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5

Multi-objective Optimisation Problem (MOP)

minimize F(x) = (f1(x), · · · , fm(x))T

subject to gj(x) � aj , j = 1, · · · , q
hj(x) = bj , j = q + 1, · · · , `
x 2 ⌦

<latexit sha1_base64="YDiYeRCG5dX6pMGZasTCyibIMyk="></latexit>

! Pareto dominance: 
! is no worse than in any objective, and
! is better than in at least one objective
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Dominance : How to compare two solutions

F(x1)

F(x1)

F(x2)

F(x2)

x1 � x2

x
<latexit sha1_base64="673ym3+06eX76cUN4RIIaYsap7M=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYhrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GbZuDtg4sDDPvsfMmTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucJzyIKYDJSLBKFrpoRtTHIZR/jTpVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPks8ISdW6ZMo0fYpJDP190ZOY2PGcWgnpwnNojcV//M6GUaXQS5UmiFXbP5RlEmCCZmeT/pCc4ZybAllWtishA2ppgxtSRVbgrd48jLxz+pXde/2vNY4L9oowxEcwyl4cAENuIEm+MBAwTO8wptjnBfn3fmYj5acYucQ/sD5/AFjmpDi</latexit><latexit sha1_base64="673ym3+06eX76cUN4RIIaYsap7M=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYhrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GbZuDtg4sDDPvsfMmTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucJzyIKYDJSLBKFrpoRtTHIZR/jTpVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPks8ISdW6ZMo0fYpJDP190ZOY2PGcWgnpwnNojcV//M6GUaXQS5UmiFXbP5RlEmCCZmeT/pCc4ZybAllWtishA2ppgxtSRVbgrd48jLxz+pXde/2vNY4L9oowxEcwyl4cAENuIEm+MBAwTO8wptjnBfn3fmYj5acYucQ/sD5/AFjmpDi</latexit><latexit sha1_base64="673ym3+06eX76cUN4RIIaYsap7M=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYhrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GbZuDtg4sDDPvsfMmTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucJzyIKYDJSLBKFrpoRtTHIZR/jTpVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPks8ISdW6ZMo0fYpJDP190ZOY2PGcWgnpwnNojcV//M6GUaXQS5UmiFXbP5RlEmCCZmeT/pCc4ZybAllWtishA2ppgxtSRVbgrd48jLxz+pXde/2vNY4L9oowxEcwyl4cAENuIEm+MBAwTO8wptjnBfn3fmYj5acYucQ/sD5/AFjmpDi</latexit><latexit sha1_base64="673ym3+06eX76cUN4RIIaYsap7M=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYhrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GbZuDtg4sDDPvsfMmTKUw6LrfTmlldW19o7xZ2dre2d2r7h/cmyTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXJtRKLucJzyIKYDJSLBKFrpoRtTHIZR/jTpVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPks8ISdW6ZMo0fYpJDP190ZOY2PGcWgnpwnNojcV//M6GUaXQS5UmiFXbP5RlEmCCZmeT/pCc4ZybAllWtishA2ppgxtSRVbgrd48jLxz+pXde/2vNY4L9oowxEcwyl4cAENuIEm+MBAwTO8wptjnBfn3fmYj5acYucQ/sD5/AFjmpDi</latexit>
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! ! is Pareto-optimal iff no solution dominates it

! Pareto set (PS): all Pareto-optimal solutions in decision space

! Pareto front (PF): image of PS in the objective space

7

Pareto-Optimal Solutions = Best Trade-off 
Candidates

decision spaceobjective space

PF PS

x1

x2

x3

! Convergence: non-dominated, close to the PF

! Diversity: even distribution along the PF

8

Convergence and Diversity in EMO

Achieving the balance between convergence and diversity is 
the key in evolutionary multi-objective optimisation

f1

f2

PF

poor convergence
f1

f2

PF

poor diversity
f1

f2

PF

balanced convergence and diversity
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! Classic multi-objective optimisation [3]

! Evolutionary multi-objective optimisation (EMO)
! set-based method, approximate the PF at a time
! Major EMO algorithms
! Pareto dominance based: NSGA-II, SPEA2, PESA2, …
! Performance indicator based: SMS-EMOA, HypE, …
! Decomposition based

9

Classic Methods vs Evolutionary Approaches

MOP Higher-level 
information

One optimum solution

Estimate a relative 
importance vector

 w = (w1, · · · , wm)T

single-objective optimization problem, e.g., 
weighted sum

minimize gws(x|w) =
Pm

i=1 wi ⇥ f(xi)
subject to x 2 ⌦

[3] K. Deb, “Multi-Objective Optimization Using Evolutionary Algorithms”, Wiley, 2009.

Environmental 
Selection

Mating 
Selection

Reproduction

Evaluation
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Outline

! Decomposition has been used to some extent in EMO 
area for many years.

! Examples includes:
! MOGLS [Ishibuchi, et al, 1998, Jaszkiewicz, 2002]
! MOSA [Ulungu ,et al, 1999]
! MOTS [Hansen, 1997]
! 2PLS [Paquete & Stutzle, 2003]
! AWA [Jin et al, 2001]
! MSOPS [Hughes, 2003]
! MOTGA [Alves, 2007]
! CMOGA [4] [Murata et al, 2001]
! ….

11

Decomposition in EMO

MOEA/D

These algorithms use traditional aggregation approaches.

[4] T. Murata, H. Ishibuchi, M. Gen, “Specification of Genetic Search Directions in Cellular Multi-objective 
Genetic Algorithms”, EMO’01: 82-95, 2001.

! Basic idea
! Decomposition (from traditional optimisation)
! Decompose the task of approximating the PF into N subtasks, i.e. MOP to subproblems.
! Each subproblem can be either single objective or multi-objective.

! Collaboration (from EC)
! Population-based technique: N agents for N subproblems.
! Subproblems are related to each other while N agents solve these subproblems in a 

collaborative manner.

12

MOEA/D = Decomposition + Collaboration
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! Subproblem formulation

13

Subproblem Settings

multiple objectives
F(x) = (f1(x), · · · , fm(x)) 2 Rm

<latexit sha1_base64="0C5rWbv25zFHu7Y+kWZumSBWdOA="></latexit>

g(x|·)
<latexit sha1_base64="kNOXeBnjiOzZg6Rc/2T+RWLsXAM=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2WmCrosuHFZwT6gHUomk2lDM8mQZMRhrL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8WNGlXacb6u0tr6xuVXeruzs7u0f2IdHXSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/ep37vXsiFRX8Tqcx8SI05jSkGGkjjezquD6MkJ74YfYwexziQOizkV1zGs4ccJW4BamBAu2R/TUMBE4iwjVmSKmB68Tay5DUFDMyqwwTRWKEp2hMBoZyFBHlZfPwM3hqlACGQprHNZyrvzcyFCmVRr6ZzIOqZS8X//MGiQ6vvIzyONGE48WhMGFQC5g3AQMqCdYsNQRhSU1WiCdIIqxNXxVTgrv85VXSbTbc80bz9qLWahZ1lMExOAF14IJL0AI3oA06AIMUPINX8GY9WS/Wu/WxGC1ZxU4V/IH1+QPTfZTV</latexit>

scalarizing functionparameters

transformation

f1

f2

w = (w1, w2)
<latexit sha1_base64="YpVXJG39ydMMxDoe51DLJQYFc6U=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFaTMVEFdCAU3LivYB7TDkEkzbWjmQZKx1KH4K25cKOLW/3Dn35hpu9DWA4HDOfdyT44XcyaVZX0buaXlldW1/HphY3Nre8fc3WvIKBGE1knEI9HysKSchbSumOK0FQuKA4/Tpje4yfzmAxWSReG9GsXUCXAvZD4jWGnJNQ86AVZ9z0+H4+vS0LVPh27lxDWLVtmaAC0Se0aKMEPNNb863YgkAQ0V4VjKtm3FykmxUIxwOi50EkljTAa4R9uahjig0kkn6cfoWCtd5EdCv1Chifp7I8WBlKPA05NZVjnvZeJ/XjtR/qWTsjBOFA3J9JCfcKQilFWBukxQovhIE0wE01kR6WOBidKFFXQJ9vyXF0mjUrbPypW782L1alZHHg7hCEpgwwVU4RZqUAcCj/AMr/BmPBkvxrvxMR3NGbOdffgD4/MHVNyUdA==</latexit>

Pareto optimal 
solution

minimize gws(x|w) =
Pm

i=1 wifi(x)
subject to x 2 ⌦

<latexit sha1_base64="Xzy44mMhfVK70Z9qCwucl/HvHy8="></latexit>

☞ NOTE: It works for convex PF!

w1

w2

w3

w4

w5

g(x|w1)

g(x|w2)

g(x|w5)

g(x|w4)

g(x|w3)

! Weight vector/Reference point Setting [1]
! Sample a set of evenly distributed weight vectors from a unit simplex

! where

14

Subproblem Settings (cont.)

[5] I. Das et. al., “Normal-Boundary Intersection: A New Method for Generating the Pareto Surface in
Nonlinear Multicriteria Optimization Problems”, SIAM J. Optim, 8(3): 631-657, 1998.
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w = (w1, · · · , wm)T
<latexit sha1_base64="bgYW9Xwf+Zup60NzNsEFPsY2Sb4=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAgVSklqQTdCwY3LCn1BE8NkMmmHTjJhZmIpoSs3/oobF4q49Rvc+TdO2iy09cCFwzn3cu89XkyJkKb5ra2srq1vbBa2its7u3v7+sFhR7CEI9xGjDLe86DAlES4LYmkuBdzDEOP4q43usn87gPmgrCoJScxdkI4iEhAEJRKcvUTO4Ry6AXpeHpdHrtWxUY+k6IydsPz+5arl8yqOYOxTKyclECOpqt/2T5DSYgjiSgUom+ZsXRSyCVBFE+LdiJwDNEIDnBf0QiGWDjp7I2pcaYU3wgYVxVJY6b+nkhhKMQk9FRndrRY9DLxP6+fyODKSUkUJxJHaL4oSKghmZFlYviEYyTpRBGIOFG3GmgIOURSJVdUIViLLy+TTq1qXVRrd/VSo57HUQDH4BSUgQUuQQPcgiZoAwQewTN4BW/ak/aivWsf89YVLZ85An+gff4AW+CYWw==</latexit>

mX

i=1

wi = 1,w 2 Rm

<latexit sha1_base64="clQGcnItnRxiXZ3RhtA0lZerum0=">AAACFHicbVBNS8MwGE7n15xfVY9eikMQlNHOgV6EgRePU9wHrLWkWbqFJWlJUsco/RFe/CtePCji1YM3/43ptoNuPhDy5Hnel7zvE8SUSGXb30ZhaXllda24XtrY3NreMXf3WjJKBMJNFNFIdAIoMSUcNxVRFHdigSELKG4Hw6vcbz9gIUnE79Q4xh6DfU5CgqDSkm+euDJhfkouneyejXx9n7oMqkEQpqPMJXz6CNJbbftm2a7YE1iLxJmRMpih4Ztfbi9CCcNcIQql7Dp2rLwUCkUQxVnJTSSOIRrCPu5qyiHD0ksnS2XWkVZ6VhgJfbiyJurvjhQyKccs0JX5jHLey8X/vG6iwgsvJTxOFOZo+lGYUEtFVp6Q1SMCI0XHmkAkiJ7VQgMoIFI6x5IOwZlfeZG0qhXnrFK9qZXrtVkcRXAADsExcMA5qINr0ABNgMAjeAav4M14Ml6Md+NjWlowZj374A+Mzx+Xjp8h</latexit>

! Basic idea
! Decomposition (from traditional optimisation)
! Collaboration (from EC)

15

Decomposition-based EMO
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! Neighbourhood structure:
! Two subproblems are neighbours if their weight vectors are close.
! Neighbouring subproblems are more likely to have similar 

properties (e.g. similar objective function and/or optimal solution).
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Subproblem Settings (cont.)
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Many different ways for defining neighbourhood structure.
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! At each iteration, each agent does the following:
! Mating selection (local selection): borrows solutions from its 

neighbours.
! Reproduction: reproduce a new solution by applying reproduction 

operators on its own solutions and borrowed solutions.
! Replacement (local competition):
! Pass the new solution among its neighbours (including itself).
! Replace the old solution by the new one if the new one is better than old one for its 

objective.

17

Collaboration Among Different Agents
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found for its subproblem (memory)
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Outline

! A simple MOEA/D works as follows:

19

Simple MOEA/D

Step 1: Initialize a population of solutions P := {xi}N
i=1, a set of reference

points W := {wi}N
i=1 and their neighborhood structure. Randomly

assign each solution to a reference point.

Step 2: For i = 1, · · · , N , do

Step 2.1: Randomly selects a required number of mating parents from

wi
’s neighborhood.

Step 2.2: Use crossover and mutation to reproduce o�spring xc
.

Step 2.3: Update the subproblems within the neighborhood of wi
by

xc
.

Step 3: If the stopping criteria is met, then stop and output the population.

Otherwise, go to Step 2.

[6] Q. Zhang et al., “MOEA/D: A Multiobjective Evolutionary Algorithm Based on Decomposition”, 
IEEE Trans. Evol. Comput., 11(6): 712-731, 2007.

! Continuous MOP test instances.

! Same population size and same crossover and mutation.

! Same number of objective function evaluations.

! Observation: it works.
! Solution quality: MOEA/D ≈ NSGA-II
! CPU time: MOEA/D is better.

20

Experimental Results
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! MOEA/D is better.
! Combination of MOEA/D and NSGA-II (Cai, et al): Champion 

in CEC 2017 competition.

21

Test Instances with complicated PS shapes

! Diversity among subproblems leads to diversity among 
solutions

! MOEA/D has a well-organised memory.

! It deals with a population of subtasks, related to recent 
proposed evolutionary multi-task optimisation (Y-S Ong 
et al, 2016).

22

Some Remarks

! Part I: Basics
! Basic Concepts
! Ideas in MOEA/D
! A Simple Variant

! Part II: Advanced Topics
! Current Developments
! Decomposition Methods
! Search Methods
! Collaboration Methods

! Resources
! Future Directions

23

Outline
! Drawbacks of the Das and Dennis’s method
! Not very ‘uniform’ [2]

24

Setting of Weight Vectors (cont.)

simplex-lattice design uniform design [7]

[7] Y-Y Tan, et al., “MOEA/D + Uniform Design: A New Version of MOEA/D for Optimization Problems
with Many Objectives”, Comput & OR, 40: 1648-1660, 2013.
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! Drawbacks of the Das and Dennis’s method
! …
! Number of weights is restricted to                                [8, 9] 
! N increases non-linearly with m
! If N is not large enough, all weight vectors will be at the boundary of the simplex

25

Setting of Weight Vectors (cont.)

N =

✓
H +m� 1

m� 1

◆

<latexit sha1_base64="JHtTBEpHzJZ2XqKdMu6ETlHbR70=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCIJYZEdSFUHDTlVSwD2iHkkkzbWgeQ5IR6lD8FTcuFHHrf7jzb8y0s9DqgXs5nHMvuTlhzKg2nvflFBYWl5ZXiqultfWNzS13e6epZaIwaWDJpGqHSBNGBWkYahhpx4ogHjLSCkfXmd+6J0pTKe7MOCYBRwNBI4qRsVLP3bu56oZUSJ7WjvmJP0mz1nPLXsWbAv4lfk7KIEe95352+xInnAiDGdK643uxCVKkDMWMTErdRJMY4REakI6lAnGig3R6/QQeWqUPI6lsCQOn6s+NFHGtxzy0kxyZoZ73MvE/r5OY6CJIqYgTQwSePRQlDBoJsyhgnyqCDRtbgrCi9laIh0ghbGxgJRuCP//lv6R5WvG9in97Vq5e5nEUwT44AEfAB+egCmqgDhoAgwfwBF7Aq/PoPDtvzvtstODkO7vgF5yPbzMqlF8=</latexit><latexit sha1_base64="JHtTBEpHzJZ2XqKdMu6ETlHbR70=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCIJYZEdSFUHDTlVSwD2iHkkkzbWgeQ5IR6lD8FTcuFHHrf7jzb8y0s9DqgXs5nHMvuTlhzKg2nvflFBYWl5ZXiqultfWNzS13e6epZaIwaWDJpGqHSBNGBWkYahhpx4ogHjLSCkfXmd+6J0pTKe7MOCYBRwNBI4qRsVLP3bu56oZUSJ7WjvmJP0mz1nPLXsWbAv4lfk7KIEe95352+xInnAiDGdK643uxCVKkDMWMTErdRJMY4REakI6lAnGig3R6/QQeWqUPI6lsCQOn6s+NFHGtxzy0kxyZoZ73MvE/r5OY6CJIqYgTQwSePRQlDBoJsyhgnyqCDRtbgrCi9laIh0ghbGxgJRuCP//lv6R5WvG9in97Vq5e5nEUwT44AEfAB+egCmqgDhoAgwfwBF7Aq/PoPDtvzvtstODkO7vgF5yPbzMqlF8=</latexit><latexit sha1_base64="JHtTBEpHzJZ2XqKdMu6ETlHbR70=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCIJYZEdSFUHDTlVSwD2iHkkkzbWgeQ5IR6lD8FTcuFHHrf7jzb8y0s9DqgXs5nHMvuTlhzKg2nvflFBYWl5ZXiqultfWNzS13e6epZaIwaWDJpGqHSBNGBWkYahhpx4ogHjLSCkfXmd+6J0pTKe7MOCYBRwNBI4qRsVLP3bu56oZUSJ7WjvmJP0mz1nPLXsWbAv4lfk7KIEe95352+xInnAiDGdK643uxCVKkDMWMTErdRJMY4REakI6lAnGig3R6/QQeWqUPI6lsCQOn6s+NFHGtxzy0kxyZoZ73MvE/r5OY6CJIqYgTQwSePRQlDBoJsyhgnyqCDRtbgrCi9laIh0ghbGxgJRuCP//lv6R5WvG9in97Vq5e5nEUwT44AEfAB+egCmqgDhoAgwfwBF7Aq/PoPDtvzvtstODkO7vgF5yPbzMqlF8=</latexit><latexit sha1_base64="JHtTBEpHzJZ2XqKdMu6ETlHbR70=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCIJYZEdSFUHDTlVSwD2iHkkkzbWgeQ5IR6lD8FTcuFHHrf7jzb8y0s9DqgXs5nHMvuTlhzKg2nvflFBYWl5ZXiqultfWNzS13e6epZaIwaWDJpGqHSBNGBWkYahhpx4ogHjLSCkfXmd+6J0pTKe7MOCYBRwNBI4qRsVLP3bu56oZUSJ7WjvmJP0mz1nPLXsWbAv4lfk7KIEe95352+xInnAiDGdK643uxCVKkDMWMTErdRJMY4REakI6lAnGig3R6/QQeWqUPI6lsCQOn6s+NFHGtxzy0kxyZoZ73MvE/r5OY6CJIqYgTQwSePRQlDBoJsyhgnyqCDRtbgrCi9laIh0ghbGxgJRuCP//lv6R5WvG9in97Vq5e5nEUwT44AEfAB+egCmqgDhoAgwfwBF7Aq/PoPDtvzvtstODkO7vgF5yPbzMqlF8=</latexit>

[8] K. Deb and H. Jain, “An Evolutionary Many-Objective Optimization Algorithm Using Reference-Point-
Based Nondominated Sorting Approach, Part I: Solving Problems With Box Constraints”, IEEE Trans. Evol. 
Comput., 18(4): 577-601, 2014.
[9] K. Li, K. Deb, et al., “An Evolutionary Many-Objective Optimization Algorithm Based on Dominance 
and Decomposition”, IEEE Trans. Evol. Comput., 19(5): 694-716, 2015.
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! Is even distribution really a good choice?
! Do NOT always lead to evenly distributed solutions
! Do NOT support all PF shapes
! Disconnected PF 
! Inverted PF
! …
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Setting of Weight Vectors (cont.)

PF1
PF2
PF3

PF1
PF2
PF3

PF1
PF2
PF3

𝐰1
 

 𝑓1 

𝑓2 

𝐳𝑖𝑑  

𝐰2
 

𝐰3
 

𝐰5
 

𝐰4
 

If the PF meets , that’s fine; otherwise …
mX

i=1

fi = 1
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! Is even distribution really a good choice?
! …
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Setting of Weight Vectors (cont.)

[10] S. Jiang, et al., “Multiobjective Optimization by Decomposition with Pareto-adaptive Weight Vectors”, 
ICNC’11, 1260-1264, 2011.

Assume PF as ∑!"#$ "!% = 1, estimate p according to the number of non-
dominated solutions [10]

! Is even distribution really a good choice?
! …
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Setting of Weight Vectors (cont.)

[11] Y. Qi, et al., “MOEA/D with Adaptive Weight Adjustment”, Evol. Comput. 22(2): 231–264, 2014.
[12] M. Wu, et al., “Learning to Decompose: A Paradigm for Decomposition-Based Multiobjective Optimization”, IEEE Trans. 
Evol. Comput., 23(3): 376-390, 2019.
[13] F. Gu, et al., “Self-Organizing Map-Based Weight Design for Decomposition-Based Many-Objective Evolutionary 
Algorithm”, IEEE Trans. Evol. Comput., 22(2): 211-225, 2018.
[14] Y. Liu, et al., “Adapting Reference Vectors and Scalarizing Functions by Growing Neural Gas to Handle Irregular Pareto 
Fronts”, IEEE Trans. Evol. Comput., accepted for publication, 2019.

Adaptive weight vectors adjustment
☞ Estimate the PF shape progressively according to 

the current population
☞ Resample a set of weight vectors according to the 

estimated PF
" Add new ones in feasible regions, and remove useless 

ones from infeasible regions [11]
" Sampling from some estimated model, e.g. GP [12], 

SOM [13] and Growing Neural Gas [14]
☞ Construct new subproblems with respect to newly 

sampled weight vectors

GP zO = fm(x)zI =

2

64
f1(x)

...
fm�1(x)

3

75

Pm
i=1 cifi(x)

ai = 1
subject to ai > 0, ci > 0, i = 1 · · · ,m

<latexit sha1_base64="YZMLGMccTBPT29ym81G1YLsntHg="></latexit>
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! Weight vectors represent the decision maker’s 
preference information on the PF.

29

Preference Incorporation
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Region of interest (ROI)

! Weight vectors represent the decision maker’s 
preference information on the PF.
! Shift weight vectors towards the decision maker supplied aspiration 

level vector [15]
! Closed form
! Size of ROI is controllable
! Keep the boundary
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Preference Incorporation (cont.)

[15] K. Li, et al., “Integration of Preferences in Decomposition Multi-Objective Optimisation”, IEEE 
Trans. Cyber., 2018.
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⌧ = 0.5
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⌧ = 0.3
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! Weight vectors represent the decision maker’s 
preference information on the PF.
! Shift weight vectors towards the decision maker supplied aspiration 

level vector [15]
! Progressively learn the decision maker’s preference [16]
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Preference Incorporation (cont.)

[16] K. Li, et al., “Interactive Decomposition Multiobjective Optimization Via Progressively Learned 
Value Functions”, IEEE Trans. Fuzzy Systems, 2019.
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! Weighted Tchebycheff
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Revisit Weighted Tchebycheff

g(x|w, z⇤) = max
1im

wi|fi(x� z⇤i |
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weighted Tchebycheff

Drawbacks:
☞ non-smooth, weakly dominated solution
☞ evenly distributed weights do NOT lead 

to evenly distributed solutions
☞ might easily loose diversity
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! Weighted Tchebycheff
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Revisit Weighted Tchebycheff

g(x|w, z⇤) = max
1im

wi|fi(x� z⇤i |
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weighted Tchebycheff

Drawbacks:
☞ non-smooth, weakly dominated solution
☞ evenly distributed weights do NOT lead 

to evenly distributed solutions
☞ might easily loose diversity

ga(x|w, z⇤) = max
1im

(
fi(x� z⇤i

wi
) + ⇢

mX

i=1

(
fi(x� z⇤i

wi
)
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augmented scalarizing function

[17] K. Miettinen,  “Nonlinear Multiobjective Optimization”, Kluwer Academic Publishers, Boston, 1999.

f1

f2

w = (w1, w2)
T

PF

weakly dominated solution

f1

f2

w = (w1, w2)
T

PF

! Weighted Tchebycheff
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Revisit Weighted Tchebycheff

g(x|w, z⇤) = max
1im

wi|fi(x� z⇤i |
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weighted Tchebycheff

Drawbacks:
☞ non-smooth, weakly dominated solution
☞ evenly distributed weights do NOT lead 

to evenly distributed solutions
☞ might easily loose diversity

g(x|w, z⇤) = max
1im

1

wi
|fi(x� z⇤i |
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The search direction for                               is w = (
1/w1Pm
i=1 1/wi

, · · · , 1/wmPm
I=1 1/wi

)T
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w = (w1, · · · , wm)T
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[11] Y. Qi, et al., “MOEA/D with Adaptive Weight Adjustment”, Evol. Comput. 22(2): 231–264, 2014.
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! Weighted Tchebycheff
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Revisit Weighted Tchebycheff

g(x|w, z⇤) = max
1im

wi|fi(x� z⇤i |
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weighted Tchebycheff

Drawbacks:
☞ non-smooth, weakly dominated solution
☞ evenly distributed weights do NOT lead 

to evenly distributed solutions
☞ might easily loose diversity

[18] S. Jiang, et al., “Scalarizing Functions in Decomposition-Based Multiobjective Evolutionary 
Algorithms”, IEEE Trans. Evol. Comput., 22(2): 296-313, 2018.

! Weighted Tchebycheff
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Revisit Weighted Tchebycheff

Drawbacks:
☞ non-smooth, weakly dominated solution
☞ evenly distributed weights do NOT lead 

to evenly distributed solutions
☞ might easily loose diversity

[19] R. Wang, Q. Zhang, et al., “Decomposition-Based Algorithms Using Pareto Adaptive Scalarizing 
Methods”, IEEE Trans. Evol. Comput., 20(6): 821-837, 2016.

weighted Lp scalarizing [19]

gwd(x|w) = (
mX

I=1

�i(fi(x)� z⇤i )
p)

1
p

�i = (
1

wi
), p � 1
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minimize p, p 2 P
subject to 8xk : gwd(x⇤|w, z⇤, p)

 gwd(xk|w, z⇤, p)
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Pareto adaptive scalarizing to choose p
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! Weighted Sum

37

Revisit Weighted Sum

Drawbacks:
☞ only useful for convex PFs while not all 

Pareto-optimal solutions can be found if 
the PF is not convex.

☞ …

weighted sum

g(x|w) =
mX

i=1

wi ⇥ fi(x)
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! Weighted Sum
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Revisit Weighted Sum

Is weighted sum really that bad?
☞ The superior region is constantly ⁄1 2, 

whereas it is ⁄1 2$ for the Lp scalarizing
☞ MOEA/D with weighted sum have better 

convergence (given convex PF)

weighted sum

g(x|w) =
mX

i=1

wi ⇥ fi(x)
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[20] R. Wang, et al., “Localized Weighted Sum Method for Many-Objective Optimization”, IEEE 
Trans. Evol. Comput., 22(1): 3-18, 2018.

Localized weighted sum [20]

! Penalty-Based Intersection (PBI) [7]
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Boundary Intersection

Characteristics:
☞ d1 ‘measures’ the convergence
" can be replaced by other measure [7]

☞ d2 ‘measures’ the diversity
" can be replaced by angle [21, 22]

☞ ' controls the contour and trade-offs

[7] Q. Zhang et al., “MOEA/D: A Multiobjective Evolutionary Algorithm Based on Decomposition”, IEEE Trans. Evol. Comput., 
11(6): 712-731, 2007.
[21] R. Cheng, et al., “A Reference Vector Guided Evolutionary Algorithm for Many-Objective Optimization”, IEEE Trans. 
Evol. Comput., 20(5): 773-791, 2016.
[22] Y. Xiang, et al., “A Vector Angle-Based Evolutionary Algorithm for Unconstrained Many-Objective Optimization”, IEEE 
Trans. Evol. Comput., 21(1): 131-152, 2017.
[23] H. Sato, “Analysis of inverted PBI and comparison with other scalarizing functions in decomposition based MOEAs”, J. 
Heuristics, 21: 819-849, 2015.

Inverted PBI [23]

g(x|w, z⇤) = d1 + ✓d2
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k(F(x)� z⇤)Twk
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d2 = kF(x)� (z⇤ + d1
w

kwk )k
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g(x|w, znad) = d1 � ✓d2
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! Search dynamics of MOEA/D largely depends on the 
contours induced by the subproblem formulation.
! The shape of the contour might mislead the selection
! The search direction might not be suitable
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Learning to Decompose

PFPFPF

𝑓2 

𝑓1 𝐳𝑖𝑑  

𝐰1
 

𝐰2
 

𝐳1  

𝐳2  

𝐳3  

𝐳4  

𝛌2  

𝛌1  

☞ (& is better than (#; (' is better than ((

TCH

PBI

PFPFPF

𝑓2 

𝑓1 𝐳𝑖𝑑  

𝐰2
 

𝐳6  

𝛌2  

𝛌3  

𝐳5  

☞ () is better than (* with respect to )(

[12] M. Wu, et al., “Learning to Decompose: A Paradigm for Decomposition-Based Multiobjective
Optimization”, IEEE Trans. Evol. Comput., 23(3): 376-390, 2019.
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! Learned subproblem formulation
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Learning to Decompose (cont.)
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𝐳𝑖𝑑  
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𝑓2 
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𝛌∗,2  

𝐳𝑖𝑑  

minimize y(x|n⇤, z⇤) = h(F(x)|n⇤, z⇤) = d1 + ✓1d
2
2 + ✓2d

4
2,<latexit sha1_base64="6lBxQRT4a2hJenUA3YU0HSz9nF4="></latexit>

d1 = (F(x)� z⇤)Tn⇤

d2 = ||F(x)� z⇤ � d1n
⇤||

.
<latexit sha1_base64="Lv8FRD0H3cCkvyJoOipFq07RWVw="></latexit>

☞ A smaller/larger '# or '( leads 
to a wider/narrower opening.
" Too narrow opening causes a 

strict selection of the better 
solutions.

☞ '# controls the opening and the 
curvature of the contour at the 
vertex; '( does not influence 
the curvature.

How to set '# or '(? 

[12] M. Wu, et al., “Learning to Decompose: A Paradigm for Decomposition-Based Multiobjective
Optimization”, IEEE Trans. Evol. Comput., 23(3): 376-390, 2019.

! Learned subproblem formulation
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Learning to Decompose (cont.)
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𝛌∗,2  

𝐳𝑖𝑑  

minimize y(x|n⇤, z⇤) = h(F(x)|n⇤, z⇤) = d1 + ✓1d
2
2 + ✓2d

4
2,<latexit sha1_base64="6lBxQRT4a2hJenUA3YU0HSz9nF4="></latexit>

d1 = (F(x)� z⇤)Tn⇤

d2 = ||F(x)� z⇤ � d1n
⇤||

.
<latexit sha1_base64="Lv8FRD0H3cCkvyJoOipFq07RWVw="></latexit>

✓1 = max(
⇤

2
, 0) + 0.1

<latexit sha1_base64="DsqaK6J7DxX5bJY1akyWclDrNR8=">AAACE3icbVDJSgNBEO2JW4xb1KOXwSDEhTAzCnoRAl48RjALZGKo6fQkTXoWumvEMOQfvPgrXjwo4tWLN//GznLQxAcFj/eqqKrnxYIrtKxvI7OwuLS8kl3Nra1vbG7lt3dqKkokZVUaiUg2PFBM8JBVkaNgjVgyCDzB6l7/auTX75lUPApvcRCzVgDdkPucAmqpnT9ysccQ2valG8BD0fUl0NTtQxzDnQsKh6kzPLEOj62S3c4XrJI1hjlP7CkpkCkq7fyX24loErAQqQClmrYVYysFiZwKNsy5iWIx0D50WVPTEAKmWun4p6F5oJWO6UdSV4jmWP09kUKg1CDwdGcA2FOz3kj8z2sm6F+0Uh7GCbKQThb5iTAxMkcBmR0uGUUx0ASo5PpWk/ZAx4I6xpwOwZ59eZ7UnJJ9WnJuzgplZxpHluyRfVIkNjknZXJNKqRKKHkkz+SVvBlPxovxbnxMWjPGdGaX/IHx+QNKoJ0Q</latexit>

✓2 = max(min{✓2|h(z|n⇤, z⇤) > 0, 8z 2 Z⇤\z⇤}, 0) + 0.1
<latexit sha1_base64="TvK/lH+qDqjzaltRCpFqmV/Pcbo="></latexit>

Let the curvature of the contour 
ℎ " #∗, "∗ = 0 at "∗ just larger than 
the curvature of the estimated PF at "∗.
All other samples on the estimated PF 
have worse function values than "∗ on 
ℎ " #∗, "∗ .

! The improvement region of WS, TCH and PBI is too large
! Gives a solution large chance to update many agents: hazard to diversity

! Add a constraint to to reduce the improvement region [24]
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Constrained Decomposition

[24] L. Wang, Q. Zhang, et al., “Constrained Subproblems in a Decomposition-Based 
Multiobjective Evolutionary Algorithm”, IEEE Trans. Evol. Comput., 20(3): 475-480, 2016.

minimize g(x|w, z⇤)
subject to hai,F(x)� z⇤i  0.5✓i

<latexit sha1_base64="3+uwLxzgGT6oh8V1WZjYQq8dpEg="></latexit><latexit sha1_base64="3+uwLxzgGT6oh8V1WZjYQq8dpEg="></latexit><latexit sha1_base64="3+uwLxzgGT6oh8V1WZjYQq8dpEg="></latexit><latexit sha1_base64="3+uwLxzgGT6oh8V1WZjYQq8dpEg="></latexit>

! MOP to MOP (M2M)
! Decompose a MOP into K (K > 1) constrained MOPs [25].
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Subproblem Can Be Multi-Objective …

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

f1

f 2

⌦1
<latexit sha1_base64="ZOq/zmrMm0ol36q1Wn93vcyo85E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7fr9a81xvDrJK/ILUoECjX/3qDRKWSYwNE1Trru+lJsipMpwJnFZ6mcaUsjEdYtfSmErUQT6/d0rOrDIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjqtgQ/OWXV0nrwvU917+/rNXdIo4ynMApnIMPV1CHW2hAExgIeIZXeHMenRfn3flYtJacYuYY/sD5/AGCQ4+L</latexit><latexit sha1_base64="ZOq/zmrMm0ol36q1Wn93vcyo85E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7fr9a81xvDrJK/ILUoECjX/3qDRKWSYwNE1Trru+lJsipMpwJnFZ6mcaUsjEdYtfSmErUQT6/d0rOrDIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjqtgQ/OWXV0nrwvU917+/rNXdIo4ynMApnIMPV1CHW2hAExgIeIZXeHMenRfn3flYtJacYuYY/sD5/AGCQ4+L</latexit><latexit sha1_base64="ZOq/zmrMm0ol36q1Wn93vcyo85E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7fr9a81xvDrJK/ILUoECjX/3qDRKWSYwNE1Trru+lJsipMpwJnFZ6mcaUsjEdYtfSmErUQT6/d0rOrDIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjqtgQ/OWXV0nrwvU917+/rNXdIo4ynMApnIMPV1CHW2hAExgIeIZXeHMenRfn3flYtJacYuYY/sD5/AGCQ4+L</latexit><latexit sha1_base64="ZOq/zmrMm0ol36q1Wn93vcyo85E=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7fr9a81xvDrJK/ILUoECjX/3qDRKWSYwNE1Trru+lJsipMpwJnFZ6mcaUsjEdYtfSmErUQT6/d0rOrDIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjqtgQ/OWXV0nrwvU917+/rNXdIo4ynMApnIMPV1CHW2hAExgIeIZXeHMenRfn3flYtJacYuYY/sD5/AGCQ4+L</latexit>

⌦2
<latexit sha1_base64="Q5KPsOpOZGUJKv7qAUbBMBG9+kU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4s0K9gPaUDbbSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmGDZZIhLVCalGwWNsGm4EdlKFVIYC2+H4Zua3n1BpnsQPZpJiIOkw5hFn1Fip07uTOKT9Wr9S9VxvDrJK/IJUoUCjX/nqDRKWSYwNE1Trru+lJsipMpwJnJZ7mcaUsjEdYtfSmErUQT6/d0rOrTIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjKtsQ/OWXV0mr5vqe699fVutuEUcJTuEMLsCHK6jDLTSgCQwEPMMrvDmPzovz7nwsWtecYuYE/sD5/AGDx4+M</latexit><latexit sha1_base64="Q5KPsOpOZGUJKv7qAUbBMBG9+kU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4s0K9gPaUDbbSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmGDZZIhLVCalGwWNsGm4EdlKFVIYC2+H4Zua3n1BpnsQPZpJiIOkw5hFn1Fip07uTOKT9Wr9S9VxvDrJK/IJUoUCjX/nqDRKWSYwNE1Trru+lJsipMpwJnJZ7mcaUsjEdYtfSmErUQT6/d0rOrTIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjKtsQ/OWXV0mr5vqe699fVutuEUcJTuEMLsCHK6jDLTSgCQwEPMMrvDmPzovz7nwsWtecYuYE/sD5/AGDx4+M</latexit><latexit sha1_base64="Q5KPsOpOZGUJKv7qAUbBMBG9+kU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4s0K9gPaUDbbSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmGDZZIhLVCalGwWNsGm4EdlKFVIYC2+H4Zua3n1BpnsQPZpJiIOkw5hFn1Fip07uTOKT9Wr9S9VxvDrJK/IJUoUCjX/nqDRKWSYwNE1Trru+lJsipMpwJnJZ7mcaUsjEdYtfSmErUQT6/d0rOrTIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjKtsQ/OWXV0mr5vqe699fVutuEUcJTuEMLsCHK6jDLTSgCQwEPMMrvDmPzovz7nwsWtecYuYE/sD5/AGDx4+M</latexit><latexit sha1_base64="Q5KPsOpOZGUJKv7qAUbBMBG9+kU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Fjw4s0K9gPaUDbbSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmGDZZIhLVCalGwWNsGm4EdlKFVIYC2+H4Zua3n1BpnsQPZpJiIOkw5hFn1Fip07uTOKT9Wr9S9VxvDrJK/IJUoUCjX/nqDRKWSYwNE1Trru+lJsipMpwJnJZ7mcaUsjEdYtfSmErUQT6/d0rOrTIgUaJsxYbM1d8TOZVaT2RoOyU1I73szcT/vG5mousg53GaGYzZYlGUCWISMnueDLhCZsTEEsoUt7cSNqKKMmMjKtsQ/OWXV0mr5vqe699fVutuEUcJTuEMLsCHK6jDLTSgCQwEPMMrvDmPzovz7nwsWtecYuYE/sD5/AGDx4+M</latexit>

⌦3
<latexit sha1_base64="3bo7/xHgi/gayM6o1e3IzrXEO4U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0GPBizcr2FpoQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkorq2vrG+XNytb2zu5edf+gpZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoSj66n/8IRK80Tem3GKQUwHkkecUWOldvc2xgHtnfeqNc/1ZiDLxC9IDQo0etWvbj9hWYzSMEG17vheaoKcKsOZwEmlm2lMKRvRAXYslTRGHeSzeyfkxCp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPnSZ8rZEaMLaFMcXsrYUOqKDM2oooNwV98eZm0zlzfc/27i1rdLeIowxEcwyn4cAl1uIEGNIGBgGd4hTfn0Xlx3p2PeWvJKWYO4Q+czx+FS4+N</latexit><latexit sha1_base64="3bo7/xHgi/gayM6o1e3IzrXEO4U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0GPBizcr2FpoQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkorq2vrG+XNytb2zu5edf+gpZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoSj66n/8IRK80Tem3GKQUwHkkecUWOldvc2xgHtnfeqNc/1ZiDLxC9IDQo0etWvbj9hWYzSMEG17vheaoKcKsOZwEmlm2lMKRvRAXYslTRGHeSzeyfkxCp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPnSZ8rZEaMLaFMcXsrYUOqKDM2oooNwV98eZm0zlzfc/27i1rdLeIowxEcwyn4cAl1uIEGNIGBgGd4hTfn0Xlx3p2PeWvJKWYO4Q+czx+FS4+N</latexit><latexit sha1_base64="3bo7/xHgi/gayM6o1e3IzrXEO4U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0GPBizcr2FpoQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkorq2vrG+XNytb2zu5edf+gpZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoSj66n/8IRK80Tem3GKQUwHkkecUWOldvc2xgHtnfeqNc/1ZiDLxC9IDQo0etWvbj9hWYzSMEG17vheaoKcKsOZwEmlm2lMKRvRAXYslTRGHeSzeyfkxCp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPnSZ8rZEaMLaFMcXsrYUOqKDM2oooNwV98eZm0zlzfc/27i1rdLeIowxEcwyn4cAl1uIEGNIGBgGd4hTfn0Xlx3p2PeWvJKWYO4Q+czx+FS4+N</latexit><latexit sha1_base64="3bo7/xHgi/gayM6o1e3IzrXEO4U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0GPBizcr2FpoQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkorq2vrG+XNytb2zu5edf+gpZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoSj66n/8IRK80Tem3GKQUwHkkecUWOldvc2xgHtnfeqNc/1ZiDLxC9IDQo0etWvbj9hWYzSMEG17vheaoKcKsOZwEmlm2lMKRvRAXYslTRGHeSzeyfkxCp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPnSZ8rZEaMLaFMcXsrYUOqKDM2oooNwV98eZm0zlzfc/27i1rdLeIowxEcwyn4cAl1uIEGNIGBgGd4hTfn0Xlx3p2PeWvJKWYO4Q+czx+FS4+N</latexit>

⌦4
<latexit sha1_base64="SkK45cy1nbWFuQP0hZgTjmtO190=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7l/1qzXO9Ocgq8QtSgwKNfvWrN0hYJjE2TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LYypRB/n83ik5s8qARImyFRsyV39P5FRqPZGh7ZTUjPSyNxP/87qZia6DnMdpZjBmi0VRJohJyOx5MuAKmRETSyhT3N5K2IgqyoyNqGJD8JdfXiWtC9f3XP/+slZ3izjKcAKncA4+XEEdbqEBTWAg4Ble4c15dF6cd+dj0Vpyiplj+APn8weGz4+O</latexit><latexit sha1_base64="SkK45cy1nbWFuQP0hZgTjmtO190=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7l/1qzXO9Ocgq8QtSgwKNfvWrN0hYJjE2TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LYypRB/n83ik5s8qARImyFRsyV39P5FRqPZGh7ZTUjPSyNxP/87qZia6DnMdpZjBmi0VRJohJyOx5MuAKmRETSyhT3N5K2IgqyoyNqGJD8JdfXiWtC9f3XP/+slZ3izjKcAKncA4+XEEdbqEBTWAg4Ble4c15dF6cd+dj0Vpyiplj+APn8weGz4+O</latexit><latexit sha1_base64="SkK45cy1nbWFuQP0hZgTjmtO190=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7l/1qzXO9Ocgq8QtSgwKNfvWrN0hYJjE2TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LYypRB/n83ik5s8qARImyFRsyV39P5FRqPZGh7ZTUjPSyNxP/87qZia6DnMdpZjBmi0VRJohJyOx5MuAKmRETSyhT3N5K2IgqyoyNqGJD8JdfXiWtC9f3XP/+slZ3izjKcAKncA4+XEEdbqEBTWAg4Ble4c15dF6cd+dj0Vpyiplj+APn8weGz4+O</latexit><latexit sha1_base64="SkK45cy1nbWFuQP0hZgTjmtO190=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0GPBizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBVcG8/7dkpr6xubW+Xtys7u3v5B9fCopZNMMWyyRCSqE1KNgsfYNNwI7KQKqQwFtsPxzcxvP6HSPIkfzCTFQNJhzCPOqLFSp3cncUj7l/1qzXO9Ocgq8QtSgwKNfvWrN0hYJjE2TFCtu76XmiCnynAmcFrpZRpTysZ0iF1LYypRB/n83ik5s8qARImyFRsyV39P5FRqPZGh7ZTUjPSyNxP/87qZia6DnMdpZjBmi0VRJohJyOx5MuAKmRETSyhT3N5K2IgqyoyNqGJD8JdfXiWtC9f3XP/+slZ3izjKcAKncA4+XEEdbqEBTWAg4Ble4c15dF6cd+dj0Vpyiplj+APn8weGz4+O</latexit>

⌦5
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! Are all subproblems equally important?
! Some regions in the PF/PS are easier than the others.
! Different agents require different amounts of computational 

resources.

! Dynamic resource allocation (DRA) in MOEA/D [26]
! Utility function to measure the likelihood of improvement
! e.g. fitness improvement over

! Allocation mechanism
! e.g. probability of improvement

45

Dynamic Resource Allocation

[26] A. Zhou and Q. Zhang, “Are All the Subproblems Equally Important? Resource Allocation in 
Decomposition-Based Multiobjective Evolutionary Algorithms”, IEEE TEVC, 20(1): 52-64, 2016.
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Outline

! Offspring reproduction in MOEA/D
! Neighbourhood defines where to find mating parents
! Any genetic operator can be used
! GA [6], DE [27], PSO [28], guided mutation [29], …

47

Search Methods

[6] Q. Zhang and H. Li, “MOEA/D: A Multiobjective Evolutionary Algorithm Based on 
Decomposition”, IEEE Trans. Evol. Comput., 11(6): 712-731, 2007.
[27] H. Li and Q. Zhang, “Multiobjective Optimization Problems With Complicated Pareto Sets, 
MOEA/D and NSGA-II”, IEEE Trans. Evol. Comput., 13(2): 284-302, 2009.
[28] S. Martínez, et al., “A multi-objective PSO based on decomposition”, in GECCO 2011.
[29] C. Chen, et al., “Enhancing MOEA/D with guided mutation and priority update for multi-objective 
optimization”, CEC 2009

! Offspring reproduction in MOEA/D
! Neighbourhood defines where to find mating parents
! Any genetic operator can be used
! Any local search can be used
! simulated annealing [30], interpolation [31], tabu search [32], GRASP [33], Nelder-Mead [34], …

48

Search Methods

[30] H. Li, et al., “An adaptive evolutionary multi-objective approach based on simulated annealing”, 
Evol. Comput. 19(4): 561-595, 2011.
[31] K. Sindhya, “A new hybrid mutation operator for multiobjective optimization with differential 
evolution”, Soft Comput., 15:2041–2055, 2011.
[32] A. Alhindi and Q. Zhang, “Hybridisation of decomposition and GRASP for combinatorial 
multiobjective optimisation”, UKCI 2014.
[33] A. Alhindi and Q. Zhang, “MOEA/D with Tabu Search for multiobjective permutation flow shop 
scheduling problems”, CEC 2014.
[34] H. Zhang, et al., “Accelerating MOEA/D by Nelder-Mead method”, CEC 2017.
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! Offspring reproduction in MOEA/D
! Neighbourhood defines where to find mating parents
! Any genetic operator can be used
! Any local search can be used
! Probabilistic model can be used
! Memory
# Each agent records historical information, i.e. elites

! Model building and solution construction
␥ Each agent can build ‘local model’, e.g. ACO [35], EDA [36], cross entropy [37], graphical model [38], 

CMA-ES [39], based on memory of itself and its neighbour

49

Search Methods

[35] L. Ke, Q. Zhang, et al., “MOEA/D-ACO: A Multiobjective Evolutionary Algorithm Using Decomposition and 
Ant Colony”, IEEE Trans. Cybern., 43(6): 1845-1859, 2013.
[36] A. Zhou, Q. Zhang, et al., “A Decomposition based Estimation of Distribution Algorithm for Multiobjective
Traveling Salesman Problems”, Computers & Mathematics with Applications, 66(10): 1857-1868, 2013.
[37] I. Giagkiozis, et al., “Generalized decomposition and cross entropy methods for many-objective 
optimization”, Inf. Sci., 282: 363-387, 2014.
[38] M. de Souza, et al., “MOEA/D-GM: Using probabilistic graphical models in MOEA/D for solving 
combinatorial optimization problems”, arXiv:1511.05625, 2015.
[39] H. Li and Q. Zhang, “Biased Multiobjective Optimization and Decomposition Algorithm”, IEEE Trans. 
Cybern., 47(1): 52-66, 2016.

! Offspring reproduction in MOEA/D
! Neighbourhood defines where to find mating parents
! Any genetic operator can be used
! Any local search can be used
! Probabilistic model can be used
! Memory
# Each agent records historical information, i.e. elites

! Model building and solution construction
␥ Each agent can build ‘local model’, e.g. ACO [28], EDA [29], cross entropy [30], graphical model [31], 

CMA-ES [32], based on memory of itself and its neighbour

␥ New solutions are sampled from these models

␥ NOTE: too many models may be too expensive

# Memory update
␥ Offspring update each agent’s and its neighbour’s memory
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Search Methods

[35] L. Ke, Q. Zhang, et al., “MOEA/D-ACO: A Multiobjective Evolutionary Algorithm Using Decomposition and 
Ant Colony”, IEEE Trans. Cybern., 43(6): 1845-1859, 2013.
[36] A. Zhou, Q. Zhang, et al., “A Decomposition based Estimation of Distribution Algorithm for Multiobjective
Traveling Salesman Problems”, Computers & Mathematics with Applications, 66(10): 1857-1868, 2013.
…

! Using Probability Collective in MOEA/D
! Instead of a point-based search, probability 

collective aims to fit a probability distribution 
highly peaked around the neighbourhood of PS

51

Search Methods

[40] D. Morgan, et al., “MOPC/D: A new probability collectives algorithm for multiobjective
optimisation”, MCDM’13, 17-24, 2013

☞ Fit a Gaussian mixture model using solutions
associated with each subproblem

☞ Search is based one sampling or local search
upon the fitted model

! Expensive optimisation
! Building surrogate model for expensive objective function
! e.g. Gaussian processes (Kriging) [38, 39], RBF [40], …

52

Search Methods

[41] Q. Zhang, et al., “Expensive Multiobjective Optimization by MOEA/D with Gaussian Process Model”, IEEE 
Trans. Evol. Comput., 14(3): 456-474, 2010.
[42] T. Chugh, et al., “A Surrogate-Assisted Reference Vector Guided Evolutionary Algorithm for Computationally 
Expensive Many-Objective Optimization”, 22(1): 129-142, 2018.
[43] S. Martínez, et al., “MOEA/D assisted by RBF Networks for Expensive Multi-Objective Optimization 
Problems”, GECCO 2013.
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! Adaptive operator selection as a bandit problem [37]
! Strike the balance between the exploration and exploitation
! Exploration: acquire new information (diversity)
! Exploitation: capitalise on the available knowledge (convergence)

53

Search Methods

[44] K. Li, et al., “Adaptive operator selection with bandits for multiobjective evolutionary algorithm 
based on decomposition”, IEEE Trans. Evol. Comput., 18(1): 114-130, 2014.
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Outline

! Mating selection: how to select parents for offspring 
reproduction?
! Tournament selection, genotype neighbours, …
! MOEA/Ds leverage the neighbourhood structure of weight vectors
! Assumption: neighbouring subproblems have similar structure
! Select mating parents purely from neighbouring agents (simple MOEA/D)

55

Mating Selection

[27] H. Li and Q. Zhang, “Multiobjective Optimization Problems With Complicated Pareto Sets, 
MOEA/D and NSGA-II”, IEEE Trans. Evol. Comput., 13(2): 284-302, 2009.
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Population ☞ Focusing on the neighbourhood is 

too much exploited
☞ Give some chance to explore in 

the whole population [27]

! Mating selection: how to select parents for offspring 
reproduction?
! Tournament selection, genotype neighbours, …
! MOEA/Ds leverage the neighbourhood structure of weight vectors
! Assumption: neighbouring subproblems have similar structure
! Select mating parents purely from neighbouring agents (simple MOEA/D)
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Mating Selection (cont.)

[45] S. Zhao, Q. Zhang, et al., “Decomposition-Based Multiobjective Evolutionary Algorithm With 
an Ensemble of Neighborhood Sizes”, IEEE Trans. Evol. Comput., 16(3): 442-446, 2013.
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Effects of neighbourhood size (NS)
☞ Large neighbourhood makes the search globally
☞ Small neighbourhood encourages local search

Build an ensemble of neighbourhood sizes and 
chooses the appropriate one based on their 
historical performance. [45]
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! Mating selection: how to select parents for offspring 
reproduction?
! Tournament selection, genotype neighbours, …
! MOEA/Ds leverage the neighbourhood structure of weight vectors
! Assumption: neighbouring subproblems have similar structure
! Select mating parents purely from neighbouring agents (simple MOEA/D)

57

Mating Selection (cont.)

[46] S. Jiang, et al., “An improved multiobjective optimization evolutionary algorithm based on 
decomposition for complex Pareto fronts”, IEEE Trans. Cybern, 46(2): 421-437, 2016.
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Take crowdedness into consideration [46]
☞ Compute the niche count of each solution within 

agent i’s neighbour
☞ Select mating parents from outside of the 

neighbour if solutions are overly crowded

! Replacement: update the parent population
! Steady-state evolution model (oracle MOEA/D)
! Update as many neighbouring subproblems as it can (oracle 

MOEA/D)
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Replacement
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☞ The replacement strategy of the oracle 
MOEA/D is too greedy

☞ Offspring is only allowed to replace a 
limited number of parents [27]
" Pros: Good for diversity
" Cons: convergence may be slow

[27] H. Li and Q. Zhang, “Multiobjective Optimization Problems With Complicated Pareto Sets, 
MOEA/D and NSGA-II”, IEEE Trans. Evol. Comput., 13(2): 284-302, 2009.

! Matching-based selection [47, 48]
! Subproblems and solutions are two sets of agents
! Subproblems ‘prefer’ convergence, solutions ‘prefer’ diversity

59

Replacement (cont.)

PF

choose which one?

where to go?
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diversity
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[47] K. Li, Q. Zhang, et al., “Stable Matching Based Selection in Evolutionary Multiobjective
Optimization”, IEEE Trans. Evol. Comput., 18(6): 909–923, 2014.
[48] M. Wu, K. Li, et al., “Matching-Based Selection with Incomplete Lists for Decomposition Multi-
Objective Optimization”, IEEE Trans. Evol. Comput., 21(4): 554–568, 2017.

selection — matching

☞ A unified perspective to look at selection
☞ A generational evolution model for MOEA/D

" What is convergence?
⚙ Aggregation function, …

" What is diversity?
⚙ Perpendicular distance, angle …

" Mechanism to match
⚙ Stable matching, …

! Matching-based selection (extension) [49]
! Identify the inter-relationship between subproblems and solutions
! Find the related subproblems to each solution (e.g. fitness)
! Find the related solutions for each subproblem (e.g. closeness)

! Selection mechanism: each subproblem chooses its favourite 
solution

60

Replacement (cont.)
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[49] K. Li, Q. Zhang, et al., “Interrelationship-based selection for decomposition multiobjective
optimization”, IEEE Trans. Cybern. 45(10): 2076–2088, 2015.
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! Matching-based selection (extension):
! Global replacement [50]
! If the newly generated offspring is way beyond the current neighbourhood …
! Find the ‘best agent’ (i.e. subproblem) for the newly generated offspring
! Compete with solutions associated with this ‘best agent’

! MOEA/D-DU [51]
! Update the newly generated offspring’s ‘nearest’ subproblems

61

Replacement (cont.)

[50] Z. Wang, Q. Zhang, et al., “Adaptive Replacement Strategies for MOEA/D”, IEEE Trans. Cybern., 
46(2): 474-486, 2016.
[51] Y. Yuan, et al., “Balancing Convergence and Diversity in Decomposition-Based Many-Objective 
Optimizers”, IEEE Trans. Evol. Comput., 20(2): 180-198, 2016.
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Outline

! IEEE CIS task force on decomposition-based techniques 
in EC: https://cola-laboratory.github.io/docs/dtec/

63

Resources
! Website of MOEA/D: 

https://sites.google.com/view/moead/home

64

Resources (cont.)
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65

Resources (cont.)
! Workshop on decomposition techniques in evolutionary 

optimisation (DTEO)

66

Resources (cont.)

! Special Session on Advances in Decomposition-based 
Evolutionary Multi-objective Optimization (ADEMO)

67

Resources (cont.)
! EMO 2021: 11th International Conference on 

Evolutionary Multi-Criterion Optimization

68

Resources (cont.)
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Outline
! Big optimisation
! Many objectives
! Is approximating the high-dimensional PF doable?
! Problem reformulation (dimensionality reduction)
! Visualisation
! …

! Many variables (large-scale)
! Decomposition from decision space (divide-and-conquer): dependency structure analysis
! What is the relationship between the decomposed variable and subproblem?
! Sensitivity analysis for identifying important variables
! …

! Distributed and parallel computing platform

! EMO + MCDM: Human computer interaction perspective
! Subproblem is another way to represent decision maker’s preference
! e.g. weighted scalarizing function, simplified MOP

! How to help decision maker understand the solutions and inject 
appropriate preference information?

! How to use preference information effectively?
! …

70

Future Directions

! How to make the collaboration more effective?
! “In case of two agents for one problem, collaboration is useful” [52]
! How about a multi-agent system and cooperative game?

! Automatic problem solving: meta-optimisation/learning 
perspective
! Is the current MOEA/D the perfect algorithm structure?
! Use artificial intelligence to design algorithm autonomously
! Landscape analysis and problem feature engineering
! Algorithm portfolio: choose the right algorithm structure for the right 

problem
! …

! Data-driven optimisation
! Build and maintain a surrogate for each subproblem
! Subproblem has knowledge, e.g. solution history, knowledge can be 

shared among neighbourhood: transfer learning or multi-tasking?
! …

71

Future Directions (cont.)

[52] B. Huberman, et. al., “An Economics Approach to Hard Computational Problems”, 
Science, 275(5296): 51-54, 1997.

! Theoretical studies
! Convergence analysis
! Stopping condition
! From an equilibrium perspective?
! …

! Applications
! Engineering, e.g. water, manufacturing, renewable energy, healthcare 

…
! Search-based software engineering
! …

! Any suggestions?
! …

72

Future Directions (cont.)
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