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Problem: To derive Vlasov equation from quantum N-body problem
by a joint semiclassical (2 — 0) 4+ mean field (N — oo) limit

[Graffi-Martinez-Pulvirenti M3AS 2003]
[Pezzotti-Pulvirenti Ann IHP 2009]
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DISTANCE BETWEEN CLASSICAL AND QUANTUM STATES
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Quantum vs classical densities

Quantum density operator

p=p">0, trgp=1%s pcD(H) with $:= [*(RY)

Classical density=probability density on RY x RY

Wigner transform of p € D(9)

Walpl(x.€) = ay /Rd e p(x + 3hy. x — hy)dy

not nonnegative in general

Husimi transform

Wilp] := e *Wy[p] > 0
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Coupling quantum and classical densities

Following Dobrushin's 1979 derivation of Vlasov's equation, seek to
measure the difference between the quantum and the classical dy-
namics by a Monge-Kantorovich (or Vasershtein) type distance

Couplings of p € D($) and p probability density on RY x R?
(x,8) = Q(x,8) = Q(x,§)" € L(H) s.t.Q(x,£) = 0
= dxd§é =
W@ ) = p(x8). [ Qs =

The set of all couplings of the densities p and p is denoted C(p, p)
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Pseudo-distance between quantum and classical densities

Cost function comparing classical and quantum “coordinates” (i.e.
position and momentum)

cn(x,€) =[x — y> + |£ + ihV, [?

Pseudo-distance “a

Enle. ) = <Qegﬁ;p //Rded tr(cn(x, €) Q(x, §))dxd5>1/2

la”" Monge-Kantorovich (with exponent 2)
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Toplitz quantization

eCoherent state with g, p € RY:
g+ ip, k) @ x+— (7771)_d/4e_‘x_q|2/2h’eip'x/ﬁ’

eWith the identification z = g + ip € C¢

OPT(u) := W /cd |z, W)z, B|lp(dz), OPT(1) =1

eFundamental properties:

p= 0= OP7() 20, t(OPT () = g [ n(e)

elmportant formulas:

WB[OPT(,U)] = (27r1ﬁ)d eﬁAq’PMM ) WE[OPT(M)] = (273ﬁ)d eﬁAq’p/zﬂ
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Basic properties of the pseudo-distance E;,

Thm A Let p = probability density on RY x RY s.t.

[, xR+ 1€Rpx )b < oo
R9xRd
(1) For each p € D($)) one has Ex(p, p) > 2dh
(2) For each yu € P(RY x RY) one has
En(p, OP] ((27h)?1))? < distmk 2(p, 1)? + Ldh

(3) For each p € D($), one has
En(p. p)? > distwmk 2(p, Wilp])* — 3dh

(4) If pr € D(H) and Wy[ps] — pin S, then € P(RY x RY) and

lim Ex(p, p) > distmk 2(p, 1)
h—0
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| PSEUDO-DISTANCE AND DYNAMICS |
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Vlasov and N-body von Neumann equations

Vlasov equation for f = f(t, x, ) probability density
Oif = —{Hf, f} = =€ Vif + V V5 Vef

with

Vi(t, x) := /Rd V(x — z2)p[f](t,z)dz, plf] = /Rd fd¢

N-body von Neumann equation

i
OtpNp = — 7 [(Hn, pn,nl

where py, € D(Hn), with Hy = HZV = [2((RY)N) and
N

1
HN::Z_%h2AYJ'+N Z V(yj — y«)

j=1 1<j<k<N
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Indistinguishable particles, symmetries and marginals

Notation for 0 € Gy

XN = (Xl,.. . ,X[\[), g 'XN = (X(T(l)"‘ : ’XO'(N))

Quantum symmetric N-body density for all 0 € Gy

UspnU; = pn,  where U,90(Xn) = (o - Xi)

Notation py € D*(Hn)
k-particle marginal of py € D5(5y) is pK, € D5(H«) such that

trﬁk(Ap',‘V) =try, ((A® Ils,_,)pn) for all A e L($k)
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From N-body von Neumann to Vlasov

Thm B Let " = fi"(x, &) € L}((|x]? + |£]?)dxd€) be a probability
density on R? x R?, an p"ﬁ’h € D*(Hn). Let f and pp be the
solutions of the Vlasov equation and the von Neumann equation
resp. with initial data £ and p"N”,h.

1 in\®n _in (2HV\/”L°°)2 et —1
EL(F(e). (1) < S E(Fm) et + IS VIV e

with ' =2 + 4 max(1, Lip(V(V))2
If moreover p%’ZN = OP/[(2mh)IN(fim®N]

(2] VV]|p=)? e — 1

distwk 2(F (1), Walp u(0)]) < 3dh(1+el) 435 =
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From N-body von Neumann to Vlasov 2

Amplification In fact, one has a quantitative statement on propa-
gation of chaos for this problem: for each fixed n > 1 and all N > n

= distuk (£ (02", WAl (D)) < LE(FO™", L n(1)
1

(2VV|=)? et -1
N—1 r

< S ER((F™M)®", pity el +

=|

This follows from
(1) the symmetry of the classical and quantum densitie is, and

(2) the structure of the cost which is the sum of costs in each
variable
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|SOME IDEAS FOR THE PROOF |
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Dynamics of couplings
Let QN , € C5((FM)®N, pif 1); solve

N .
]
0: Qi + z; He (%, &), Qo ¢ + ﬁ[HN, Qnpl =0
J:

with QNﬁ!t:O = Qli\';ﬁ and

1

N
Hn ::Z— h2ij+N V(yj — y«)
=1 1<j<k<N

Hi(x,&) = 3sP + [ Ve 2)f(e.z,dzc

N =
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The functional D(t)

Lemma For each t > 0, one has

Qui(t) € C(F(6)*N, (1))

where f is the solution of the Vlasov equation and py 5 is the solution
of the N-body von Neumann equation

eDefine

N
1 _
D(t) = //(Rded)N kE_ltrsaN(Ch(@vfjayjaVyj)QN,h(f))dXNd:N

> ()N, pu(t))

==
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The evolution of D

Multiply both sides of the equation for Qp ; and “integrate by parts™

D= / / b ([Hr (1. €0), €1(x0s €21, V1)) @ ) dbady
_%ih//trﬁ([Ah?Ch(Xlagla)’lav)/l)]Q/l\/,h)Xmdgl
—&-%//trﬁz([lvﬁl V()/1 _y2)’Cﬁ(lefleLVﬂ)])Q,%,ﬁ)ngdEz

provided that Qu is a symmetric coupling (propagated by the
dynamics of couplings).
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Summarizing...

eThe stability part of the analysis (leading to the exponential am-
plification by Gronwall's inequality) is seen at the level of the 1st
equation in the BBGKY hierarchy

eThe consistency part of the analysis requires distributing the inter-
action term V on all the particles, and because the V term depends
on the Xy variables only, and the Xy marginal of Qp  is the N-fold
tensor power of the Vlasov solution, one concludes by LLN
eBecause the cost function in D is a sum of quantities depending on
xj,yj,&, there is a “localization in degree” effect in the BBGKY
hierarchy: no Cauchy-Kovalevska effect when estimating D
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Other approaches

eSame methods gives (1) a quantitative convergence rate for the
semiclassical limit Hartree — Vlasov, and (2) a uniform in N quanti-
tative convergence rate for the semiclassical limit of the N-body von
Neumann equation to the N-body Liouville equation

eUniform in i — 0 convergence rate for the Hartree (mean-field)
limit of the quantum N-body problem
[F.G., C. Mouhot, T. Paul, CMP, to appear]

eWork in preparation with T. Paul and M. Pulvirenti
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Final remarks/open questions

Advantage/Shortcoming of the pseudo-distance Ej; between clas-
sical and quantum densities (or of the pseudo-distance between quan-
tum densities considered in FG-Mouhot-Paul) is not a distance, but
is a distance mod. O(h)

Can one use instead a real distance between quantum objects (in the
style of Connes' distance in NC geometry, or Biane-Voiculescu (free
probabilities), or Carlen-Maas) to obtain a uniform in 7 convergence
rate for the quantum mean field limit?

Is there a Benamou-Brenier variational formulation for the pseudo-
distance Ej?
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