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ABSTRACT

In this paper, we investigate a new approach for adapting popu-
lation size in the CMA-ES. This method is based on tracking the
information in each slot of S successive iterations to decide whether
we should increase or decrease or keep the population size in the
next slot of S iterations. The information which we collect is the
non-decrease of the median of the objective function values. We
will show the efficiency of our approach on some multi-modal
functions with adequate global structure.
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1 INTRODUCTION

For multi-modal functions, the default value of population size in
the CMA-ES, say A = |4+ 3log(n) |, is known to be insufficient and
we need to use a larger population size to get better performance. In
[9], Hansen and Kern empirically investigated the effect of the pop-
ulation size on the global search performance of the CMA-ES. They
showed that increasing the population size remarkably improves
the performance on six of the eight multi-modal functions which
have a high number of local optima. For adapting population size,
in the literature there are well-known and successful strategies,
such as IPOP-CMA-ES [2] in which the CMA-ES is restarted with
increasing population size by a factor of two whenever one of the
stopping criteria is met; and its complicated advancement, BIPOP-
CMA-ES strategy [4], which appends a multistart regime with
rather a small population size to IPOP-CMA-ES. Besides, Ahrari
and Shariat-Panahi [1] proposed a population size adaption method
for the CMA-ES which is based on a measure, the oscillation of
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objective value of xmean, to quantify multimodality of the region
under exploration. This quantity is iteratively updated based on
the optimization history and subsequently utilized to increase the
population size when passing multi-modal regions and vice versa.
Recently, Nishida and Akimoto [11] have developed another popu-
lation size adaptation strategy for the CMA-ES that is based on the
estimation accuracy of the natural gradient. This method comes
from the observation that the behavior of the CMA-ES on a noisy
function is similar to the behavior on the noiseless counterpart ex-
cept that the number of function evaluations per candidate solution
increases.

In this work, we introduce a new approach for adapting popu-
lation size for the CMA-ES. This approach is inspired from a nat-
ural desire when solving an optimization problem as well as one
prospect when using larger population size to search: we want to
see the decrease of objective function. In this method, we will track
the non-decrease of objective function in a slot of S successive iter-
ations to adapt population size for the next S successive iterations.
It means that we do not adapt population size, say 4, in each itera-
tion but in each slot of S iterations. Consequently, the variation of
population size will take a staircase form in iterations.

2 THE CMAES-APOP ALGORITHM
We introduce at first some notations used in this paper:

- kn : the factor for setting initial population size. It depends
on the problem dimension and is quite large to prevent a
premature convergence. For instance, it will be set to 10,
20, 30, 40, 50, 60 for n = 2, 3,5, 10, 20, 40 respectively when
testing the algorithm on the BBOB noiseless functions.

- iter : number of iterations.

- S : number of iterations in each slot.

- fmed .o median(f(x;.1),i = 1,...,pt) : the median of ob-

jective function of p elite solutions in each iteration; fﬁ’rleeg

ot d denote the medians in the previous and current

iteration respectively.

and

« pmed

med »
cur >0

- nup : the number of times prev

a slot of S iterations.

- typ : the history of nyp in each slot recorded.

- noyp : the number of most recent slots we do not see the
non-decrease.

occurs during

For solving multi-modal optimization problems, an expectation
when increasing population size in the CMA-ES is that we want to
see the decrease of objective function. Since with large population
size, the algorithm can efficiently explore the search zone to get
better solutions. Our algorithm below will track the non-decrease
of the objective function in a slot of S successive iterations to adapt
population size for next S iterations. The adaptation strategy for
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population size is based on a natural signal tracked in S iterations:
the number of times the £™°4 goes up, say nup, during S successive
iterations. This approach allows us to construct a step function of

the population size in iteration.

Algorithm: CMAES with an adaptation pop-size strategy

(1) Input: m e R”, 0 e Ry
(2) Initialize: C = I pc = 0,ps = 0,4 = kn X Agefault
(3) Set: u=|A/2],w; =log(u+05)-logi,i=1,...u,

1 4 Haw+2

2(pw—2+5)

— 2 _ w T

1= tir13) 24y H = (m42)Zrpy, 61 +cp <1,
— Hw—l

dcr—1+2max(0, > — 1] +co,

iter = 0,8 = 5, rmax = 30, nup = 0, typ = [ ].

(4) While not terminate

(5) iter = iter + 1;

(6) xj=m+o0yjyi~N(0,C),fori=1,...,A

(7) if iter = 1

®  fore < median(f(x;2),i = 1,.... 1)

9) else
(10) e median(f (xi)oi = 1o p1)
(11) if fed — fmed 0 //Check if ™ goes up
(12) Nup = Nyp + 1;
(13) end
(14) end

med med med
(15) prev < Jeur //Reset fprev
(16)  me T, wixp, = m+ oy, where yw = T wiyis
(A7) pe < (1=cc)petljpy i 5 /mV (1= (1=cc)?)\/Awyw
_1
(18)  po « (1-co)po +V/(1-(1-co)?)/HwC 2yw
(19) C(1-¢ —cﬂ)C+c1pcpZ +cp Zlewiyi:AyZA
o llpol
(20) Ow_axexP(E(EHN(O,l)H —1))
(21)  if (mod(iter,S) = 1) & (iter > 1) // Adapting pop-size
(22) tup = [tup; Nup; // History of nup
(23) if nyp > 1
- . nup-(4+3log(n)) ) ) J .
(24) A lmln (exp (7& ET— ,Tmax | X A|;
(25) A < min (}., 400 andefault)
(26) 0'<—0'><exp(%(%—%));//Enlargeaalittlebit
(27) elseif nyp = 0
(28) noyp = length(typ) — max(find(tup > 0));
(29) if 4> 2Adefault
(30) A« max (|4 x exp(—noup/10)) ], 2Adefaut) ;
(31) end
(32) end
(33) if Ais changed // Only when nyp > 1 or nup = 0
g y p p
(34) Update u, wi=1.. ., plw W.I.t the new pop-size A
i
(35) Update the parameters cc, ¢o, c1, Cp, do
(36) end
(37) nup < 0 // Reset nyp back to 0
p p

(38) end

The lines 7-14 in the algorithm collect information of nyp during
S = 5 iterations in the CMA-ES. After each S iterations, the lines
21-38 adapt the population size based on the information of nyp
and its history for next S iterations. The algorithm will increase
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population size if nyp > 1, and decrease population size if nyp = 0
(there is no “going up” during S iterations) while the population
size is not changed if nyp = 1. Here, we require threshold 1 for
nyp to decide about increasing the population size because beside
the roughness of the objective function, the (randomly) sampling
process could also affect on the information of nyp. Let’s talk about
the formula to increase the population size in line 24:

re {mm (e J ) XAJ.

While the parameter rmax = 30 is the upper bound of growth
rate to avoid increasing too rapidly the population size, here we
nup-(4+310g(n)) ) .

S/ A= Adefaute +1

e It suggests a positive effect of nyp on the increasing pop-
ulation size, that is the larger the value of nyp is (e.g., the
search area is very rugged), the more the population size
should be increased for next iterations.

This factor also describes the positive effect of the dimen-
sion n (from an intuition that, the larger the dimension of
problem is, the harder the multi-modal optimization prob-
lem becomes, therefore we need more population), and
the negative effect of the current population size on the
increase population size for the next S iterations.

Note that once the population size is increased, reasonably
we should increase the step size o a little bit (line 26 in the
algorithm) such that the larger population size could be
used more efficiently for the next iteration. The population
size is limited to 400 x Agefau (line 25).

nup - (4 +3log(n))
S-\/A- /ldefault +1

focus on the factor exp (

When there is no going up of f med during a slot of S iterations
(i.e., nup = 0), then we will decrease the population size. We first
track back the history of nup in the previous slots which is stored
in the sequence typ to determine how many times “no going up”,
say noup, appears in the most recent slots (line 28). The variable
noyp will decide the speed of population decline by the formula:

A < max (|4 x exp(—noup/10) |, 2Adefautt) -

It reduces about 90% of the current population size if noup = 1,
and about 82% of the current population size if noup = 2, and so on.

Remark: The median which we use to measure the non-decrease
signal makes our algorithm invariant to scaling and shifting opera-
tor on the objective function.

3 EXPERIMENTAL PROCEDURE

We test the algorithms with a budget of 10° x n, where n is the prob-
lem dimension, on the BBOB noiseless functions in six different
dimensions. We used the matlab implementation of CMA-ES, ver-
sion 3.40.beta to make CMAES-APOP. It uses the restart strategies
as in BIPOP-CMA-ES [4], but without the stagnation condition as
follows:

MaxIter = 100 + 50(n + 3)%/\/2 is the maximal number of itera-
tions in each run of CMA-ES.

TolHistFun = 1072 : the range of the best function values
during the last 10+ [30n/A] iterations is smaller than TolHistFun.
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EqualFunVals : in more than 1/3rd of the last n iterations the
objective function value of the best and the k-th best solution are
identical, that is f(x;.3) = f(Xg.1), where k = 1+ [0.1+ A/4].

TolX = 10712 : all components of pc and all square roots of
diagonal components of C, multiplied by ¢ /0y, are smaller than
TolX.

TolUpSigma = 10%0 . o/op > TolUpSigma x V1, where [ is the
largest eigenvalue of C, indicates a mismatch between o increase
and decrease of all eigenvalues in C. In this, rather untypical, case
the progression of the strategy is usually very low and a restart is
indicated.

ConditionCov: the condition number of C exceeds 104,

NoEffectAxis:C remains numerically constant when adding
0.10+/Iv, where [ is the 1 + (iter mod n)-largest eigenvalue of C
and v is the corresponding normalized eigenvector.

NoEffectCoor: any element of m remains numerically constant
when adding 0.201, where elements of [ are the square root of the
diagonal elements of C.

The experiment is tested on a MacBook Air Intel(R) Core(TM) i5-
5250U CPU @ 1.60GHz, RAM 8G using MATLAB R2013b. Since our
algorithm is mainly developed to cope with multi-modal functions
therefore in the first run, we use the pure CMA-ES with the default
population size A = Agefyi;- This pop-size adaptation strategy is
applied with initial population size A = kn X Agefaur Whenever the
algorithm is restarted and then repeated until the budget is used up.
From the information of global optimum given in [8], we choose
the starting point m’ = 0 for the first run (using the pure CMA-ES)
and second run (the population size adaptation strategy is applied
for the first time), and after that m® is chosen uniformly in [—4,4]".
We set the initial step-size oy = 2 for all run.

We will compare our algorithm with the existing methods IPOP-
CMA-ES and BIPOP-CMA-ES which also use pop-size adaptation
strategy.

4 PARAMETER TUNING

Because the larger the dimension of problem is, the more the initial
population size is needed to prevent a premature convergence.
Therefore the parameter ky, as a function of dimension, will be
tuned to 10, 20, 30, 40, 50, 60 for dimension n = 2, 3,5, 10, 20, 40
respectively.

Whenever the population size A is updated, the parameters cor-
responding is also changed as follows:

w=|4/2],w; =log(u+05)—logi,i=1,....p,

Haw+2
n+p,,+3°

4
n+a>Co =

1
Hw =g —3:Cc =
Yia W

Z(ﬂwv_2+ﬁ)
(n+2)2+u,,

)

_ 2 —min 1
C1= (aai3) ey 1 = mm(l €1

Hw—1
n+1

d0:1+2max(0, —1)+Co"

5 CPUTIMING

Besides studying the performance of the algorithm, we are inter-
ested in evaluating the CPU timing of the algorithm. Thus we run
the CMAES-APOP on the BBOB test suite [8] with a small bud-
get. Here, we set maximum budget equal to 400(n + 2) function
evaluations according to [10]. The time per function evaluation
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for dimensions 2, 3, 5, 10, 20, 40 equals 2.010269e-06, 1.795326e-06,
1.312460e-06, 7.360946e-07, 8.145508¢e-07, and 5.276580e-07 seconds
respectively.

6 RESULTS

Results from experiments according to [10] and [5] on the bench-
mark functions given in [3, 8] are presented in Figures 1, 2 and 3
and in Tables 1 and 2. The experiments were performed with COCO
[7], version 2.1, the plots were produced with version 2.1.

The average runtime (aRT), used in the figures and tables,
depends on a given target function value, fi = fopt + Af, and is
computed over all relevant trials as the number of function evalua-
tions executed during each trial while the best function value did
not reach f;, summed over all trials and divided by the number of
trials that actually reached f; [6, 12]. Statistical significance is
tested with the rank-sum test for a given target A f; using, for each
trial, either the number of needed function evaluations to reach A f;
(inverted and multiplied by —1), or, if the target was not reached,
the best A f-value achieved, measured only up to the smallest num-
ber of overall function evaluations for any unsuccessful trial under
consideration.

Figure 1 and Tables 1 and 2 show that in 5-D (respectively 20-D),
CMAES-APOP solves 21 (respectively 19) among 24 functions. This
algorithm does not work well for functions fz1 — fa4 in the class
of multi-modal functions with weak global structure. The unique
function which CMAES-APOP works well in this class is function
f20 (the Schwefel function). However, it shows a good performance
on the multi-modal functions with adequate global structure such
as: fis, f17, fi1s, f19. It provided a significant improvement of aRT
for these functions, especially in the case of high dimensions: fi5 (in
dimensions 5, 10, 20 and 40), fis (in dimensions 20 and 40), fi9 (in
dimensions 5, 10), and f¢ (in dimensions 5, 10 and 20). It also works
well on the function f; (Step-ellipsoid function) in dimensions 20
and 40. Moreover, a hard function f3 in the dimension 10 also can
be solved efficiently using this pop-size adaptation strategy than
with the other methods.

The most important observation that can be made from Figure 1
and Table 2 is that our algorithm runs faster (statistically significant)
about 2.5 times than the IPOP-CMA-ES does, and 3-4 times than
the BIPOP-CMA-ES does on the multi-modal (but well-structured)
function fi5 in high dimension (say 20-D, 40-D); and faster about 1.8
times than the IPOP-CMA-ES does, and 2.6 times than the BIPOP-
CMA-ES does on the function fi3 in dimension 20. Also, it runs
faster about 1.8 times than the IPOP-CMA-ES does, and 2.5 times
than the BIPOP-CMA-ES does on the function f7 in dimension 40.
Although the difference has not shown to be statistically significant,
it runs faster about 3.5 times than the BIPOP-CMA-ES does on the
function fi9 in dimension 40, and about 2 times on the function f3o
in dimension 20.

7 CONCLUSION

Our strategy on adapting population-size in the CMA-ES has shown
a good performance on some multi-modal functions of the BBOB-
2017 testbed, especially on the well-structured multi-modal function
fi5 (Rastrigin function). It means that the signal on non-decrease of
objective function which we tracked in order to give an adaptation
strategy on population size is quite reasonable. However, this
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Figure 1: Average running time (aRT in number of f-evaluations as log;, value), divided by dimension for target function

value 1078 versus dimension. Slanted grid lines indicate quadratic scaling with the dimension. Different symbols correspond to
different algorithms given in the legend of f; and f>4. Light symbols give the maximum number of function evaluations from
the longest trial divided by dimension. Black stars indicate a statistically better result compared to all other algorithms with
p < 0.01 and Bonferroni correction number of dimensions (six). Legend: o: CMAES-APOP, ¢: IPOP-CMA-ES, -: BIPOP-CMA-ES
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BIPOP-C [3.2(2) 9.1(4) 15(4) 21(4) 28(4) 4103) 54(6) 15/15 BIPOP-C [3.9(3) 5.4(4) 5.9(3) 5.4(1) 1.6(0.2) 1.5(0.2) 1.7(0.2) 15/15
Afopt_[te1 1e0 le-1 le-2 le-3 le-s 1e-7 frsuce  Afopt |1et 1e0 le-1 le-2 le-3 le-5 le-7 f#suce

f2 83 87 88 89 90 92 94 1515~ f14 10 41 58 90 139 251 476 [15/15
CMAES-A|14(4) 17(1) 17(1) 18(1) 19(1.0) 20(1) 22(1) 15/15 CMAES-A0.64(0.2) 1.8(2) 3.2(0.6) 3.5(0.7) 4.4(1) 5.0(1) 4.2(03) 15/15
IPOP-CM |14(4) 16(3) 18(2) 19(1) 19(1) 21(1) 22(2) 15/15 TPOP-CM [2.1(3) 2.9(1) 3.8(0.8) 43(1) 4.7(1) 5.5(1) 4.4(0.4) 15/15
BIPOP-C [13(2) 16(3) 18(2) 19(2) 20(2) 21(3) 22(2) 15/15 BIPOP-C [1.1(0.8) 2.8(1) 3.7(1) 4.0(0.8) 4.5(1) 5.4(0.9) 4.5(0.3) 1515
Afopt_[te1 1e0 le-1 le-2 1e-3 le-s 1e-7 fpsuce  Afopt |1e1 1e0 le-1 le-2 le-3 le-5 le-7 #suce

f3 716 1622 1637 1642 1646 1650 1654 15/15 f15 511 9310 19369 19743 20073 20769 21359 14/15
CMAES-A[1.3(3) 40(45) 164(254) 166(221) 167(228) 167(218) 168(203) 12/15 CMAES-A|1.5(2) 1.2(0.2) 0.66(0.1) 0.70(0.2) 0.73(0.3) 0.77(0.2) 0.80(0.2) 15/15
IPOP-CM [2.2(1) 70(267) 3130(3338)  3121(5232)  3113(2524)  3106(2874)  3099(3415) 2/15 IPOP-CM [23(2) 13(1) 12(1) 1.2(0.8) 1.2(0.7) 1.2(1) 1.2(1) 15/15
BIPOP-C [1.4(1) 16(21) 139(95) 139(69) 139(518) 139(517) 140(552) 14/15 BIPOP-C [1.6(1) 15(1) 1.2(0.6) 1.2(0.7) 1.2(0.5) 1.2(0.4) 1.2(0.4) 15/15
Afopt |1e1 1e0 le-1 le-2 13 le5 1e-7 fisuce  Afgpt |lel 1e0 le-1 le-2 1e-3 le-5 1e-7 [#suce

[ 809 1633 1688 1758 1817 1886 1903 [15/15  f16 120 612 2662 10163 10449 1644 12095 |15/15
CMAES-Al4.1(4) oo oo oo oo oo oo 5e5| 0/15 CMAES-A2.0(2) 34(38) 34(23) 9.5(16) 14(25) 13(37) 13(30) 13/15
IPOP-CM [2.0(2) oo o0 oo oo oo o0 9s5|0/15 IPOP-CM[25(1) 2.3(0.4) 17(2) 0.55(0.4) 0.96(0.3) 0.94(0.5) 0.95(1) 15/15
BIPOP-C [2.7(3) 00 o0 oo oo oo 00 26| 0/15 BIPOP-C [3.0(3) 3.6(3) 2.6(1) 11(2) 13(1.0) 14(1) 14(1) 15/15
Afopt |tel 1e0 le-1 le-2 le-3 le-5 le-7 [psuce  Afopt |tel 1e0 le-1 le-2 1le-3 le-5 1e-7 l#suce

f5 10 10 10 10 10 10 10 1515~ f17 5.0 215 899 2861 3669 6351 7934 [15/15
CMAES-A5.8(3) 7.3(4) 7.4(4) 7.5(3) 7.5(3) 7.5(4) 7.5(3) 15/15 CMAES-A[1.7(1) 0.95(0.4) 13(2) 1.1(1) 1.6(1) 1.4(0.9) 1.6(0.8) 15/15
IPOP-CM [4.6(2) 6.0(2) 6.3(1) 6.3(2) 6.3(3) 6.3(2) 6.3(2) 15/15 IPOP-CM [5.0(5) 1.1(0.5) 0.97(0.2) 0.61(0.5) 0.77(0.8) 0.81(0.7) 1.0(0.6) 15/15
BIPOP-C [4.5(2) 6.5(2) 6.6(3) 6.6(3) 6.6(3) 6.6(2) 6.6(2) 15/15 BIPOP-C [3.5(3) 1.00(0.2) 1.0(2) 1.00(1) 1.00(0.8) 1.00(0.5) 1.2(0.4) 15/15
Afopt_[te1 1e0 le-1 le-2 le-3 le-s 1e-7 frsuce  Afopt |1et 1e0 le-1 le-2 le-3 le-5 le-7 f#suce

f6 114 214 281 404 580 1038 1332 1515  f18 103 378 3968 8451 9280 10905 12469 [15/15
CMAES-A[1.7(0.9) 1.8(0.5) 2.0(0.5) 1.9(0.3) 1.6(0.3) 1.2(0.2) 1.2(0.2) 15/15 CMAES-A0.73(0.6) 0.80(0.2) 0.67(0.8) 0.82(0.5) 0.99(0.3) 12(0.2) 1.2(0.3) 15/15
IPOP-CM [2.5(1) 2.1(0.4) 2.2(0.4) 2.0(0.5) 1.7(0.2) 13(0.3) 1.2(0.1) 15/15 TPOP-CM [1.2(1) 2.7(4) 0.87(0.9) 1.10.4) 1.0(0.4) 1.0(0.3) 0.99(0.2) 15/15
BIPOP-C [2.3(1.0) 2.1(0.6) 2.2(0.6) 1.9(0.4) 1.7(0.2) 1.3(0.3) 1.3(0.2) 15/15 BIPOP-C [1.0(0.6) 3.4(9) 1.0(1) 1.0(0.3) 1.0(0.4) 1.2(0.4) 1.3(0.6) 1515
Afopt_[te1 1e0 le-1 le-2 le-3 le-5 le-7 fpsuce  Afopt |1e1 1e0 le-1 le-2 1e-3 le-5 le-7 #suce

£7 24 324 1171 1451 1572 1572 1597 15/15 f19 1 1 242 1.0e5 1.2e5 1.2e5 1.2e5 15/15
CMAES-Af3.2(2) 2.2(3) 1.703) 1.9(0.7) 1.9(0.6) 1.9(0.6) 2.0(0.3) 15/15 CMAES-A| 10)*2 10)*4 90(20) 0.410.2)  04002)  0.4301)  0.450.2) 15/15
IPOP-CM (4.4(2) 17(2) 1.2(0.8) 11(08) 1.2(0.5) 1.2(0.5) 1.2(06) 15/15 IPOP-CM [21(26) 1720(2062) 125(160) 12(0.7) 1.1(0.5) 1.1(0.7) 11(0.5) 15/15
BIPOP-C [4.9(8) 1.5(1) 1.0(1) 1.00(0.9) 1.0(06) 1.0(0.9) 1.00(0.5) 15/15 BIPOP-C [20(13) 2801(1533) 161(184) 100(08)  1.00(L0)  1.0(0.9) 1.00(0.7) 15/15
Afopt |tet 10 le-l le2 le3 le5 le7 [suce Afopt |lel 1€0 le-1 le2 le3 1e5 1e-7 [#suce

8 73 273 336 372 391 410 422 15/15 ""fa0 16 851 38111 51362 54470 54861 55313 [14/15
CMAES-AR2.6(0.5) 4.4(7) 5.4(0.7) 5.6(7) 5.8(7) 6.1(8) 6.4(14) 15/15 CMAES-Al1.5(1.0) 16(6) 1.1(0.7) 0.88(0.8) 0.89(0.7) 0.93(0.5) 0.97(0.3) 15/15
IPOP-CM 3.5(2) 4.8(5) 5.3(0.7) 5.5(5) 5.6(2) 5.8(3) 6.1(0.9) 15/15  [pOP-CM [3.9(3) 11(4) 1.4(2) 1.1(1) 1.1(0.5) 1.1(1) 1.1(0.9) 15/15
BIPOP-C [3.2(2) 3.7(0.5) 4.5(4) 4.7(1) 4.8(2) 5.1(1) 5.4(4) 15/15 BIPOP-C [3.3(3) 8.2(9) 2.8(2) 2.2(1) 2.1(0.8) 2.2(2) 2.2(0.7) 15/15
Afopt [tet 1e0 le-l le-2 le3 le5 le7 [suce Afopt |1et 1e0 le-1 le-2 le-3 le-5 le-7 #suce

f9 35 127 214 263 300 335 369 15/15 ~f21 a1 1157 1674 1692 1705 1729 1757 14715
CMAES-A4.9(1) 6.6(2) 6.2(2) 5.9(1) 5.6(1) 5.6(0.9) 5.5(0.7) 15/15 CMAES-AlL8(1) 101) 27(10) 27(10) 20(74) 28(11) 282) 14/15
IPOP-CM 5.9(1) 11(10) 8.7(6) 7.9(6) 7.5(3) 7.4(4) 7.2(4) 15/15  1pOP-CM [6.3(10) 5.6(4) 30(66) 30(35) 31(16) 31(31) 31(75) 14/15
BIPOP-C [5.8(2) 8.7(3) 7.2(3) 6.7(2) 6.4(4) 63(1) 6.2(1) 15/15 BIPOP-C |23(2) 14(8) 24(112) 25(62) 25(4) 25(79) 25(62) 15/15
Afopt [let 1e0 le-l le-2 le3 le5 le7 fsuce Afopt |t 1e0 le-1 le-2 1e-3 le-5 1e-7 [#suce

f10 349 500 574 607 626 829 880 15/15 32 71 386 938 980 1008 1040 1068 14/15
CMAES-AB3.1(0.7) 2.7(0.6) 2.7(0.5) 2.7(0.5) 2.7(0.3) 2.2(0.2) 2.3(0.2) 15/15 CMAES-A| 6.6(12) 3(01) 253(408) 441(390) 430(785) 418(273) 407(376) 9/15
IPOP-CM [3.7(0.6) 2.9(0.4) 2.7(0.4) 2.7(0.2) 2.8(03) 2.3(02) 2.3(02) 15/15 1pOP-CM |12(0.4) 48(43) 165(188) 165(14) 161(165) 158(322) 155(256) 11/15
BIPOP-C [3.5(0.7) 2.9(0.4) 2.7(0.4) 2.7(0.3) 2.8(0.3) 2.3(0.2) 2.4(0.1) 15/15 RIPOP-C | 6.9(13) 20(3) 45(98) 143(69) 142(68) 41(95) 10(92) 15/15
Afopt |[tet 1e0 le-l le-2 le-3 le-5 le-7 [fsuce Afopt [tet 1e0 le-1 le-2 1e-3 le-s 1e7 [#suce

f11 143 202 763 977 177 1467 1673 15/15 ~f23 3.0 518 14249 27890 31654 33030 34256 |15/15
CMAES-A7.8(2) 6.9(1) 2.1(0.2) 1.7(0.2) 1.5(0.2) 1.3(0.1) 1.2(0.1) 15/15 CMAES-A[2.4(2) 24(64) 1493(379) oo oo oo o0 5¢5 015
IPOP-CM [8.6(2) 7.3(0.7) 2.1(0.2) 1.8(0.2) 1.6(0.2) 1.4(0.1) 13(0.1) 15/15 1pop-CM [2.2(2) 26(43) 33(45) 17635) 15(40) 14(29) 14(29) 11/15
BIPOP-C [8.3(2) 7.1(2) 2.2(0.3) 1.8(0.1) 1.6(0.3) 1.4(0.1) 13(0.1) 15/15 BIpOP-C |1.7(2) 13(15) 3.7(4) 210) 1502) 1802) 15(1) 15/15
Afopt_|tet 10 le-l le2 le-3 le5 le7 [suce Afopt |lel 1e0 le-1 le2 le3 1e5 1e-7 [#suce

f12 108 268 371 413 461 1303 1494 J15/15 T 1622 2.2¢5 6.4¢6 9.6¢6 9.6¢6 13¢7 137 B/15
CMAES-A| 8.0(8) 5.1(3) 5.9(4) 6.3(4) 6.6(4) 3.1(0.5) 3.2(1) 15/15 CMAES-A.4(3) 34(30) oo oo oo oo 00 565 /15
IPOP-CM | 9.5(4) 6.1(5) 6.2(2) 6:4(4) 6.4(5) 2:8(2) 2.8(1) 15/15 1pOP-CM [2.9(3) 18(26) 1.4(2) 0.94(2) 09405  0.70(2) 0.70(0.8) /15
BIPOP-C [11(8) 7.4(7) 7.4(5) 7.5(5) 7.1(4) 3.3(2) 3.3(2) 1515 pioop-c [21(3) 160)* 106) 1001) 10(1.0) 1) 11y b/is

Table 1: Average runtime (aRT in number of function evaluations) divided by the respective best aRT measured during BBOB-
2009 in dimension 5. The aRT and in braces, as dispersion measure, the half difference between 10 and 90%-tile of bootstrapped
run lengths appear for each algorithm and target, the corresponding reference aRT in the first row. The different target Af-

values are shown in the top row. #succ is the number of trials that reached the (final) target fop + 1078, The median number

of conducted function evaluations is additionally given in italics, if the target in the last column was never reached. En-
tries, succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared to all other

algorithms of the table, with p = 0.05 or p = 107k

when the number k following the star is larger than 1, with Bonferroni

correction of 110. A | indicates the same tested against the best algorithm from BBOB 2009. Best results are printed in bold.

method does not work well on the class of multi-modal functions
with weak global structure. How to improve this strategy to cope
with this class will be our direction in future work.
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Afopt[te1 1e0 Te-1 le-2 1e-3 le-5 1e-7 rsuce Afopt [1e1 1e0 Te-1 le-2 1e-3 1e-5 1e-7 frsuce
f1 43 43 43 43 43 43 43 15/15 f13 652 2021 2751 3507 18749 24455 30201 15/15
CMAES-Al6.3(1)* 12(1) 182)* 24(2) 31(2) 43(3) 56(3) 15/15 CMAES-A[8.3(5) 8.0(8) 8.8(7) 8.8(7) 2.8(2) 3.4(3) 33(2) 15/15
IPOP-CM [8.0(1.0) 14(1) 20(3) 26(2) 33(2) 46(2) 58(2) 15/15 IPOP-CM [6.5(6) 4.8(2) 6.2(2) 5.1(4) 1.4(0.9) 1.7(0.6) 2.3(1.0) 15/15
BIPOP-C [7.9(2) 14(2) 20(3) 26(3) 33(3) 45(4) 57(3) 15/15 BIPOP-C [4.3(6) 2.7(2) 5.1(5) 6.2(3) 1.5(0.8) 23(2) 3.0(2) [15/15
Aopt [tet 1e0 Te-1 Te-2 1e-3 le-5 le-7 rsuce  Afopt |1lel 1e0 Te-1 le-2 1e-3 le-5 1e-7 l4suce
2 35 356 357 358 390 391 393 |55 f14 75 239 304 451 932 1648 15661 [15/15
CMAES-Af33(3) 39(4) 43(4) 45(4) 46(3) 47(2) 49(2) 15/15 CMAES-A[2.6(1) 2.5(0.3) 3.2(02)* 4.0(0.4) 4.0(0.4) 6.0(0.4) 1.2(0.1) 15/15
IPOP-CM |35(4) 41(4) 43(3) 44(3) 45(2) 47(2) 48(1) 15/15 IPOP-CM [3.7(2) 2.8(0.7) 3.6(0.2) 4.2(0.8) 3.9(0.4) 6.0(0.5) 1.2(0.1) 15/15
BIPOP-C [35(6) 40(4) 44(3) 45(3) 47(2) 48(2) 50(2) 15/15 BIPOP-C [3.9(1) 2.9(0.4) 3.7(0.2) 43(0.6) 4.1(03) 6.2(0.6) 1.2(0.1) 15/15
Afopt[1e1 led el le? 1e3 o5 1e7 fisuce  Afopy [tel 1e0 Te-1 le-2 1e-3 le-5 1e-7 suce
13 5066 76267635 7637 7643 7646 7651 [15/15 {15 30378 T5¢5 3165 3265 3265 4565 4665 |15/15
CMAES-Af24(11) ©0 00 ©0 00 ©0 0026l 0/15 (\AES.Al28(0.4) 0.610.)*3  02900*3 029003 0.2000*3  02100*3  02100*3 |1515
IPOP-CM (13(11) ©0 00 ©o 00 oo 003l /15 pop.c1.1(0.7) 1.1(0.4) 0.69(0.3) 0.70(0.4) 0.70(0.3) 0.52(0.2) 0.53(0.2) 15/15
BIPOP-C [12(6) ©0 ©0 00 00 00 ©06e6| /15 BIpOp-C [1.0(0.4) 2.0(1) 1.4(0.3) 1.4(0.5) 1.4(0.4) 1.0(0.3) 1.00(0.3) 15/15
Afopt_[1el 160 le-1 le-2 1e3 le-5 le7 fesuce Afopt |tet 1e0 te-1 le-2 1e-3 1e-5 1e-7 [#suce
f4 7227628 7666 7686 7700 7758 1.4e5 [9/15 16 1384 27265 77015 Tde5 1.9¢5 2.0¢5 22¢5  [15/15
CMAES-Afoo 00 00 oo oo oo 0026|015 CMAES-A[£22(0.4) 19(15) 8.1(5) 45(1) 3.4(2) 3.9(6) 3.5(4) 14/15
[POP-CM oo oo oo oo oo oo oo 36015 IPOP-CM | 1.7(1) 0.81(0.5) 0.92(0.4) 0.85(0.4) 0.84(0.3) 1.1(0.6) 1.0(0.5) 15/15
BIPOP-C |00 00 o0 o0 oo oo oo 6e6f0/15 BIPOP-C | 1.7(0.5) 1.0(1.0) 1.2(0.9) 1.0(0.9) 1.00(0.6) 1.0(0.8) 1.00(0.5) 15/15
Afopt|te1 1e0 Te-1 le-2 1e-3 le-5 1e-7 suce Afor Jret 160 el Lo le3 Lo o7 lesuce
f5 41 41 41 41 41 4 4 1515 17 63 1030 4005 12242 30677 56288 80472 |15/15
CMAES-A|5.1(0.6) 63(0.4) 6:6(0.9) 6.6(0.7) 6:6(0.7) 6:6(2) 6:6(1) 1515 CMAES-Al13(1) 0.84(0.1) 1.3(3) 25(2) 1.6(0.3) 1.2(0.2) 0.97(0.1) 15/15
TPOP-CM 5.7(1) 6.5(1.0) 6:6(0.9) 6:6(1) 6.6(0.7) 6:6(1) 6.6(0.6) 1515 1pop-CM [2.1(1) 0.94(0.1) 12(2) 1.0(0.4) 0.76(0.6) 0.99(0.3) 1.00.5) 15/15
BIPOP-C [5.0(1) 6.1(1) 6.2(1) 6.2(0.6) 6.3(1) 6.3(1) 6.3(1.0) 15/15 BIpop-C [2.2(1) 1.0(0.3) 1.002) 1.0(0.7) 1.2(0.8) 1.3(0.6) 1.4(0.6) 15/15
Afopt |tet le-1 le-2 le-3 le-5 le-7 [SUCC Afpt [tel 1¢0 Te-1 1e-2 1e-3 1e-5 1e-7 [#suce
f6 1296 3413 4255 5220 6728 8409 NI5/15 g 621 3972 19561 28555 67569 13¢5 15¢5  [15/15
CMAES-A[1.6(0.4) 1.1(0.2) 1.1(0.2) 1.1(0.2) 1.1(0.2) 1.1(0.2) 15/15 3 *2
1POP-CM [17602) L20.1) L200.1) L200.1) 1201 1201 1o/15 CMAES-Al0.88(0.2) 3.0(5) 1.8(0.7) 18(0.2) 0.85(0.1) 0.57(0.1) 0.62(0.2) 15/15
BIPOP-C |1.5(0.4) 120.2) 1102) 1102) 1201) 1201) 1515 TPOP-CM [1.1(0.5) 1.8(2) 1.1(0.6) 1.5(0.4) 0.97(0.5) 1.0(0.3) 11(03) 15/15
BIPOP-C {1.0(0.3) 2.4(2) 12(0.7) 1.6(1) 1.1(05) 1.7(0.6) 16(0.3) 15/15
Afopt lel le-1 le-2 le-3 le-5 le-7 tsuce
Afopt |1e1 1e0 Te-1 1e-2 1e-3 1e-5 1e-7 fsuce
7 1351 9503 16523 16524 Te524 16969 [15/15 D
CMAES-A[1.4(0.3) 19(0.2) 2.4(0.1) 1.6(0.1) 1.6(0.1) 1.6(0.1) 1.5(0.1) 1515 119 *2 N 4‘ 3.4e5 4.7¢6 6.2¢6 6.7¢6 6.7e6  15/15
IPOP-CM [1.9(2) 4.8(1) 2.7(1) 1.7(0.7) 1.7(1.0) 1.7(0.7) 1.6(0.5) 15/15 CMAES-Al 1(0) 1(0) 0.91(0.1) 0.40(0.4) 0.50(0.6) 0.91(1) 0.91(1) 4/15
BIPOP-C [1.00(0.2) 4.9(3) 3.5(1) 2.2(0.1) 2.2(0.3) 2.2(0.2) 2.1(0.3) 15/15 IPOP-CM [161(51) 2.7e4(led)  0.71(0.6) 0.45(0.1) 0.38(0.1) 0.41(0.2) 0.41(0.2) 15/15
Afopt 11 Leo tet tes 13 tes re7 loouce BIPOP-C [169(38) 2.4e4(2e4)  12(08) 1.000.5) 1000.2) 1.0(03) 1(0.3) 15/15
3 2039 3871 4040 4148 4219 4371 w31 |55 _Ofopt [let 1e0 le-l le-2 le3 le-5 le7 [Fsuce
CMAES-A[3.6(0.5) 6.5(0.2) 7.00.2) 7.1(11) 7.2(11) 7.2(11) 7.3(0.2) 15/15 20 82 46150 3.1e6 5.5e6 5.5e6 5.6e6 5.6e6 14/15
IPOP-CM [3.7(0.5) 3.9(0.3) 4.2(0.6) 4.3(0.6) 4.4(0.4) 4.4(0.5) 4.5(0.3) 15/15 CMAES-A[3.7(0.9) 12(5) 03402*  0.46(0.2) 046(03)  0.46(0.4) 0.46(0.6) 9/15
BIPOP-C [4.0(1) 4.0(1) 43(0.5) 45(0.9) 45(0.5) 4.6(0.6) 4.6(1) 15/15 IPOP-CM [4.6(1) 6.4(2) 0.65(0.2) 0.57(0.2) 0.57(0.2) 0.58(0.2) 0.58(0.1) 15/15
Afopt |11 1e0 te1 Loz 1e3 le5 L7 lésuce BIPOP-C [4.3(0.9) 9.2(4) 1.00(0.0) 1.00(0.3) 1.00(0.7) 1.00(0.9) 1.00(0.3) 14/15
9 1716 3102 3277 3379 3455 3594 3727 1515 Afopt [let 1e0 le-1 le-2 le-3 le-5 le-7 [rsucc
CMAES-A1.0(0.9) 4.6(0.6) 5.0(0.9) 5.1(0.4) 5.2(0.5) 5.2(0.5) 5.2(0.6) 1515 " f21 561 6541 14103 14318 14643 15567 17589 |15/15
IPOP-CM [4.6(0.4) 5.7(0.4) 6.0(0.4) 6.1(0.4) 6.1(2) 6.1(2) 6.1(2) 15/15 CMAES-Al4.0(6) 220(314) 138(252) 136(110) 133(239) 125(96) 111(33) 8/15
BIPOP-C [4.7(1) 5.7(3) 6.0(0.4) 6.1(4) 6.1(0.9) 6.1(2) 6.1(0.6) 15/15 1POP-CM [3.7(9) 139(308) 110(297) 108(205) 106(139) 100(104) 88(77) 7/15
Afopt_|1et 1e0 Te-1 le-2 le-3 le-s 167 l4suce BIPOP-C [3.2(6) 55(124) 48(38) 47(31) 46(58) 43(44) 39(54) 13/15
f10 7413 8661 10735 13641 14920 17073 17476 [15/15 _Afopt |lel 1e0 le-1 le-2 le3 le5 le-7 [tsuce
CMAES-A[1.8(0.1) 18(0.1) 160.1) 13(0.0) 12(0.0) 1.1(0.0) 1.1(0.0) 15115 f22 17 5580 23491 24163 24948 26847 13¢5 |12/15
IPOP-CM [1.8(0.3) 1.8(0.2) 1.5(0.2) 1.3(0.1) 1.2(0.0) 1.1(0.0) 1.10.1) 15/15 CMAES-A| 82(445) 2342(1792) oo oo o oo 00 266 0/15
BIPOP-C [1.9(0.2) 1.8(0.2) 1.6(0.1) 13(0.1) 1.2(0.0) 1.1(0.0) 1.1(0.0) 15/15 TPOP-CM |445(1397) 287(346) oo oo oo oo 00 1¢6 /15
Afopt ter 1e0 le1 le-2 13 165 17 lbsuce BIPOP-C | 6.8(13) 13(8) 215(263) 209(293) 202(100) 188(180) 37(94) 5/15
f11 1002 2228 6278 8586 9762 12285 14831 1515 Afopt |lel 1e0 le-1 le-2 le-3 le-5 le-7 [tsuce
CMAES-A[10(0.7) 5.00.2) 1.9(0.1) 1.5(0.1) 1.4(0.0) 1.2(0.0) 1.0(0.0) 1515 f23 30 1614 67457 3765 49¢5 8.1e5 84e5  |15/15
IPOP-CM [11(2) 5.4(1.0) 2.1(0.3) 1.6(0.1) 1.4(0.1) 1.2(0.0) 1.1(0.1) 15/15 CMAES-A|1.6(0.8) 279(316) 416(616) oo oo oo o0 2¢6 0/15
BIPOP-C {10(0.5) 5.1(0.3) 1.900.1) 1.5(0.0) 1.4(0.0) 1.2(0.0) 1.0(0.0) 15/15 TPOP-CM [4.6(8) 2.3c4(ded) oo oo oo oo o0 3¢6 0/15
Afopt |te1 1e0 le-1 le-2 1e-3 le-5 1e-7 ssucc  BIPOP-C [4.6(6) 32(31) 1.0009)*2  171)** 2005**  1209**  1209**  |i515
f12 1042 1938 2740 3156 4140 12407 13527 1515 Afpr [te1 1e0 le- le-2 1e3 les le-7 suce
CMAES-A[2.6(0.1) 3.2(4) 45(3) 49(2) 44(2) 1.9(0.7) 2.0(0.7) 15/15 a4 e et 307 5307 5357 5307 S20 BT
IPOP-CM [4.8(3) 53(5) 5.5(4) 5.9(2) 5.1(4) 2.1(0.8) 2.2(1) 15/15 cMAES-Al oo o o o o oo o0 206 /15
BIPOP-C [3.0(4) 40(2) 45(3) 49(2) 45(2) 1.9(0.7) 2.0(0.7) 15/15 1pOP-CM | oo o o o o oo o0 56 /15
BIPOP-C [1.000.9)*>  1.00(1) 1.0(0.7) 1(0.7) 1.00(1) 1(1) 1.00(0.8) b/15

Table 2: Average runtime (aRT in number of function evaluations) divided by the respective best aRT measured during BBOB-
2009 in dimension 20. The aRT and in braces, as dispersion measure, the half difference between 10 and 90%-tile of bootstrapped
run lengths appear for each algorithm and target, the corresponding reference aRT in the first row. The different target Af-
values are shown in the top row. #succ is the number of trials that reached the (final) target fopt + 1078, The median number
of conducted function evaluations is additionally given in italics, if the target in the last column was never reached. En-
tries, succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared to all other

algorithms of the table, with p = 0.05 or p = 10~

k

when the number k following the star is larger than 1, with Bonferroni

correction of 110. A | indicates the same tested against the best algorithm from BBOB 2009. Best results are printed in bold.

’09). 2389-2396.
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