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1 The Euler system of equations

The Euler system of equations describing flows of incompressible fluids with-
out viscosity
Vi+ (V- V)V+VP=0, (V-V)=0, (1)

in the variables U(x,y, z,t) = a + U(x — at,y — bt,z — ct), V(z,y,2,t) =
b+ V(x—at,y—bt,z —ct), W(x —at,y — bt,z —ct), P(z,y,2,t) = Py +
P(x — at,y — bt, z — ct), where a, b, ¢ are the constants, takes the form

UU+ VU, +WU, + P =0, UVe +VV, + WV, + P, =0,
UWe+ VW, +WW, + P, =0,
Us+V,+ W, =0, (2)

where £ =z —at, n =y — bt, x = z — ct are the new variables.
Studying of the system (2) allow as to formulate the following theorems

Theorem 1. Non singular and non stationary periodic solution of the sys-
tem (1) has the form

U(z,y,2,t) = a+ Asin(z — ct) + C cos(y — bt),
V(z,y,2,t) = b+ Bsin(x — at) + Acos(z — ct),
W(z,y,z,t) = c+ Csin(y — bt) + B cos(x — at),
P(z,y,2,t) =1/2CBsin(—y + bt + x — at) — 1/2CBsin(y — bt + = — at)—
—1/2BAsin(—z + ct+x — at) — 1/2 BAsin(z — ¢t + x — at)+
+1/2 ACsin(—z + ct+y — bt) — 1/2 ACsin(z — ct +y — bt) + _F2(t), (3)
which is is generalization of the famous stationary ABC — flow [1].

Theorem 2. Non singular and non stationary solution of the system (1)
has the form

U(z,y,2,t) =a+1/2 C; sin(y—bt)+1/2 E; cos(y—bt)+1/2 F; cos(z—ct)+

+1/2 H; sin(z — ct),
V(z,y,2,t) =b+1/2 F; sin(z —ct) — 1/2 H; cos(z — ct) — A; sin(x — at)+
+ B3 cos(x — at),



W(z,y,2,t) =c+ Ag cos(x — at) + Bs sin(z — at)+
+1/2 C; cos(y — bt) — 1/2 E; sin(y — bt),
P(z,y,z,t) =
—1/4 As C; cos
—1/4 Ag E; sin

(y—bt+x—at)—1/4 A5 C; cos(—y + bt + = — at)—
(—y+bt+x—at)+1/4As E; sin(y — bt + x — at)—
—1/4 B35 Cy sin(—y + bt +x — at) — 1/4 By C; sin(y — bt + x — at)—
—1/4As Fy cos(z —ct+x —at) +1/4 A3 Fy cos(—z+ct +x — at)—
—1/4 B3 Ey cos(y — bt +x — at) + 1/4 Bg E; cos(—y + bt + x — at)—
—1/4 A3 Hy sin(—z+ct+x —at) —1/4 Ag H; sin(z — ct +x — at) + +
+1/4 Bg F; sin(—z +ct + x —at) — 1/4 Bs F; sin(z — ¢t + x — at)+
+1/8H; E; sin(—z+ct+y—bt) —1/8 Hy Ey sin(z — ¢t +y — bt)+
+1/4 Bg Hy cos(z — ct + x —at) + 1/4 Bs H; cos(—z + ¢t + x — at)+
+1/8 H; C; cos
—1/8 F; E; cos

—1/8F; C; sin(—z+ct+y—bt) —1/8F; C; sin(z — ct +y — bt) + Fao(t),

(z—ct+y—>bt)—1/8H; C; cos(—z+ ct +y — bt)—
(z—ct+y—>bt)—1/8F; Ey cos(—z +ct+y — bt)—
where A;, B;, C;, F;, H; are the arbitrary constants.

Theorem 3. Non singular one-soliton solution of the system (1) has the

form
. e T—a at+By—Bbt+d z—d ct (ﬂ _ 6)
U(ﬂ?, t) =a+ 1+2 ecr—aat+By—Bbt+z—dct + e2ar—2aat+2By—2Bbt+252-246ct’
exr—aat+By—pLbi+dz—dct (56 + 52 + a2)
V(& 1) =b-— (1 + 2eao—aattBy—Bbitoz—dct | (Zas—2aati2fy—2P0it20z—20ct)’
exr—aat+By—pLbi+dz—dct (042 + 52 + 5/8)
W(Z,t) = c+

a (1 + 2 eax—aat+fy—Bbt+sz—dct + 62ax72aat+25y725bt+25z72§ct) ’
where (o, 3,8) are parameters.

Starting on such type of solution, N- soliton solutions of the system (1)
can be constructed with the help of 3D -analogue of the Backlund transfor-
mation.



Theorem 4. The two-soliton solution of the system (1) has the form
U(Z,t) —a=
(525 452+ Ba2+ B3+ 53+ 552) (ea (z—at)+B (y—bt)+6 (z—ct) _ 1) e (z—at)+p (y—bt)+6 (z—ct)
(1 + €0 antB (y—b0+3 (-=cD)) (1 4 2 2 (e-al) 1B (7B T3 (=—cl) 1 20 (r—al) 128 (y—b) 120 (=—c0)) o’
V(& t)—b=
(52 +a+ 52) (ea (z—at)+B (y—bt)+6 (z—ct) _ 1) e (w—at)+B (y—bt)+6 (z—ct)
(1 + eo @-al)+B (b0 3 (=—ch)) (1 4 2 o (e-ab)+B (y—b+2 (z—ch) 4 (2o (e—at) 125 (y=bD)+20 (z—ch))’

W(x,y,2,t) —c=
(52 +a2+ 52) (ea (z—at)+B (y—bt)+6 (z—ct) _ 1) o0 (—at)+B (y—bt)+d (z—ct)
(1 + o (z—at)+B (y—bt)+5 (zfct)) (1 + 2 e (z—at)+B (y—bt)+d (z—ct) | p2a(z—at)+2 B (y—bt)+24 (zfct)) :

Three- soliton solution has cumbersome form and we omit it here.
Note that for N-soliton solutions of such form the condition P(z,y, z,t) =
const fulfilled.

Remark 1. To construct similar examples of solutions of the Navier-Stokes
equations

Vi+(V-V)V+VP=puAV, (V-V)=0,
instead of the standard condition of incompressibility (ﬁ q) =0 can be used
equivalent to him

VWP, + UWP, +UVP, - V*WU), - W(VU), — U*(WV )+
+u(WVAU + UWAV + UVAW) = 0.
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