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1 The Euler system of equations

The Euler system of equations describing flows of incompressible fluids with-
out viscosity

V⃗t + (V⃗ · ∇⃗)V⃗ + ∇⃗P = 0, (∇ · V⃗ ) = 0, (1)

in the variables U(x, y, z, t) = a + U(x − at, y − bt, z − ct), V (x, y, z, t) =
b + V (x − at, y − bt, z − ct), W (x − at, y − bt, z − ct), P (x, y, z, t) = P0 +
P (x− at, y − bt, z − ct), where a, b, c are the constants, takes the form

UUξ + V Uη +WUχ + Pξ = 0, UVξ + V Vη +WVχ + Pη = 0,

UWξ + VWη +WWχ + Pχ = 0,

Uξ + Vη +Wχ = 0, (2)

where ξ = x− at, η = y − bt, χ = z − ct are the new variables.
Studying of the system (2) allow as to formulate the following theorems

Theorem 1. Non singular and non stationary periodic solution of the sys-
tem (1) has the form

U(x, y, z, t) = a+A sin(z − ct) + C cos(y − bt),

V (x, y, z, t) = b+B sin(x− at) +A cos(z − ct),

W (x, y, z, t) = c+ C sin(y − bt) +B cos(x− at),

P (x, y, z, t) = 1/2CB sin(−y + bt+ x− at)− 1/2CB sin(y − bt+ x− at)−

−1/2BA sin(−z + ct+ x− at)− 1/2BA sin(z − ct+ x− at)+

+1/2AC sin(−z + ct+ y − bt)− 1/2AC sin(z − ct+ y − bt) + F2 (t), (3)

which is is generalization of the famous stationary ABC − flow [1].

Theorem 2. Non singular and non stationary solution of the system (1)
has the form

U(x, y, z, t) = a+1/2C1 sin(y−bt)+1/2E1 cos(y−bt)+1/2F1 cos(z−ct)+

+1/2H1 sin(z − ct),

V (x, y, z, t) = b+ 1/2F1 sin(z − ct)− 1/2H1 cos(z − ct)−A1 sin(x− at)+

+B3 cos(x− at),
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W (x, y, z, t) = c+A3 cos(x− at) + B3 sin(x− at)+

+1/2C1 cos(y − bt)− 1/2E1 sin(y − bt),

P (x, y, z, t) =

−1/4A3 C1 cos(y − bt+ x− at)− 1/4A3 C1 cos(−y + bt+ x− at)−

−1/4A3 E1 sin(−y + bt+ x− at) + 1/4A3 E1 sin(y − bt+ x− at)−

−1/4B3 C1 sin(−y + bt+ x− at)− 1/4B3 C1 sin(y − bt+ x− at)−

−1/4A3 F1 cos(z − ct+ x− at) + 1/4A3 F1 cos(−z + ct+ x− at)−

−1/4B3 E1 cos(y − bt+ x− at) + 1/4B3 E1 cos(−y + bt+ x− at)−

−1/4A3 H1 sin(−z + ct+ x− at)− 1/4A3 H1 sin(z − ct+ x− at) + +

+1/4B3 F1 sin(−z + ct+ x− at)− 1/4B3 F1 sin(z − ct+ x− at)+

+1/8H1 E1 sin(−z + ct+ y − bt)− 1/8H1 E1 sin(z − ct+ y − bt)+

+1/4B3 H1 cos(z − ct+ x− at) + 1/4B3 H1 cos(−z + ct+ x− at)+

+1/8H1 C1 cos(z − ct+ y − bt)− 1/8H1 C1 cos(−z + ct+ y − bt)−

−1/8F1 E1 cos(z − ct+ y − bt)− 1/8F1 E1 cos(−z + ct+ y − bt)−

−1/8F1 C1 sin(−z + ct+ y − bt)− 1/8F1 C1 sin(z − ct+ y − bt) + F2 (t),

where Ai, Bi, Ci, Fi,Hi are the arbitrary constants.

Theorem 3. Non singular one-soliton solution of the system (1) has the
form

U(x⃗, t) = a+
eαx−αat+β y−β bt+δ z−δ ct (β − δ)

1 + 2 eαx−αat+β y−β bt+δ z−δ ct + e2αx−2αat+2β y−2β bt+2 δ z−2 δ ct
,

V (x⃗, t) = b−
eαx−αat+β y−β bt+δ z−δ ct

(
δ β + δ2 + α2

)
α (1 + 2 eαx−αat+β y−β bt+δ z−δ ct + e2αx−2αat+2β y−2β bt+2 δ z−2 δ ct)

,

W (x⃗, t) = c+
eαx−αat+β y−β bt+δ z−δ ct

(
α2 + β2 + δ β

)
α (1 + 2 eαx−αat+β y−β bt+δ z−δ ct + e2αx−2αat+2β y−2β bt+2 δ z−2 δ ct)

,

where (α, β, δ) are parameters.

Starting on such type of solution, N - soliton solutions of the system (1)
can be constructed with the help of 3D -analogue of the Bäcklund transfor-
mation.
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Theorem 4. The two-soliton solution of the system (1) has the form

U(x⃗, t)− a =

= −
(δ2β + δ α2 + β α2 + β3 + δ3 + δ β2)

(
eα (x−at)+β (y−bt)+δ (z−ct) − 1

)
eα (x−at)+β (y−bt)+δ (z−ct)(

1 + eα (x−at)+β (y−bt)+δ (z−ct)
) (

1 + 2 eα (x−at)+β (y−bt)+δ (z−ct) + e2α (x−at)+2β (y−bt)+2 δ (z−ct)
)
α
,

V (x⃗, t)− b =

=

(
δ2 + α2 + β2

) (
eα (x−at)+β (y−bt)+δ (z−ct) − 1

)
eα (x−at)+β (y−bt)+δ (z−ct)(

1 + eα (x−at)+β (y−bt)+δ (z−ct)
) (

1 + 2 eα (x−at)+β (y−bt)+δ (z−ct) + e2α (x−at)+2β (y−bt)+2 δ (z−ct)
) ,

W (x, y, z, t)− c =

=

(
δ2 + α2 + β2

) (
eα (x−at)+β (y−bt)+δ (z−ct) − 1

)
eα (x−at)+β (y−bt)+δ (z−ct)(

1 + eα (x−at)+β (y−bt)+δ (z−ct)
) (

1 + 2 eα (x−at)+β (y−bt)+δ (z−ct) + e2α (x−at)+2β (y−bt)+2 δ (z−ct)
) .

Three- soliton solution has cumbersome form and we omit it here.
Note that for N-soliton solutions of such form the condition P (x, y, z, t) =

const fulfilled.

Remark 1. To construct similar examples of solutions of the Navier-Stokes
equations

V⃗t + (V⃗ · ∇⃗)V⃗ + ∇⃗P = µ∆V⃗ , (∇ · V⃗ ) = 0,

instead of the standard condition of incompressibility (∇⃗· V⃗ ) = 0 can be used
equivalent to him

VWPx + UWPy + UV Pz − V 2(WU)y −W 2(V U)z − U2(WV )x+

+µ(WV∆U + UW∆V + UV∆W ) = 0.

References

1.V.S.Dryuma. The Ricci-flat spaces related to the Navier-Stokes Equations,
Buletinul AS RM (mathematica), 2012, v.2(69), p. 99-102.
2.V.S.Dryuma. On integration of the equations of incompressible fluid flows,
IV International Conference : ”Problemy matematicheskoi i teoreticheskoi
fisiki i matematicheskoe modelirovanie: sbornik dokladov” ,(Moskva, NIYAU
MIFI, 5-7 aprelya).M.: NIYAU MIFI, 2016, str. 49-51.
3.Dryuma V.S. Limit cycles and attractors in flows of incompressible fluid,
International Conference on Differential Equations and Dynamical Systems,
Abstracts, http:/agora.guru.ru/diff2016, Suzdal, 8-14 July 2016, p. 250-251.
4.Dryuma V. Homogeneous extensions of the first order ODE’s, Interna-
tional Conference ”Algebraic Topology and Abelian Functions”, 18-22 June,
2013, Abstracts, Moscow, MI RAS, p. 78-79.
5. V. Dryuma, On solving of the equations of flows of incompressible liq-
uids, International Conference: ”Mathematics and Information Technolo-
gies”, June 23-26, 2016 ,Abstracts (MITRE-2016) , p. 28-29.

3


