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Weighted Radon transforms

Let f € Go(R"), n > 2 then Radon Rf and weighted Radon Ry, f
transforms are defined correspondingly:

Rf(s,0) & / F(x)dxn, (1)
x0=s
Ruf(s, 0) % / W(x, 8)F(x)dxe, (5,0) € R x ™1, (2)
x0=s
where W is complex-valued, W € C(R" x S"~1) N L>®(R" x S"~1).

Typical question: Ker(R), Ker(Rw) = {0}?
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Classical Results on weighted Radon transforms

[L.Chang, 1978] A method for attenuation correction in radionuclide
computed tomography. |IEEE Transactions on Nuclear Science.

[J.Boman, E.T. Quinto, 1987] Support theorems for real-analytic
Radon transforms. Duke Mathematical Journal.

o [R.G. Novikov, 2002] An inversion formula for the attenuated X-ray
transformation. Arkiv flir Matematik.

[L.A. Kunyansky, 1992] Generalized and attenuated Radon transforms:
restorative approach to the numerical inversion. Inverse problems.

[S. Gindikin, 2010] A remark on the weighted Radon transform on the
plane. Inverse Problems and Imaging.
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Simple example: SPECT

Weighted Radon transform (n = 2, 3):

—+00

Wi(y,0) =exp | — / a(y +s0)ds |,y e R", § € S"L.
0
Ruf() = [ Waly,0)F(y)dy. 1€ TS™ 1, 3 € S(R").

yel

where TS" ! = {(x,0) € R" x S""1: (x - §) = 0} — manifold of all
oriented lines in R", §(R") — Schwartz class.
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From SPECT to Chang inversion formula in 2D

Let f € Co(R?), W € C(R2 x S') N L®(R? x St), then

def 1 / 1 / d
foppr = ———— [ h ,0)d0, B = —h(s, 0),
P o) /Sl w(x0~,0)d0 4o h(s:0) (5)

hw(s, 0) = 71rp.v./ Rut, a)dt (s.0)c TS'~R xS,  (6)
R

1

> W (x,0)do, wo(x) # 0. (7)
™ Jst

wo(x) =

o [L.Chang, 1978] A method for attenuation correction in radionuclide
computed tomography. |IEEE Transactions on Nuclear Science.

o [R.G. Novikov, 2002] An inversion formula for the attenuated X-ray
transformation. Arkiv fiir Matematik. — exists exact inversion formula
for RWa-
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Inversion with Chang formula in 2D

Let W(x,0), (x,0) € R? x St is complex valued,
W € C(R? x St) N L>®(R? x S') and
wo(x) def 1 W (x,0)do, wo(x) # 0. (8)

27 St

Theorem (R.G. Novikov, 2011)

Let W satisfies conditions above, f € Co(R?) and fappr Is defined by the
Chang inversion formula. Then f = f,pp (in terms of distributions) if and
only if

W(x,0) — wp(x) = wo(x) — W(x, —0). 9)

R.G. Novikov, Weighted Radon transforms for which Chang's approximate
inversion formula is exact. Russian Mathematical Surveys, 66(2): 442-443,
2011.
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Sketch of the proof in 2D

Let f € Go(R?), recall:

def 1

d
foppr = ———— | iy (x0*+ W =—h
PP 4 wp(x) /Sl w(x0™,0)do, ds (s,0),

1 Ry f
hw(s,0) = 7rp.v./ W(t;(g)dt, (s,0) € TS' ~R x S.
R

Main idea of the proof — “symmetrization” of W:

Walo,0) % Z(W(x,0) + W(x, ~0), (10)
Ru,f(5,0) = 2 (Rwf(s,0) + Rwf(~s,~0)) (11)
w,(5,60) = 3 (hw(5,0) — hw(—s, ~6)). (12)
i, (5.0) = 5 (Hin(5.0) + Hiy (=5, ~0)), (s.0) € R x 8. (13)
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Sketch of the proof in 2D

From identities (10)-(13) and definition of f,pp, it follows:

1 d
fopor = ———— | Hly (x6+.0)dO, H = —h(s, 6
app 47TWO(X) a1 WS(X ) ) ) ds (57 )7

hw,(s,0) = 711_p.v./ Wdt, (s,0) € TS' ~R x SL.
R

S —

o Sufficiency: Wi(x,0) = wo(x).
@ Necessity: From Radon inversion formula and definition f,,, it
follows:

/ (o (X0, 0) — hiy, (x6",0))d6 = 0. (14)
Sl

From 2D-Fourier transform of (14) it follows:

huo = hw, = Ruf = Ru.f (Vf € Go(R?)) = wo =W, (15)
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Analog of Chang formula in ND

Let f — test function, W — weight, than the following formulas are defined:
@ nis odd

_1)(n-1)/2
) 5 [ Ra D o0y an. (19

Snfl
@ nis even

der  (—1)(=2/ / (n—1)
fanor = - H[Rwf 1
app (X) 2(271’)" 1W0 X) [ ] (XH 9) do ( 7)

where

(n—1) d! n— 1

[Rwf] (s,0) = e ]wa(s 0),secR, 68 (18)

He(s) % ip.v./f_tdt, seR. (19)

R
[F.Natterer, 1986] The mathematics of computerized tomography, vol.32,
SIAM.
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Analog of Chang inversion formula for ND

Let W(x,0), (x,0) € R" x S"~! is complex valued,
W e C(R" x S"~1) N L>®(R" x S"~1) and

o 1
wo(x) & &1 o W(x,0) df, wo(x) # 0. (20)

Theorem (F.O. Goncharov, R.G. Novikov, 2016)

Let W satisfies conditions above, f € Co(R") and fapp, is defined by the
analog Chang inversion formula in multidimensions. Then f = f,ppr (in
terms of distributions) if and only if

W(x,8) — wo(x) = wo(x) — W(x, —0). (21)

F.O. Goncharov, R.G. Novikov, An analog of Chang inversion formula for
weighted Radon transforms in multidimensions. EJMCA, 4(2): 23-32,
2016.
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Sketch of the proof in multidimensions

@ Symmetrization:

Walo,0) % Z(W(x,0) + W(x, ~0), (22)
Ru,f(5,0) = 5 (Rwf(s,0) + Rwf(~s,~0)) (23)
then
_1)(-1)/2
fa,,p,(x):z(g?s)n%(x) / [Rw,f1"""Y (x6, 0) do), (24)
Snfl
_1)(-2)/2
fappr(x):2((2wl))nl%(x) / H [Ru,f]"" Y (x0,0)d60  (25)
Snfl

F.O. Goncharov, R.G. Novikov An analog of Chang inversion formula Quasilinear Equations etc. 16 / 20



Sketch of the proof in multidimensions

o Sufficiency: Ws = wy, then f;,, coincides with exact Radon inversion
formulas.

@ Neccesity: Same idea as in 2D case

ND Fourier transform — R, f = Ry, f (H[Rw,f] = H[Ry,f]) for all
f e G(R") — Ws = wo.
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Possible tomographical applications: from 2D to 3D

P,f(x,a) = /Rw(x + at,a)f(x + at)dt, (x,a) € TS?, (26)

TS2:{(x,a)eR3><S2:Xa:O},aJ_n,ZnZ{Xixnzo}-
0

Rwf(s,0) = / PLF(s0+ [0, 0], a)dr, s € R, 0 € S2, (27)
R

W(x,0) = w(x,a), a = a1, 0) = &Z ZL [7,6] #£0,x € R%.  (28)
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Achievements:
© We proposed new approximate inversion formulas analogously to
[L.Chang, 1978] for multidimensions.
@ Proposed formulas are explicit in the precise class of weight functions
(analogously to the result [Novikov, 2011]).

© Showed how the weighted Radon transforms in 2D relate to
transforms in 3D. Such averaging can drastically reduce the noise
impact in the initial data.

Questions for future:

© Do the numerical tests, maybe it is possible to build iterative
algorithms related to the new formulas (e.g. works of [Kunyansky,
1992], [Novikov, 2014] have connections with Chang inversion
formula in 2D)?
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