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Acoustic tomography of moving fluid

o A moving fluid in a bounded domain D C RY, d > 2, is
characterized by sound speed ¢ = ¢(x), density p = p(x),
velocity v = v(x) and absorption o = w¢®ag(x)

@ There are acoustic transducers on 9D. A transducer produces
time-harmonic acoustic waves which are scattered by the fluid.
Scattered acoustic waves are recorded by other transducers.

reception

o  Acoustic tomography problem. Given
this data, recover fluid parameters.

Main applications in ocean tomography
(determine the ocean temperature and
heat transferring currents) and in medi-
cal diagnostics (determine scalar inhomo-
image: (Burov et al. '13) geneities and the blood flow)
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Acoustic tomography of moving fluid

w? e
L, A2/< + Vlnp>-VC22le (AC)

Data from point sources: G,|xxy, w €
recepllon
ot Q) where X, Y C 9D, Q C Rxg,

E e Acoustic tomography problem
Given G,|xxy for w € Q and ¢, find c,

point
image: (Burov et al. '13) v vp and v in D

LwGw(Xay) = 75}’(X)a X € Rd)
G, (-, y) radiates at co
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Mathematical framework

@ We consider the following operator with smooth coefficients:

d 2
tao==> (5o +() + Q. (OF)

j=1

where x = (x1,...,xq) € D,

A= (Al, R ,Ad), Aj(X) S Mn(C), Q(X) S Mn(C),
D is an open bounded domain in RY with boundary &D

@ L4 q acts on C"-valued functions in D
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Mathematical framework

d 2
Lao— - Z(ai " iAj(X)> Q). (OP)

j=1

@ Suppose that E € C is not a DE for L4 ¢ in D:

LA’QQ/J = Ew in D,
Ylop = f,

is uniquely solvable for any sufficiently regular f on 9D.

@ The Dirichlet-to-Neumann map Ay g = Aa @(E):

d
o .
NaQf = Zj:l vi(ge + iAo, (DN)
where v = (11, ...,14) is the unit exterior normal to 9D.
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Mathematical framework

d 2
0
Lpo=— Z(axj T iAj(x)> + Q). (OP)
=1
d
Aaof = Zj:1 Vj(a%- +iAj) Y] gp, (DN)

o Conjugation of La @ by a smooth GL,(C)-valued function g:

8laog ! = Las qe,

_ Oz _ .
AJg:gAng—}—la—fjg 17 J:]-?"'ada (GT)
Q¢ =gQg .

@ The following formula holds:
N s, qs = glooNaq(glan) -
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Mathematical framework

d
LA,Q = — ijl(a%— + iAj)2 + Q, (OP)
d
Aao(¥lop) = ZFI vi(g + iA)¥|ops Lao¥ = E¥,  (DN)

glaog ™! = Las qe,
Mg, s = Naq (GT)
g is smooth GL,(C)-valued, g|op = Id

The inverse Dirichlet-to-Neumann problem

Given A4 q at fixed E, find L4 @ modulo (GT).

inverse conjugacy class
—— Dirichlet-to-Neumann —> | of Schrédinger
problem operators

Alexey Agaltsov Algorithm for acoustic tomography of moving fluid



The IDN problem: scalar case

e Aj, Q are scalar functions, d € {2,3}, A= (Ay,...,Aq)

Lag=—(V+id?+Q, (OP)
Mof = (v-(V +iA)Y],p, (DN)
ei‘pLAerf"‘p = LA«prw,
AP = A+ Vo, (GT)
Q¥ =Q

o F =curl A and Q are gauge invariant and are uniquely
determined by A4 v(E), see [10] (d > 3) and [9] (d = 2)

o (A—(A-v)v)|sp is uniquely determined by As v(E), see [6]
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Acoustic scattering: reduction to the IDN problem

Use the second Green formula (Nachman '88):

Gu(x,¥)—G3(x,y) //GO(X 2)(A—=N2)(z, w) G, (w, y)dy dw

oD oD

where GB, /\g correspond tov =0, Vp=0, c = ¢y, a =0.

data f acoustic fod

ata from ul

. — tomography >

point sources parameters
problem

second Green formula

‘ D-to-N map(s) ‘
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Gauge fixing

@ Question. Suppose that we know how to solve the IDN
problem. How to complete the following diagram?

acoustic -
data from fluid
point sources parameters
| problem 4\
second Green formula ?
|
inverse conjugacy class(es)
‘ D-to-N map(s) ‘7 Dirichlet-to-Neumann ——= |  of Schrédinger
problem operators
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Gauge fixing

: 2
wv i w e
Lw:—A—2/<C2+2V|np>-V—C2—2le (AQ)
@ functions F and q,, are invariants of the conjugacy class:

F = curl %,
C
go="h —w2f2 + iwfz — 2iw1+cao,
1 1
h=p20p 2, h=%+%% £=V-(%) —% Vip

@ The fluid parameters can be recovered as follows:

conjugacy classes
Nopre o Aoy | —> | COIHEASY —> | F Guys 1 G|
of Ly, -+ Luy

[AXAXTN
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Gauge fixing: summary

fwv w? . aQ
Lw:—A—2I(C2—i—2V|np> V—§—21w1+c?, (AC)

No(¥lop) = 92 |,pr  Luth = 0.

@ p=po, g =0 = A, at fixed w determines v, ¢

@ g =0 = A, at 2 w's determines v, ¢, p

o (#0 = A, at 3 w's determines v, ¢, p, (, ag

o Explicit examples of non-uniquenes when ( =0
[Agaltsov, Bull. Sci. Math. "15]: uniqueness

[Agaltsov, Novikov, JIIP "15] : uniqueness and invisible fluids
[Agaltsov, EJMA '16]: algorithms
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Solving the acoustic tomography problem

@ So far we have the following scheme with vertical arrows being
explicit algorithms:

acoustic -
data from fluid
. _ tomography _
point sources bl parameters
problem >
es Pie
| et e
second 3 0O et fii
Green s 2™ g ® 15\ gauge fixing
ot ““-\Que“o\‘ eu\\'\',\\ko\;) [Agaltsov, EJMA '16]
=She o
rl; - \P‘ga;\tso“‘N |
-7 inverse conjugacy class(es)
‘ D-to-N map(s) ‘ ———— Dirichlet-to-Neumann ——> of Schrédinger
problem operators

@ Question. How to solve constructively the inverse
Dirichlet-to-Neumann problem?
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the acoustic tomography problem

A common project with Moscow University Acoustical Physics group (Burov et al.)

acoustic -
data from fluid
point sources parameters
‘ problem .
v i
eS: ..
sgcond G egc,\ \\r\a’g‘ 15\ gauge fixing
reen gu\ oV W [Agaltsov, EJMA '16]
formula \esoY' T oW

$ - e

-7 \ inverse conjugacy class(es)

‘ D-to-N map(s) ‘ ————— Dirichlet-to-Neumann ————=|  of Schrédinger
NRA problem operators
¢, s
{%’77:/7057},. /
1y e 4, N2 o%
/»ooje%j%%‘?%h’ s \‘\g e,‘\e Q& B
S SO Jo,) /I)@e,k ne \o\ $4\ A
’Oé/e ' //)‘/ \ / Q eOQ‘Q‘(\\x9
s :{57 scattering V\\'zi&
amplitude(s)
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The inverse scattering problem

_ d 8 2 \2
Aj, Q are smooth M,(C)-valued in D

@ Set A, Q equal to zero outside of D
o Consider functions ¢t (-, k), k € S\dfz_l ={k e RY| K2 =E}:

Laowt(x, k) = Evt(x, k), xR,
U (x, k) = e*1d, + ¥k (x, k),
o radiates at oo

. : d—1 d—1.
@ The scattering amplitude f4 g on Mg = Sf X Sf

universal
ws’:(x, k) = <spherica|> . fA7Q (k, |‘ ‘| ) (1 + O( )), |X| — 00.

wave
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Direct scattering problem

d
Lae==> (5 + iA) + @ (OP)

Direct scattering problem
Given Ly @, find f4 q.

e 1T (-, k) satisfies the Lippmann-Schwinger equation:

v (x, k) = e*1d, + /D G (x =y, k)(La,g — Loo)¥ ™ (y, k) dy, (LS)

ei€xd¢ 1

wu_n
~

T(x, k) = —(2m) ™ ~
G(Xa) (W) Ad§2_k2_i0 E_L070

@ The scattering amplitude f4 ¢ can be found from:

fralk ) = @) [ e (Lag—Loo)i (x. k) dx (SA)
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Gauge invariance

d
Lag = (5 +iA) +Q (OP)

fao(k, 1) = (2m)™? /R ) e ™(Lag — Loo)T(x,k)dx  (SA)

e Conjugation of La g by a GL,(C)-valued function g:

gLA,Qg_1 = Lpe s,
AE—gAig !t +ifEgt, j=1,....d. (GT)
Q¢ = gQg?

@ The amplitude is gauge invariant:

ng,Vg(ka l) = fA,V(ka I)a
if g — Id at oo sufficiently fast
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The inverse scattering problem

d
Lae=-2 (o + iA)’ + Q, (OP)
faq(k,1) = (2m)~? /Rd e ™(Lag — Loo)¥T(x,k)dx  (SA)

glaqg™" = Las,qs,

f, =f

A‘%an AQ» (GT)
g is smooth GL,(C)-valued,

g — Id at oo sufficiently fast

The inverse scattering problem

Given fa q at fixed E, find L4 @ modulo (GT).

[Agaltsov, Novikov, J. Math. Phys. '14]: algorithm
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The inverse scattering problem

@ Born approx. (A=0, Q € C[), see (Faddeev, '56; R. Novikov ‘15)
Qk—1) = f(k, 1)+ O(E™2) = @ = QF + O(E~ =)
o Generalized scatt. sol. ¢(x, k) = e yu(x, k) (Faddeev '65), where k = k()),
AeC\S'nkecC?\R?, k2=E
o For A € C\ S' U0 (Grinevich, Manakov ‘86; R. Novikov ‘99)

Fanlx, A) = rx Vplx, —2) = 0, since r(x,) = O(E~3),

fi (X, A) = pi—(x, A) + / p(x; A N )= (x, N)dX', X € ST,
JSst
/L(X,OO) =1, :“’(Xv ')‘5110 = H=x,

If r =0, we get the nonlocal Riemann-Hilbert problem. Study of such problems
goes back to (Manakov '81). Finding p from f (R. Novikov ‘86, '86). Solution
for p(x, X\, X') = p(x, X', A) (Grinevich, R. Novikov ‘85, ‘86)

0 Y(x, k(N) = e®(uF + N + -+ ) collect coefficients of A%, AL in
La, @ = E1p, for obtaining expressions for A, Q in terms of y,f (Grinevich, R.
Novikov ‘85)

o Solution for A =0 and estimate Q = Q + O(E*¥) (R. Novikov ‘98, ‘99).
General solution [Agaltsov, Novikov, JMP '14]
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the acoustic tomography problem

A common project with Moscow University Acoustical Physics group (Burov et al.)

acoustic -
data from fluid
point sources parameters
‘ problem .
v i
eS: ..
sgcond G egc,\ \\r\a’g‘ 15\ gauge fixing
reen gu\ oV W [Agaltsov, EJMA '16]
formula \esoY' T oW

$ - e

-7 \ inverse conjugacy class(es)

‘ D-to-N map(s) ‘ ————— Dirichlet-to-Neumann ————=|  of Schrédinger
NRA problem operators
¢, s
{%’77:/7057},. /
1y e 4, N2 o%
/»ooje%j%%‘?%h’ s \‘\g e,‘\e Q& B
S SO Jo,) /I)@e,k ne \o\ $4\ A
’Oé/e ' //)‘/ \ / Q eOQ‘Q‘(\\x9
s :{57 scattering V\\'zi&
amplitude(s)
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From D-to-N map to scattering amplitude

d
Lag=— ijl(a% +iA)’ + @, (OP)

d .
Ma@Wlop) =D vilgy + A)Y]sp, Lagy = EV,
Aj, Q are M,(C)-valued with compact support in D (DN)

o Let up satisfy Looug = Eug and u satisfy Ly qu = Eu in D.
Then the following formula holds (Alessandrini '88):

/uo(x)(LA’Q— Loo)u(x)dx = / uo(x) (Aa,@ — Noo) u(x)dx  (Al)

D oD
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From D-to-N map to scattering amplitude

P (x, k) = e +/D G (x =y, k) (Lag — Loo)¥ " (y, k) dy (LS)
faalk, 1) = (27)~ /D e ™ (Lag — Loo)d™ (x, k) dx (SA)
/ uo(x) (La,g — Lo,o) u(x)dx = / uo(x) (Aa,@ — Noyo) u(x)dx (Al

P oD

@ (LS) + (Al) imply
Wk = et | G0y k) (g — Moo)¥ T (x, k) dx
o (SA) + (Al) imply
faq(k, 1) = (2r)~ /BD e ™ (Aaq — Moo) T (x, k) dx
(R. Novikov '92): A =0, (Eskin-Ralston '97): A # 0, (R. Novikov '05):

background potential, [Agaltsov, JIIP "15]: general case, matrix coefficients
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