in the original problem space. The initial
mutation strength is chosen as o,y = 0.025. The competitors are
initalized in [~100,100]7

, corresponding

instead; details can be found in [1].

4.1 Results

Results from experiments according to [7], [5] and [3] on the bench-
mark functions given in [13] are presented in Figures 1, 2, 3 and 4
and in Tables 1 and 2. The experiments were performed with
COCO [6], version 2.0, the plots were produced with version 2.1.
The average runtime (aRT), used in the tables, depends on a
given quality indicator value, Larget = Iref + AISSCO, and is com-
puted over all relevant trials as the number of function evaluations
executed during each trial while the best indicator value did not
reach target, summed over all trials and divided by the number of
trials that actually reached Itarget [7, 12]. Statistical significance
is tested with the rank-sum test for a given target Itarget using,
for each trial, either the number of needed function evaluations

to reach Iarget (inverted and multiplied by —1), or, if the target

was not reached, the best Alggco-value achieved, measured only

up to the smallest number of overall function evaluations for any
unsuccessful trial under consideration.
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4.2 Discussion

The figures show that the SMS-ES usually obtains a better perfor-
mance than both other SMS-EMOA variants. However, SMS-DE
often manages to score slightly better than SMS-ES after a budget
of 10°D on multimodal problems, and dramatically better on the
sphere problem. SMS-ES is in many cases on a par with the best
approaches of 2016 for budgets around 103D, but inferior otherwise.

It is our impression that the greedy (50 + 250)-selection is quite
beneficial for large budgets on the bbob-biobj test suite, because
it makes it less likely to converge to a local Pareto front too quickly.
So, it might also improve the other two algorithms. An alternative
may of course be detecting the convergence and restarting the
algorithms.

5 CONCLUSIONS

We considerably improved the performance of the SMS-EMOA
by changing the selection scheme and the variation operator. As
these changes are relatively easy to do, the improvement is quite
satisfying. However, the SMS-ES algorithm is clearly not designed
for an anytime scenario with this configuration (but neither are the
other two variants), because it only provides slow progress in the
early stages. This is not surprising, as the configuration was chosen
for a good performance with a large budget.

Using one individual mutation strength per dimension is ex-
pected to improve the performance of the algorithm further on
some problems, but is usually considered to represent the maxi-
mum potential of this approach. For further details on this topic,
we refer to [2].
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Figure 3: Bootstrapped empirical cumulative distribution of the number of objective function eval-

uations divided by dimension (FEvals/DIM) for 58 targets with target precision in {—10_4,—10_4'2,
-107%%,-107%%,-107*8,-107°,0,107°,107*%,107*%,...,1071,10°} for all functions and subgroups in 5-D. The “best 2016”
line corresponds to the best aRT observed during BBOB 2016 for each selected target.
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Figure 4: Bootstrapped empirical cumulative distribution of the number of objective function eval-

uations divided by dimension (FEvals/DIM) for 58 targets with target precision in {—10_4,—10_4'2,
-107**,-107*¢,-107*%,-107°,0,107°,107*?,107*%,. .. ,1107°"1,10°} for all functions and subgroups in 20-D. The “best 2016” line
corresponds to the best aRT observed during BBOB 2016 for each selected target.
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Table 1: Average runtime (aRT in number of function evaluations) divided by the respective best aRT measured during BBOB-

2016 in dimension 5. The aRT and in braces, as dispersion measure, the half difference between 10 and 90%-tile of bootstrapped

run lengths appear for each algorithm and target, the corresponding reference aRT in the first row. The different target AIﬁSCO-

values are shown in the top row. #succ is the number of trials that reached the (final) target .. + 107°. The median number
of conducted function evaluations is additionally given in italics, if the target in the last column was never reached. En-
tries, succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared to all other
algorithms of the table, with p = 0.05 or p = 10% when the number k following the star is larger than 1, with Bonferroni
correction of 110. A | indicates the same tested against the best algorithm from BBOB 2016. Best results are printed in bold.
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Table 2: Average runtime (aRT in number of function evaluations) divided by the respective best aRT measured during BBOB-
2016 in dimension 20. The aRT and in braces, as dispersion measure, the half difference between 10 and 90%-tile of bootstrapped
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values are shown in the top row. #succ is the number of trials that reached the (final) target I + 107°. The median number
of conducted function evaluations is additionally given in italics, if the target in the last column was never reached. En-
tries, succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared to all other

algorithms of the table, with p = 0.05 or p = 10% when the number k following the star is larger than 1, with Bonferroni
correction of 110. A | indicates the same tested against the best algorithm from BBOB 2016. Best results are printed in bold.

run lengths appear for each algorithm and target, the corresponding reference aRT in the first row. The different target A
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