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The space of of self-adjoint periodic eigenvalue and

eigenfunction boundary-value problems

="+ p(x)y = Ay, y(0)—y(2r)=y'(0)-y'(2r)=0, (1)

P {p € CO(2r) | /Ozﬂ p(x)dx — o}

The spectrum consists of real eigenvalues, which have multiplicity
at most 2:

Mo(p) <AT(P) S M (P) <o < N (P)SAL(P) <. |

Eigenfunctions corresponding to eigenvalues with subscript k have
precisely 2k nondegenerate zeros on the half-open interval [0, 277).
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The manifold of eigenfunctions with exactly 2k zeros

27
Yi = {y € C2(2) : /0 JRax = 1 (@) it = A Py =

The set Yi (k=0,1,...) consists of all functions y such that:

1. there exist 2k points x; € [0, 27) at which

y(xi) = y"(xi) = 0,y'(xi) #0;

2. the function y has no other zeros;

3. there exist derivatives y(3)(x;) < oo

4. Yy is a manifold which locally C*°-diffeomorphic to space P.

5. There are mappings which recover the eigenvalue and potential:

1 27 y//
/\k : Yk—>R, /\k(y):)\:: — —dx;
2 Jo Yy
y//
fo: Ye— P, fily)=p:= n + Ar(y)-
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The degenerate and nondegenerate eigenfunctions

For k € N a pair (y,z) € Yk x Yk is said to be conjugated if these
functions are generated by the same potential p and fozﬂ yzdx = 0.
Any eigenfunction y € Y has a unique conjugated function

z=1(y) and I*(y) = y. If A= (p) < A*(p) then I(y*(p)) = y7(p)-

Lacuna(y) is AAk(y) := Ae(y) — Ac(I(y)),
Yk(A/\k = C) = {y € Yy: A/\k(y) = C} .
Y, = UCERYk(AAk = C)

The set Yix(AAg = 0) is called degenerate; if C # 0, Yi(AAx = C)
is nondegenerate.

1. For any fixed C, the subset Y (AAx = C) C Yk is a
C°°-submanifold of codimension 1; for any C; # (,

Yk(A/\k = C1) = Yk(A/\k = C2)

2. Yk = Yk(A/\k = C) X R ~ RPl.
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The degenerate and nondegenerate potentials

|AX(P)| := AL (P) = A (p) > 0,
P(|AX¢| = C):={pe P: |AXc(p)| = C > 0}.
P= UCZ()P(’A)\;(’ = C)

1. For any fixed C > 0, the nondegenerate subset

P(|AXk| = C) C P is a C*°-submanifold of codimension 1;
P(|AA| = C) x Rt 2 P\ P(|AX(| =0) ~ RP.

2. The degenerate subset P(|AMx| = 0) C P is a C*°-submanifold
of codimension 2; P(|AMk| = 0) ~ .

3. For C # 0, fk‘iC : Yk(A/\k = :|:C) — P(’A)\k’ = ‘C‘) is
C°-diffeomorphism.

4. For C = 0, fk‘O . Yk(A/\k = 0) — P(‘A)\k‘ = 0) is C*-bundle
with RP?! as fiber:

5. For any C, Yx(AA, = C) = P(|AX| = 0) x RPL.
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The analytic description of bundle of Y

For y € Yix(AA, = 0) Wronskian

W(y):=W(y,I(y)) =y (I(y)) =y - I(y) = const.
The mapping

exp <2W(y) Jo Y1y )y
[ B

[F« Yk(A/\k = O)XR — Y, F(y, A)\) =

is C*°-diffeomorphism and F(y, AX) € Yi(AAx = AN).
The inverse mapping is
F71:Y = Yi(AA, =0) x R,

1/2
Fy) = (L+ gy foy - 10e) "y
||~-HL2

 AN(y)
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Levels of functional A

1. For any fixed C, the subset Y, (Ax = C) C Yy is a
C®°-submanifold of codimension 1; for any (i # &,
YAk = G) = Yi(Ae = ).

2. Yk 2 Yi(Ak = C) x R ~RPL

On Y) consider the vector field
27
_ Jo T yhdx — y?
4f027r(y’)2dx
there exists the vector flow F': Y) — Y (—oo < t < 00)

F{(Yi(Ak = C)) = V(A = C + t).

y=v(y): y = Mv(y)=1=
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The parametrization of manifolds Y} and P

Hi C C?(27) is the set of functions 7 that satisfy the conditions
1. n(x) € C?(2n),

2. n(x) >0,

3. f027r n(x) dx = 27k,

4.

/2” sin2 [ n(t) dt S /2“ cos2 [ n(t) dt e
0 n(x) " Jo n(x)

The set H, is homotopy trivial C*°-manifold.

By definition 6(x; ¢, 1) := ¢ + [ n(t)dt, where ¢ € RP? J
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The parametrization of manifold Y

T:H xR xRP! - Yy,

T(n, AN, @) =
sign(AX) __ const (A)\ /X sin 29(t; 90777) > .
y*'€ = ex —————""=dt | -cos(0(x; ©,n)).
771/2(X) 4/ n(t) (0(x; ¢, m))

T is C*°-diffeomorphism.
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The parametrization of manifold P

" /! 3 1\2
r(x) — (yk) _ _n + (772) _772+

Yk 2n - 4n
AN sin20(x; o,m)  AX?sin?26(...) AN
— AXcos20(...) + ==
212 T 1ep cos20(--)+ =

1 27

Ak = “2 r(x)dx,

®: He x RT x RPY = P, &(n, A, ) = p(x) := r(x) + A
o is C*°-diffeomorphism.
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