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A schematic diagram of a capillary zone electrophoresis setup
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The interior of capillary is filled with an electrolyte. The sample to be analyzed is
injected in the capillary. Due to electric field it travels down the capillary and forms
some zones. So we have some travelling zones and we can identify a mixture.
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Mathematical model of capillary zone electrophoresis

System of two hyperbolic equations

k k. k
ou +a <yu>_0, k=12

ot ox \1+s

s=u' +u®> -1 )

uk — «effective» concentrations,
yk — «effective» component mobilities,
s —conductivity of the mixture

.

System of two hyperbolic equations, written in the Riemann invariants

A change of variable t — u'u?t
oRF ., 9RK

/\1 (Rl,RZ) = RlRle, )\2(R1,R2) = RZRlRZ

=0, k=12,

V.
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Riemann invariants and concentrations

Concentration expressed by Riemann invariants, u = u(R)

1 PR )R =) (R p?) (R — p?)
2

YRR -2 RIR?(p? — ')

R = R(u) is the roots of characteristic polynomial

(1+u' +u®)(R)* — (pr 4+ 1> + ulp® + ?uHR + plp®> = 0
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Riemann problem

Initial data
R
Ri(x)=¢ g, al<x<ax’, R5(x)={ ¢4 xl<x<a?
p, o <z, w2, <z,
0<q1<ptl<;42<q2

Rankine-Hugoniot conditions

D[RR sy, ke
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Hyperbolic and elliptic domains

F(uy,u2) = (1 + po + i + apn)* — 4(1+ ) pa oo
@ F(ug,up) >0, 1+4s > 0 — hyperbolic type,
@ F(uq,up) < 0 — elliptic type

C:< = ' - )
M2 — f1 g2 — f1
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Evolution of initial discontinuities
Parameters and initial conditions
% -1, xlz—l, =1

u(l):2, Uy =
gt=2 ul=5 =8 =10
k
2u
1
T
0 2 4 6
—1
T
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Evolution of initial discontinuities

Z = {RL(x, 1), R2(x, ) a(1), bi()}

ar(t), br(t) — left and right border of zone,
Ri(x,t),R2(x,t) — Riemann invariants in zone

t
Tp
T3

Ent
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Evolution of initial discontinuities

Solution at the moment t = +0
Zy = {p' 1% =00, (D)}, Za=A{q', p%x5(8), 27 (1)},
Z5 = {q", Ri(Z)xg (1), 5(1)}, Za={q",q%x2(t),x] (1)},
Zs = {Ry(2"), 52 (1), ()}, Z7 = {p', a5 (1), 52 (8)},
Zs = {u', y% x5 (t), +oo},

1 _ A2 2 |
R;<z1>=,/;—2, 2 (xf) = =%, R§<z2>=,/‘;—1, 2(x,t) = ==

Strong waves and rarefaction waves

xg _ xl —I—qulyzt, xg _ X2 + ]’lll’lzqzt’ Dl _ ql‘ul‘u2, DZ _ ]11]42‘]2}

(
(

i =2 +q'q’t, =2+l

2=l gyt 2 =l gl

V.
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Evolution of initial discontinuities
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Evolution of initial discontinuities

Interaction between two rarefaction waves

The point of interaction is the solution of equation x2(t) = x} ()

x2 ol gt

Tint = W’ Xint =

— 22

ql_qZ

V.

Zones

Zone Z4 disappears, new zone Zj5 appears and border of zone Z3 and Zg
are changed

Zs = {R'(x,1), R*(x, £); (1), 6(£) }
Zs ={q",R;(2%));x(t), (1)}, Zs = {Ra(2%),4%,0(t), x; (1)}

M. Elaeva, M. Zhukov, E. Shiryaeva () 12—15 September, 2016 11 / 40



Evolution of initial discontinuities

Functions ¢(t), 6(t)
Line ¢(t) is the weak discontinuity of Riemann invariant R!. For determing
@(t) one have the Cauchy problem

d
d—f =AM (gL, R2), @(Tint) = Ximt

The solution is
1/2 3/2 1/2

For weak discontinuity x = 6(t) of Riemann invariant R? one can find

2)1/2

(0—2)""2 = (@) (/2 = THZ) + (Ko — x

int
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About the action of ¢(t) and 6(t)

Zone Zj3 disappears at the point
intersects the characteristic x =

we have 2
Ty = U

(T3,X3), when the characteristic x = ¢(f)
12() From equation X3 = (P(T3) _ xlz(T3)

q) 1, 1,22

5 Lint, Xz=x +quuTs

(q' =2 "

Zone Zg disappears at the point (Tg, Xg), when the characteristic x = 6(t)
intersects the characteristic x = x!(t). From equation Xg = 6(Ts) = x!(Ts)
we have
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The Goursat problem

For equations

oRK ORF
— +ARLR)) =~ =0, k=12
o PA RIS =0, e
)Ll(Rl,Rz) — RlRle, AZ(RI,RZ) _ R2R1R2
we have the Goursat problem with initial data that have weak discontinuities
on the characteristics x = ¢(t), x = 6(f)

1 1 2 _ P22
R ‘x:(/)(t) — q 7 R ‘X:(P(t) - Ra(z ((P(t)’t))’
At the point (T, Xint)
1
Ry, =77 Rlig, =10
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The hodograph method

For system
ORK ORK
— + MRLRH=— =0, k=1,2,
TR

we can apply the classical hodograph method. Using the replacement of
independent and dependent variables (R!, R?) = (x,t) we get

sz - /\ltRZ = 0, le - AztRl S 0

Using the compatibility conditions we get
2
tRlRZ + ﬂ(tRl - tRz) = 0

The Riemann-Green function is defined

((R*+R?)(r! +72) —2(R'R? +r'r?)) (r! — 1?)

V(7,1,1,2|R1’R2) = (Rl _RZ)S
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The hodograph method

Expression for t(R!, R?)
t(R',R*) = Ty V(q',4*|R', R?) =
(x* —x))(2R'R? +24'¢* — (q' +4°)(R1 + R?))

- 7'2(RT — R2)

The initial condition

1 RZ 2

|t:Tint - q / ‘t:Tint - q

is satisfied

Ha', %) = TV (', %1%, 4%) = Timt
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The hodograph method

The equations

k
+Ak(R1,R2)aa£x =0, k=12

ORK
ot

have symmetry property. After a change of variables
R'=_—

we get
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The hodograph method

Expression for x(R?!, R?)
2R*+R' —2(q" +4°)
72 (RT — R2)3
(xl(Rl)S . xZ(RZ)S) + 3R1R2(R2x2 . Rlxl)
(Rl _ RZ)B

x(RY, R?) = (x* — x1)(R'R?) u

_|_

Functions t(R', R?), x(R', R?) determine the implicit solution.
t
Tg
T3

Tint

z! 22 X X3 X

o’
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Solution on isochrones

Let's fix some moment t, € [Tjy,;, min(T3,Tg)] and consider the level line
(isochrone) t(R!, R?) = t,.
Differentiating functions t(R!, R?), x(R!, R?) with respect to x we get

0 = tgRL + teR2, 1= xRl + xg2R2

To determine R!(x, t), R?>(x,t) on isochrones we have the Cauchy problem

dR'(x,t.) _  tpe(RL,R?)  dR*(x,t) _ tm(R',R?)
d«  A(RLR?)’ dc  A(RLR?2)’

A= tRlsz — tszRl = (Al — Az)tthRz
RY(xs t:) = 4", R¥(xe,t) = RE (2, ta), % = (k)

Integrating from ¢(f,) to 0(t.) we obtain the solution at the moment ¢, in
zone Zs.
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1/45 = T;

0.018 > Ty, and t,

Solution at the moment ¢,
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Evolution of initial discontinuities

Tfin
T]()
Ty
Ts
T3

Tint

Pt 2 Xiy Xo Xs K Ko X0 @
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Evolution of initial discontinuities at the moment t = +T3

In the process of evolution the weak discontinuities cannot disappear and
move along the characteristics. The discontinuity of Riemann invariant R!
moves along the characteristic A, the discontinuity of Riemann invariants
R? moves along the characteristic A2. At the moment t = T3 the Riemann
invariants R!, R? have weak discontinuities.

RL(x,t), RZ(x,t) — solution in the zone Z;5

x = xL (t) — lines of weak discontinuity of Riemann invariant R
x = x2,(t) — lines of weak discontinuity of Riemann invariant R?
x = ¢(t) — line of weak discontinuity of Riemann invariant R?
x = O(t) — line of weak discontinuity of Riemann invariant R!

In the zone Zg the Riemann invariants R? is constant, R? = yz. In the zone
Z1 the Riemann invariants R! is constant, R! = u!. So in these zones the
solution is described by one hyperbolic equation. We can use the classical
method of characteristics.
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Evolution of initial discontinuities at the moment t = +Tj3

We consider the equation
R} +AYRY, uo)RL =0
The continuity condition for R!, R? on the lines x = xL,(¢), x = ¢(t)

1 _ 1 2 _ .2
R ‘x:x}l,(t) =4q, R ‘x:x%u(t) =K,

RY|

= R} u* = R3|

x=0(t) x=g(t)’ x=0(t)

To find x.,(t) we have the Cauchy problem

dxk (t)
d

= A" u?), x,(Ts) = X3

The solution is
x(H) = X3 +q'q 4 (t — Ts)
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Evolution of initial discontinuities at the moment t = +Tj3

Function ¢(t)

Parametric representation of ¢(t) is

t=tp", 1u?), ot)=x(p" 1), q" <p'<y!,

where p! is parameter, actually p! is the value of Riemann invariant R on
the line x = ¢(t)

v

Function 0(t)

Parametric representation of 6(t) is

t=t(u',p?), 0(t) =x(u'0%), W <p*<q,

where p? is parameter
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Evolution of initial discontinuities at the moment t = +Tj3

Function R!(x,t) in the zone Zg
Using method of characteristics we have the Cauchy problem

dR! d _ 1 oo 4 _ 0 -
RY,_. = Rs(9(1),7), x|,_ = ¢(7)

The solution is
Ri(x,) = Ri(p(0),7), ©=1(x,1),

where T(x,t) is implicitly defined by the relation

x = ¢(7) + R3(9(7), DR5(9(7), ) (t = 7) )
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Evolution of initial discontinuities at the moment t = +Tj3

Applied method

To find R(x,t) for any fixed value t = t. we replace Ri(¢(7),T)) to
parameter p!. Then we find the root of equation

te=tp ), 4 <p.<p!

Root p! is the value of Riemann invariant which corresponds to intersection
of isochrone t = t, and line x = @(t) in (x,t)—plane.
After changing Ri(¢(T),T) — p' we have parametric representation R! on

isochrone

Ri(x,t) =p', g <p' <pr<p',

x=g(1)+p'p' Pt — 1),

where

T=t(p"1?), (1) =x(p', 12
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0.032 = T,

0.028 > T3 and t,

Solution at the moment ¢,
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Evolution of initial discontinuities at the moment t = +Tj

Function R?(x,t) in the zone Z1
Similarly the problem is solved in the neighborhood of point (Xg, Ts). To
write the solution it is enough to replace indices 1 <5 2, ¢ — 6 and change

the intervals of parameter
R¥(x,t.) =p%, 2 <p?<p
b=t 00, W <pi<q,
x = 0(7) + p*pPp (ke — 1),
=t p?), 6(v)=x(u',p%) |

N
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2/45 = Ty

0.036 > T¢ and t,

Solution at the moment ¢,
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Evolution of initial discontinuities at the moment t = +Tg

At the moment t = Tg line x = x.(t) intersects line x = x!(t). Point
(Xg, Tg) is
2—q' 1, 1,12
T9:fqlT3’ Xo=x +qgupuTy

From moment ¢t = Tg the left border of zone Zg is changed. The Riemann
invariant R? is constant, R?> = p2, so one of the Rankine-Hugoniot conditions
is automatically satisfied, and another condition has the form

7 lw) = [}]
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Evolution of initial discontinuities at the moment t = +Tg

On new border x = ®(t) of zone Zy we have
RYD(t) —0,t) = u!, RYP(t)+0,t) = RI(D(t) +0,t),
RY(x,t) is Riemann invariant in zone Zg
R5(x,t) = R5((1),T), T=71(x1),

where T = T(x, ) is implicitly determined by the relation

x = ¢(7) + R5(9(7), T)R5((7), ) (t — T) )

pl(t) = RY(®(t) +0,t) = RS (D(t) +0,¢)
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Evolution of initial discontinuities at the moment t = +Tg

After substitution the Rankine-Hugoniot condition is

dq;;f ) _ b= wy2p(p),
D(B) = ¢(1) + 120" (B)o' (B)(B— 1),
T=t(p"(B), 1), (1) =x(0"(B), u*)

In fact B is the current time. Initial conditions are

p'(To) =q', @(To) = Xo
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0.08 = Ty

0.05 > Ty and t, =

Solution at the moment ¢,
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Evolution of initial discontinuities at the moment t = 4Ty

Similarly, (X109, T10) is the point of interaction between weak and strong
discontinuities R?

1 2

Ty = HR, Xi0 = X* + ¢° ' 4P To

To get the solution we need to change ® — ©, 1 = 2.
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0.1 > Tqp and ¢,

Solution at the moment ¢,

0
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Evolution of initial discontinuities at the moment t = +Tg,

Point (Xp,, Tf,) is the point of mixture separation
Tpn = TtV (7", 2|1, 1) = t(u', 1), Xgw = x(p, %)
New zone Z;; appears (R! = u!, R> = 42 and u! = u? = 0)
Zy = {(n', 1?), (x5 (1), (1))},
xf1 = Xpn + ' 12 (t — Tin), xj% = Xpin + w1y (t — Tin)
New borders of zones Zg and Z g are

Zs = {(R'(x,1), %), (®(t), %} (1))},

Zyo = {(', R3(x, 1)), (x$ (1), ©(1)) }
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2/15 = Tpy, b

Solution at the moment ¢,

20

0

20 3

1d

0
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Conclusion

@ We got full picture of the two component mixture separation. For any point
on (x,t)—plane we can find the concentrations.

@ Proposed method is effective in all cases when the Riemann-Green function
is defined

@ The method proposed for recovery of an explicit solution with the help of its
implicit form

@ This method allows not only to solve the Goursat problem, but also to solve
effectively the Cauchy problem with arbitrary initial data.

Tfin

Tip
Ty

Ts
T
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