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ABSTRACT

In this paper we evaluate the SHADE-LM algorithm on the BBOB
noiseless testbed. The algorithm hybridizes the SHADE algorithm
with a model based optimization. This hybridization is performed
in a transparent manner for both optimizers, with SHADE having
access to the samples provided by model based optimization, and
models of square functions are fitted on the current population.
The paper compares this extended version with the performance
of the version of SHADE by Tanabe and Fukunaga.
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1 INTRODUCTION

R-SHADE [9] algorithm has been proposed as one of the more suc-
cessful modification of a Differential Evolution, following the path
of adapting the scale and cross-over probability factors, employing
the archive of previous best samples, utilizing the current-to-best
position update and restart mechanism based on population loca-
tions or values spread.

One of the methods of improving algorithm performance is to
hybridize it with another one, preferably one with different search
strategy. In our previous work we hybridized basic Particle Swarm
Optimization (PSO) and Differential Evolution (DE) algorithms with
model based optimizers. This hybridization has improved PSO’s
and DE’s performance (7, 11, 12] and led us to design a Generalized
Adaptive Particle Swarm Optimization (GAPSO) framework([7, 10].
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The design concept of the GAPSO framework was a step towards
a seamless hybridization of various optimization algorithms. In this
paper we utilize the concept of GAPSO framework, to implement
within it a version of SHADE [9] and a model based optimizer [12]
in order to verify if the model-based optimizer would improve upon
a state-of-the-art R-SHADE algorithm, as it did on the basic version
of PSO and DE.

2 GAPSO FRAMEWORK

The concept of GAPSO framework is to allow for hybridization
of optimization algorithms, in a way which will be transparent
to the hybridized methods. The framework is named after PSO,
as it follows the swarm intelligence design principle of achieving
synergy through communicating independent beings. GAPSO ap-
proach comes from the observation that methods such as PSO or
DE, need only a minimal amount of information about the other
individuals (i.e. locations and values of the previously sampled
locations) and each individual maintains its own location (Please
note that PSO’s velocity fits into this, as it is simply a difference
between previous and current location). Therefore an algorithm
which stores current, previous and best location for each individual
(particle) allows to employ sampling of both DE and PSO based
algorithms, in a transparent manner from the point of view of an
individual (particle).

3 SHADE-LM ALGORITHM

SHADE-LM hybridizes the utilization of population based SHADE
algorithm, based on [9] and model based optimizer utilizing square
functions [12].

3.1 SHADE

SHADE is a form of population based Differential Evolution algo-
rithm utilizing:

o archive of samples which have been replaced in the popula-
tion

o list of adaptable cross-over and scale probabilities

o current — to — pbest type of DE mutation operator, shown
in Eq. (1)

u(l) _ x(i) +Fl_t*(x(pBest) 7x(i))+Fit*(x(rand1)7x(rand2)) (1)

Single iteration of the SHADE pseudocode is given in Algo-
rithm 1.
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Algorithm 1 Single iteration of SHADE

1: Fis < SelectScaleFactorFromSlot(slot)
2: cpir < SelectCrossOverFactor(slot)
3: fori e 1to pop.size do

4 F; < SampleFromCauchyDistribution(Fi;,0.1)
5: cpi < SampleFromNormalDistribution(cpiz, 0.1)
6: x(PBest) SelectOneOfPBestIndividuals(pBestRatio)
7: x(7amd)  SelectIndividual FromCurrentPopulation()
8: x(rn42)  SelectIndividual FromCurrentPopulationOrArchive()
9. u(z) - Getsample(x(pBest)’x(randl)’x(rundZ)’x(i)’Fi)

10: yD « ApplyCrossOver (x5 4D cp)

11: i f(yD) < £(xD) then

12: PushToArchiUe(x(i))

13: x(D y(i)

14: StoreSuccessfulFactors(Fj, cp;)

15: end if

16: end for

17: AdaptScaleAndCrossOverFactors()
18: slot < slot +1

3.2 Model based optimizers

Model based optimizer fits the linear combination of a;, b;, ¢ co-
efficients for a simple N-dimensional square function (2), or if
the population size allows it a full N-dimensional square function
(3). Models can be fitted on the samples already gathered during
the optimization process, regardless of their source. In the case
of SHADE-LM models are fitted on the current population of the
algorithm.

. N
Fsimpte(x) = ;(aixz'z +bix;) + ¢ )]
\ N i
frun(x) =) (bixi + Z(ai,jxixj)) +c 3)
i=1 j=1

If the population size is larger than min. full.samples (Eq. (5))
a full square model is fitted, if the population size is larger than
min.simple.samples (Eq. (4)) the simple one is chosen.

min.simple.samples = 2D + 1

©

D?+3D

min.full samples = +1

®)

For simplicity the example for the coefficients of simple square

model is given in Eq. (6). The a;, b; and c coefficients are chosen
pop.size

T (fa) - fx))?
through the minimization of MSE = =l - .
pop.size

ai

(=2 e 1| b Fx)

: ' : ' P a. =1 i
(xl(pop.stze) )2 xl(popszze) o bz f(x(pop.szze))

c

(6)
After a model is fitted the optimizer samples the stationary point
xg of the model f function by solving the system of linear equations
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for coeflicients of first derivatives of f (given for the general case
in Eq. (7).

2a1,1 an,1 || xe1

: : : : (7)
a1 2any | xon | |-bN
3.2.1 Special cases. If the computed stationary point is outside
the bounds defined by sample set, a boundary point closest to the
stationary point is selected.

If no model can be fitted due to a too small number of samples
or singularity of samples matrix, than a random sample will be
selected within the hyperrectangle bounds defined by the samples
set.

If the computed simple model is concave along a certain dimen-
sion, a boundary point with a minimal model value is selected. For
the full model we are currently not detecting convexity, so select-
ing the model maximum or saddle point simply has the effect of

sampling a random point within the samples bounds.

3.3 Proposed algorithm
Pseudocode of the proposed algorithm is given in Algorithm 2

Algorithm 2 SHADE-LM pseudocode

1: InitializePopulation()
2: while OptimizationBudgetIsLeft() do

3 ModellndividualsSet < SelectIndividualsForModelApplication()
4 SelectSHADEFactors()
5: for Individual in Population do
6: if Individual € ModelIndividualsSet then
7: y < GetSampleAsModel FunctionStationaryPoint ()
8: else
9: y <« GetSampleAsInSHADEAndStoreShadeFactors()
10: end if
11: if f(y) < f(Individual.x) then
12: PushToArchive(Individual .x)
13: Individual.x < y(i)
14: end if
15: end for
16: AdaptSHADEScaleAndCrossOverFactors()
17: if ShouldBeRestarted(Population) then
18: RelnitializePopulation()
19: ResetSHADE()
20: end if

21: end while

The algorithm works in the following way: InitializePopulation,
generates a uniform random locations within predefined function
bounds. The exceptions are samples indexed: D + 1, 2D + 2 and

2
M +2, as they are the samples that are taken from linear, sim-
ple square and full square model optima (within function bounds).

Within each iteration a subset of individuals is selected by Select-
IndividualsForModelApplication, which randomizes which indi-
viduals are being sampled as model optima instead of SHADE algo-
rithm’.

Subsequently an algorithm takes a function sample on the basis
of model stationary point (in most cases a model function minimum

'In a full version of GAPSO framework there can be an arbitrary number of algorithms,
so this function is generalized to generate a sequence of algorithms to be applied for a
given generation
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within bounds) or on the basis of SHADE sampling (correspond-
ing to the lines 4 — 10 and line 14 in Algorithm 1), denoted as
GetSampleAsModelFunctionStationaryPoint and GetSampleAs—
InSHADEAndStoreShadeFactors, respectively. There are three pos-
sibilities which may trigger the restart of the population (as applied
in SHADE):

(1) There has been no improvement of the global best optimum
estimation in a given number of function evaluations

(2) All the values of the current population are within a given
threshold:

) max  f(x;) -~ min  f(xi) < Opalyes
i=1,2,...,pop.size i=1,2,...,pop.size

(3) The population has converged in at least one diminesion:

x[d]i_. min x[d]i < Ojocations

3 max
de{1,2...D} ; i=1,2,....,pop.size

i=1,2,...,pop.size

4 EXPERIMENTAL PROCEDURE

We have run 2 configurations of our proposed approach, with the
settings as given in Table 1. Both configuration utilize the same
restart procedure, relying on population values or location conver-
gence below a certain threshold or no improvements in the global
best value for a certain amount of evaluations. Both configurations
rely on the SHADE algorithm, configured roughly like its original
version [9], with the exception of omitting population size decrease
during a single run of the algorithm. Both configurations utilize
the same proportion of samples taken from square function model
optimum. The difference between SHADE-LM (SL-10) and SHADE-
LM-POP4-to-10 (SL-4-10), is within the management of population
size. SHADE-LM employs a large population of 10x function dimen-
sionality (D), while SHADE-LM-POP4-to-10 gradually increases its
population from 4D to 10D after each algorithm restart by 1.2 factor.
Baseline for our experiments was the R-SHADE-10e5 configuration
of the original R-SHADE[9].

Table 1: Settings of the SHADE-LM algorithm

General settings

Optimization budget 10° x D
Specific SHADE-LM settings
Population size 10D

Specific SHADE-LM-POP4-to-10 settings
Population size 4D - 10D
Population size increase after restart 1.2

Model based optimizer parameters
Model based optimizer use count 0.05x pop. size
Restart parameters

No improvement evaluations 5000D

Values convergence 10712

Locations convergence 10712
SHADE parameters

Initial cross-over probability 0.9

Initial mutation scaling factor 0.38

Parameters slots 11

pBest count
Archive size

0.11x pop. size
0.12x pop. size
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5 CPU TIMING

In order to evaluate the CPU timing of the algorithm, we have
run the SHADE-LM on the bbob test suite [5] with restarts for a
maximum budget equal to 10°D function evaluations according to
[6]. The Java code was run on single core of a Windows Intel(R)
Core(TM) 17-9750H CPU @ 2.60GHz. The time per function evalua-
tion for dimensions 2, 3, 5, 10, 20 equals 1.70 x 10_5, 1.08 x 10_5,
1.49 x 10_5, 2.42 x 10_5, and 5.20 x 10> seconds respectively.

6 RESULTS

Results from SHADE-LM (denoted SL-10) and SHADE-LM-POP4-
to-10 (denoted SL-4-10) experiments performed according to [6]
and [2] on the benchmark functions given in [1, 5] are presented
in Figures 1, 2 and 3 and in Tables 2 and 3. The experiments were
performed with COCO [4], version 2.3, the plots were produced
with version 2.4.

The expected runtime (ERT), used in the figures and tables,
depends on a given target function value, fi = fopt + Af, and is
computed over all relevant trials as the number of function eval-
uations executed during each trial while the best function value
did not reach f;, summed over all trials and divided by the number
of trials that actually reached f; 3, 8]. Statistical significance is
tested with the rank-sum test for a given target Af; using, for each
trial, either the number of needed function evaluations to reach Af;
(inverted and multiplied by —1), or, if the target was not reached,
the best Af-value achieved, measured only up to the smallest num-
ber of overall function evaluations for any unsuccessful trial under
consideration.

Proposed SHADE-LM and SHADE-LM-POP4-to-10 configura-
tions, improved the overall performance of the original R-SHADE
algorithm. The improved results for f1 and f5 come directly from
fitting the model, as those are spherical and linear functions. Addi-
tionally, we have observed that starting with a smaller population
size of 4D improves the performance for low optimization budget,
up to 103 xD. Setting population size to its final value of 10D proves
beneficial in the long run for the optimization budgets higher than
10*x D, especially for dimensions 10 and 20. The original R-SHADE
was found to be definitely better only for f21 and f22 function
on 20D, as the functions in f21 - f24 weakly structured functions
group do not have a general trend factor to be exploited by fitting
a single model.

For future work we plan to include within this hybrid also the
CMA-ES optimizer which poses an additional challenge of adapting
CMA-ES’ covariance matrix and ¢ on the basis of other algorithms
samples. Initial experiments proved it to be non-trivial as CMA-ES
is easily destabilized after recalculating those parameters on the
basis of external samples.
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Figure 1: Expected running time (ERT in number of f-evaluations as log,, value), divided by dimension for target function
value 1078 versus dimension. Slanted grid lines indicate quadratic scaling with the dimension. Different symbols correspond
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(SL-4-10), -: R-SHADE-10e5 (R-SHADE-Tanabe)
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Figure 2: Bootstrapped empirical cumulative distribution of the number of objective function evaluations divided by dimension
(FEvals/DIM) for 51 targets with target precision in 10073-2] for all functions and subgroups in 5-D. As reference algorithm, the
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SL-4-10 | 1.0(0) 1(0) 1(0) 1(0) 1(0) 1(0) 1(0) 15/15 SL-4-10 | 3.5(0.5) 4.5(1) 5.1(1) 5.4(1) 1.7(0.4) 1.7(0.4) 1.7(0.2) 15/15
R-SHADE] 4.1(3) 14(4) 25(4) 36(3) 48(8) 72(7) 97(12) 15/15 R-SHADE| 3.6(1) 4.2(1) 4.7(1) 4.9(0.9) 1.5(0.1) 1.5(0.2) 1.5(0.2) 15/15

f2 83 87 88 89 90 92 94 15/15 f14 10 41 58 90 139 251 476 15/15
SL-10 88(1) 11(1) 12(1) 13(1) 16(2) 19(1) 23(2) 15/15 SL-10 1.7(1) 5.0(3) 7.2(2) 8.4(2) 7.0(0.9) 6.8(0.9) 5.4(0.5) 15/15
sL4-10 | 3700% 2406 5008 5607)*  6500*t  8003**  9308)** 1515 SL4-10 | 20(2) 3.1(0.9) 39092 420*? 4408 4.8(1) 3.8(1) 15/15
R-SHADE 7.5(1) 8.7(2) 10(2) 12(3) 14(2) 17(3) 21(2) 15/15 R-SHADE| 1.3(0.8) 3.4(1) 5.2(1) 5.7(1) 5.4(0.8) 5.3(1) 4.0(0.7) 15/15

3 716 1622 1637 1642 1646 1650 1654 15115 15 511 9310 19369 19743 20073 20769 21359 [14/15
SL-10 1.6(0.9) 4.2(0.9) 5.0(1) 5.3(1.0) 5.3(0.9) 5.6(1) 5.8(1) 15/15 SL-10 43(3) 1.1(0.3) 1.00(0.5) 1.1(0.5) 1.1(0.7) 1.1(0.6) 1.1(0.6) 15/15
SL-4-10 | 1.1(0.5) 1.7(0.7) 2.3(0.4) 2.4(2) 2.4(2) 2.6(2) 2.7(2) 15/15 SL-4-10 | 2.1(0.8) 1.3(1) 1.3(2) 1.3(1) 1.3(1) 1.3(2) 1.3(2) 15/15
R-SHADE| 1.1(0.4) 1.7(0.4) 4.5(4) 4.7(3) 4.8(4) 5.1(5) 5.3(5) 15/15 R-SHADE| 1.9(1.0) 2.3(4) 6.3(8) 6.2(7) 8.3(11) 9.0(6) 8.7(12) 14/15

f4 809 1633 1688 1758 1817 1886 1903 15/15 f16 120 612 2662 10163 10449 11644 12095 15/15
SL-10 31(1) 5.0(1) 7103) 7.4(4) 7.5(2) 7.7(2) 8.1(4) 15/15 SL-10 2.1(3) 10(4) 11(6) 4.8(4) 4.8(4) 4.4(3) 4.3(2) 15/15
SL-4-10 | 1.3(0.4) 2.2(2) 5.0(6) 5.0(4) 5.1(6) 5.2(6) 5.4(6) 15/15 SL-4-10 | 2.5(3) 5.3(2) 3.2(3) 2.2(2) 4.0(8) 4.109) 4.0(4) 15/15
R-SHADE| 1.4(0.5) 4.5(4) 8.7(18) 8.5(4) 8.3(5) 8.3(14) 8.4(16) 15/15 R-SHADE| 1.1(0.9) 2.7(0.6)*3 2.5(4) 1.4(2) 2.2(2) 2.4(3) 2.3(3) 15/15

f5 10 10 10 10 10 10 10 15/15  f17 5.0 215 899 2861 3669 6351 793¢ [15/15
SL-10 0.70(0) 0.70(0) 0.70(0) 0.70(0) 0.70(0) 0.70(0) 0.70(0) 15/15 SL-10 3.3(4) 2.7(0.9) 1.7(0.3) 0.94(0.1) 1.1(0.2) 1.0(0.1) 1.1(0.1) [15/15
SL-4-10 | 0.70(0) 0.70(0) 0.70(0) 0.70(0) 0.70(0) 0.70(0) 0.70(0) 15/15 SL-4-10 | 2.4(3) 1.4(0.8) 3.7(10) 1.4(0.4) 1.3(0.4) 1.2(0.6) 1.3(2) 15/15
R-SHADE[21(8) 43(11) 62(16) 84(12) 106(22) 151(12) 198(29) 15/15 R-SHADE| 2.9(2) 1.5(1) 1.9(0.5) 0.81(0.2) 0.94(1.0) 1.1(1) 1.1(1) 15/15

fe 114 214 281 404 580 1038 1332 15/15 f18 103 378 3968 8451 9280 10905 12469 [15/15
SL-10 3.3(1) 4.2(0.8) 5.1(0.7) 4.8(0.5) 4.4(0.3) 3.7(0.2) 3.9(0.3) 15/15 SL-10 2.5(2) 2.5(0.8) 0.58(0.1) 0.46(0.1) 0.57(0.1) 0.75(0.0) 0.84(0.0) [15/15
SL-4-10 | 2.0(0.9) 2.3(0.4) 2.7(0.7) 2.6(0.5) 2.3(0.3) 1.8(0.2) 1.9(0.2) 15/15 SL-4-10 | 1.0(0.6) 1.7(1) 1.7(5) 0.98(1) 1.2(2) 4.6(9) 4.3(11) [15/15
R-SHADE| 2.1(0.7) 2.5(0.8) 2.8(0.7) 2.6(0.4) 2.3(0.4) 1.8(0.2) 1.9(0.2) 15/15 R-SHADE| 1.4(1) 1.6(0.5) 0.32(0.2) 0.64(1) 1.2(3) 2.6(3) 4.7(8) 15/15

7 24 324 1171 1451 1572 1572 1597 15/15 19 1 1 242 1.0¢5 1.2¢5 1.2¢5 1.2¢5  [15/15
SL-10 3.6(2) 1.1(0.4) 0.58(0.2) 0.82(0.1) 0.80(0.2) 0.80(0.2) 0.89(0.1) 15/15 SL-10 1709 1626(2073) 150(79) 1209) 20(17) 24(37) 25(24) 12715
SL-4-10 | 3.6(2) 0.82(0.3) 0.49(0.1) 0.60(0.3) 0.70(0.5) 0.70(0.5) 0.72(0.5) 15/15 SL-4-10 [21(20) 1423(673) 173(204) 5.0(5) 7.1(8) 13(22) 19(21) 12/15
R-SHADE| 4.3(2) 1.3(2) 0.72(0.9) 0.75(0.4) 0.73(0.7) 0.73(0.5) 0.79(0.4) 15/15 R-SHADE[22(20) 1787(2597) 111(165) 21(21) oo oo oo 5e5 0/15

8 73 273 336 372 391 410 422 15/15  f20 16 851 38111 51362 54470 54861 55313 [14/15
SL-10 7.3(2) 6.5(1) 7.4(1.0) 7.7(0.9) 7.8(0.9) 8.1(0.7) 8.6(0.8) 15/15 SL-10 3.5(2) 4.9(2) 0.30(0.1) 0.26(0.1) 0.27(0.2) 0.27(0.2) 0.27(0.1) 15/15
SL-4-10 | 3.7(1.0) 4.8(1) 5.8(6) 6.2(6) 6.4(3) 7.0(1) 7.6(3) 15/15 SL-4-10 | 3.3(3) 2.2(2) 0.40(0.4) 0.33(0.2) 0.32(0.3) 0.32(0.3) 0.32(0.3) 15/15
R-SHADE| 4.9(2) 4.7(5) 5.3(2) 5.8(2) 6.1(4) 6.7(3) 7.5(3) 15/15 R-SHADE| 3.9(2) 1.9(2) 0.33(0.2) 0.26(0.3) 0.25(0.3) 0.25(0.1) 0.26(0.3) 15/15

f9 35 127 214 263 300 335 369 15/15 f21 41 1157 1674 1692 1705 1729 1757 14/15
SL-10 [15(4) 14(5) 11(2) 11(2) 10(2) 10(2) 10(1) 15/15 SL-10 2.1(2) 1.2(0.6) 1.3(2) 1.5(0.7) 1.6(0.8) 1.7(2) 1.9(2) [15/15
SL-4-10 | 8.1(2) 7.6(3) 7.4(2) 7.4(2) 7.4(2) 7.8(2) 8.1(2) 15/15 SL-4-10 | 1.9(1) 3.2(3) 2.9(3) 3.0(3) 3.0(3) 3.1(2) 3.2(3) 15/15
R-SHADE| 8.0(2) 11(14) 9.4(6) 9.0(7) 8.7(4) 9.0(4) 9.3(1) 15/15 R-SHADE| 2.0(2) 2.6(3) 3.3(2) 3.3(3) 3.4(2) 3.4(2) 3.5(3) 15/15

f10 349 500 574 607 626 829 880 15/15 f22 71 386 938 980 1008 1040 1068 14/15
SL-10 2.4(0.9) 2.1(0.5) 2.2(0.4) 2.5(0.2) 2.6(0.3) 2.5(0.2) 2.8(0.2) 15/15 SL-10 2.7(3) 5.1(3) 5.9(9) 6.1(8) 6.09) 6.1(5) 6.4(5) 15/15
SL-4-10 | 2.4(1) 2.5(2) 2.8(2) 3.4(2) 3.7(2) 3.4(2) 3.8(2) 15/15 SL-4-10 | 1.6(0.6) 3.9(7) 3.3(5) 3.3(5) 3.3(4) 3.5(3) 3.6(5) 15/15
R-SHADE 2.2(1) 2.3(1) 2.4(0.6) 2.6(0.7) 2.9(1) 2.9(0.9) 3.2(0.8) 15/15 R-SHADE| 1.5(1) 3.2(6) 5.5(7) 5.5(6) 5.5(7) 5.5(7) 5.6(6) 15/15

f11 143 202 763 977 1177 1467 1673 15/15  f23 3.0 518 14249 27890 31654 33030 34256 [15/15
SL-10 4.4(2) 4.9(1) 1.4(0.2) 1.2(0.3) 1.2(0.2) 1.3(0.2) 1.3(0.2) 15/15 SL-10 2.5(3) 13(16) 2.5(3) 1.3(1) 1.2(1) 1.2(1) 1.2(1) [15/15
SL-4-10 | 3.2(1) 3.7(1) 1.3(0.4) 1.3(0.4) 1.3(0.5) 1.4(0.4) 1.6(0.4) 15/15 SL-4-10 | 3.2(3) 10(7) 2.4(3) 1.4(1) 1.3(1) 1.3(1) 1.3(1) 15/15
R-SHADE 3.1(0.7) 3.5(1) 13(03) 1.3(0.8) 1.2(0.7) 1.3(0.5) 1.4(0.5) 15/15 R-SHADE| 2.9(3) 6.2(5) 1.7(3) 0.93(2) 0.83(0.4) 0.82(0.7) 0.82(1) 15/15

f12 108 268 371 413 461 1303 1494 15/15  f24 1622 2.2e5 6.4e6 9.6¢6 9.6e6 1.3¢7 1.3¢7 3/15
SL-10 [12(4) 10(11) 11(11) 12(12) 13(11) 5.8(5) 6.1(4) 15/15 SL-10 4.1(1) 24(3) 5.4(4) 3.6(3) 3.6(4) 2.7(2) 2.7(3) 2/15
SL-4-10 |10(9) 9.5(9) 12(13) 14(14) 15(18) 6.8(5) 7.1(7) 15/15 SL-4-10 | 1.7(0.7) 1.8(3) 5.3(6) oo oo oo 0 5¢6 0/15
R-SHADE10(7) 7.1(3) 8.0(6) 8.9(9) 10(5) 5.0(3) 5.3(3) 15/15 R-SHADE| 1.7(1) 2.6(3) oo oo oo oo 0o 5e5 0/15

Table 2: Expected runtime (ERT in number of function evaluations) divided by the respective best ERT measured during
BBOB-2009 in dimension 5. This ERT ratio and, in braces as dispersion measure, the half difference between 10 and 90%-tile of
bootstrapped run lengths appear for each algorithm and target, the corresponding reference ERT in the first row. The different
target Af-values are shown in the top row. #succ is the number of trials that reached the (final) target fopt + 1078, The median num-
ber of conducted function evaluations is additionally given in italics, if the target in the last column was never reached. Entries,
succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared to all other algorithms of

the table, with p = 0.050rp = 10~ when the number k following the star is larger than 1, with Bonferroni correction by the num-
ber of functions (24). A | indicates the same tested against the best algorithm from BBOB 2009. Best results are printed in bold.
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/\fopt lel 1e0 le-1 le-2 1e-3 1e-5 1le-7 lesuce Afopt lel 1e0 le-1 le-2 le-3 1le-5 1e-7 l#suce
1 e 3 3 B 3 5 o a5 f13 52 2021 2751 3507 18749 24455 30201 |15/15
SL-10 0.98(0) 0.98(0) 0.98(0) 0.98(0) 0.98(0) 0.98(0) 098(0)  [15/15 SL-10 | 11(4) 11(6) 14(9) 15(4) 3.4(0.8) 33072 3.305)*7 [15/15
SL-4-10 | 0.98(0) 0.98(0) 0.98(0) 0.98(0) 0.98(0) 0.98(0) 0.98(0) 15/15 SL-4-10 8.7(5) 8.0(6) 9.1(4) 11(4) 3.0(2) 6.2(3) 12(4) 15/15
R-SHADEF| 27(5) 59(9) 89(12) 119(15) 149(18) 208(21) 264(26) 15/15 R-SHADE| 12(7) 8.0(3) 10(5) 12(3) 3.4(1) 5.2(0.9) 25(26) 0/15
f2 385 386 387 388 390 391 393 15/15 f14 75 239 304 451 932 1648 15661 15/15
S0 [T e T09) Tmes 109 208) T B00 5 5p | ) ) ) ) 1400 1101 2409 15715
SL-4-10 | 53(02) 6.2(0.4) 7.2(0.4) 8.1(0.4) 9.0(0.4) 11(0.5) 13(0.6) 1515 g1 410 | 8.5@2) 5107 eam** 8s5089** 7a*3 s 33(20) 15/15
R-SHADH 18(2) 2103) 25(2) 28(2) 310) 370) 430) 15/15 R SHADE| 8.2(3) 9.4(2) 13(1) 13(2) 1(2) 58(37) 1861(1181) | 0/15
f3 5066 7626 7635 7637 7643 7646 7651 IS5 5 30378 15¢5 3.1e5 3.2e5 3.2e5 4.5¢5 46e5  fi5/15
S0 | 220) 21(1) 22(1) 222) 23(1) 230 23(1) /15 570 ra0) = = —= = — <7 i
SL-4-10 | 7.9(0.8) 7.5(0.4) 8.0(0.4) 8.0(0.6) 8.1(0.6) 8.2(0.5) 8306) (1515 g7y 10 | 13011 1933(2388) oo oo oo o 00 27 0/15
R-SHADE 7.7(0.3) 7.1(0.3) 7.7(0.3) 7.9(0.3) 8.1(0.3) 8.4(0.2) 8702 1515 pSHanm sas1) oy - - b hod oo 206 o5
fa 4722 7628 7666 7686 7700 7758 1.4¢5 9/15 f16 1384 27265 77015 1.4e5 1.9e5 2.0e5 2.2e5 15/15
SL-10 | 27(3) 242) 26(2) 26(2) 26(2) 27(2) 150.1) —15/15 57T 5o006) T116(1838)  3685(5194) oo ) ) oo 2¢7 0/15
SL-4-10 | 10(0.9) 84(06)  1103) 11(4) 114) 11(3) 064049 1515 g7y 0 | 2007) 86403) oo - hoi > oo o
R-SHADE| 9.4(0.8) 83(06)  12(3) 12(3) 12(5) 13(6) 07204 1515 Seanel y708) 246070 oo - b hod oo 26 o
£5 4 a1 kil kLl a1 4 41 1515 g1y 63 1030 4005 12242 30677 56288 80472 [15/15
S0 0.54(0) 0.54(0) 054(0) 0.54(0) 054(0) 0.54(0) 0540)  |15/15 = =
SL-4-10 | 0.54(0) 0.54(0) 0.54(0) 0.54(0) 0.54(0) 0.54(0) 0.54(0) 15/15 SL-10 7.7(4) 3.7(0.8) 2.6(0.8) 1.6(0.5) 3.8(5) 2.9(6) 2.7(4) 15/15
R-SHADE[117(14) 212(22) 308(29) 400(30) 489(31) 679(26) 862(33) 15/15 SL-4-10 | 3.8(2) 3.2(1) 6.5(17) 5.8(10) 8.2(10) 45(122) 34(66) 14/15
I3 1296 2343 3413 4255 5220 6728 8409  |15/15 R-SHADE| 3.7(2) 3.4(1) 3.9(0.5) 18(24) 45(41) Lo 00 2¢6 015
SL10 74(2) 73(1) 6.5(0.3) 6.900.7) 6.8(0.4) 7.1(05) 7203|155 118 621 3972 19561 28555 - 67569 13¢5 155  [I15/15
SL-4-10 | 4.0(0.5) 3.7(0.4) 3.5(0.3) 3.6(0.4) 3.6(0.3) 3.8(0.3) 3.9(0.3) 15/15 SL-10 3.7(1) 2.8(0.5) 1.1(0.2) 1.3(0.3) 86(99) 79(135) 128(81) 9/15
R-SHADE| 4.2(0.5) 4.0(0.5) 3.8(0.4) 3.9(0.4) 3.9(0.4) 4.1(0.5) 4.1(0.3) 15/15 SL-4-10 2.7(0.9) 1.8(0.7) 72(10) 192(370) 549(289) 2168(2603) o0 2e7 0/15
7 1351 4274 9503 16523 16524 16524 16969 15/15 R-SHADE[ 3.1(0.9) 2.0(0.8) 30(32) 1050(700) o el o0 2e6 0/15
SL-10 3.4(0.9) 4.0(5) 4.3(6) 2.9(4) 2.9(3) 2.9(4) 2.9(2) 15/15 f19 1 1 3.4e5 4.7¢6 6.2e6 6.7¢6 6.7¢6 [15/15
SL-4-10 | 2.0(0.4) 7.5(4) 5.4(4) 4.6(3) 4.7(3) 4.7(2) 4.6(2) 15/15 SL-10  [280(125) 1.1e7(1e7) 381(277) o =) o 2e7 0/15
RSHADE 200.7)  29(41) 72(31) 1762(2149)  1761(2148)  1761(1543)  1715(3330) V15 SLat0 [186(68)F  15es(ed)*3  820830) oo oo oo 00 27 015
£8 2039 3871 4040 4148 4219 4371 4484 [15/15 RSHADE|344(68) 11e6(2¢6) oo oo 00 266 015
SL-10 14(1.0) 14(0.5) 15(0.6) 16(0.6) 16(0.4) 17(0.5) 18(0.5) 15/15 £20 82 46150 3.1e6 5.5e6 5.5e6 5.6e6 5.6e6 14/15
sL4-10 | 770)%%  so09*?t  sra*t 9.1(1)** 951)**  1008)** 1109*%  |1515 ST-10 5.4(2) 3.0(0.6) 19(33) 51(52) 51(92) 50(84) 50(25) 115
R-SHADE 11(4) 14(8) 15(6) 15(8) 15(6) 16(7) 16(5) 15/15 SL-4-10 | 5.6(2) 83(11) oo oo ) oo 00 2¢7 /15
£ 1716 3102 3277 3379 3455 3504 3727 [15/15 R-SHADE 10(3) 1303) oo ) ) oo 00 26 0/15
SL-10 20(1) 21(0.8) 23(0.7) 24(0.5) 25(0.8) 26(0.7) 27(0.5) 15/15 f21 561 6541 14103 14318 14643 15567 17589 15/15
sLa10 | 130* 15063 160)*3 7a0*3 10)*3 180)*3 100)*3 |55 510 33(16) 55(180) 5305) 63(174) 61(170) 53(104) 51(90) 15715
R-SHADH 16(5) 20(8) 2209) 26 2307) 24(3) 2407) 1o1s SL4-10 | 35(4) 116(394) 62(13) 61(44) 60(172) 56(191) 50(10) 15/15
10 a3 s661 10735 13641 14920 17073 17476 |55 R-SHADE 3.0(1) 6.6(9) 6.5(7) 6.5(12) 6.4(12) 6.1(11) 550100 [15/15
- 7 7 %7 =T %7 =T =T £22 467 5580 23491 24163 24948 26847 13¢5 [12/15
SL-10 3.40.7) 3.6(0.5) 3.3(0.4) 3.000.4) 3.00.4) 3.1004) 3.504)7% 15/15 575 73(10)  1401(1793)  l2ed(led)  12e4(7656)  Lled(2ed)  ILled(led) _ 2098(2003) | 1/15
SL-4-10 | 20(8) 29(10) 3009) 30(6) 35(10) 41(15) 51(13) 1515 g1g410 | 7.007)  1853(2690)  5788(4389)  5627(3375)  5450(6351)  5065(4226)  1009(434) 2/15
R-SHADE 16(6) 22(8) 25(6) 26(8) 2909) 32(7) do(11) 915 R_SHADE| 14(1) 29(40) 1200(724)  1167(1842)  1130(2044)  1051(1229)  209(382) 115
f11 1002 2228 0278 8586 9762 12285 14831 1515 pp3 3.0 1614 67457 3.7¢5 4.9¢5 8.1e5 84e5  [15/15
SL10 | 10(2) 66092  3004*T  2703*F  2803*F  2903*F  2903*F 1515 5T70 750) T005360) 35093 oo s <77 oT5
SL-4-10 | 11(7) 16(8) 9.2(3) 9.4(2) 10(3) 12(2) 13(2) 15/15 SL-4-10 1.5(2) 80(81) 917(1117) oo oo oo oo 27 0/15
R-SHADE| 7.6(5) 13(7) 8.2(4) 8.4(3) 10(2) 11(2) 12(2) 1515 p cape| 2301) 05(84) 2042 oo - - o 266 s
f12 1042 1938 2740 3156 4140 12407 13827 1515 oy 136 ot s 07 5207 5207 5207 coer |31
SL10 | 13(15) 17(15) 22(20) 25(15) 23(14) 11(4) 11(3) 15715 50T a0) = = = = = — T
SL4-10 | 610%% 14017) 18(18) 21(18) 21(12) 10(5) 11(5) 15/15 SL-4-10 | 64(140) oo oo oo oo oo oo 27 0/15
R-SHADE| 8.5(0.9) 18(15) 23(15) 26(18) 25(16) 12(5) 13(5) 15/15 R-SHADE| co oo oo oo oo oo oo 2e6 0/15

Table 3: Expected runtime (ERT in number of function evaluations) divided by the respective best ERT measured during
BBOB-2009 in dimension 20. This ERT ratio and, in braces as dispersion measure, the half difference between 10 and 90%-tile of
bootstrapped run lengths appear for each algorithm and target, the corresponding reference ERT in the first row. The different
target Af-values are shown in the top row. #succ is the number of trials that reached the (final) target fopt + 107%. The median num-
ber of conducted function evaluations is additionally given in italics, if the target in the last column was never reached. Entries,
succeeded by a star, are statistically significantly better (according to the rank-sum test) when compared to all other algorithms of

the table, with p = 0.050r p = 10~ when the number k following the star is larger than 1, with Bonferroni correction by the num-
ber of functions (24). A | indicates the same tested against the best algorithm from BBOB 2009. Best results are printed in bold.
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