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Lax-Milgram theorem gives the existence and unicity of the
solution to Lu = 0 if u is given on 982 (and continuous).
Construction of fundamental solutions gives a representation

formula in terms of u and the normal derivative d5u on the
boundary OS2 : we need to much informations.

Is it possible to obtain a relation between u and dzu on 0f2
without computing v in Q ?



One other motivation : What is a Tokamak ?

Poloidal Plasma
field electric current

Toroidal !
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Tokamak's boundary
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» Poloidal field ¢ and its normal derivative Jz) are known on
0D(a, r), ¥ = C on the boundary JP of the plasma and

div Cw) =0 in  D(ar)\P

» Generalized axisymetrical potential for « € R :

adu
div(x*Vu) = Au+——=0.
v(x*Vu) =0 < u+ ~ Ix 0
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The Fokas method Fokas (1997) : a simple
example.

gt — gxex =0 sur x>0,t>0 (H)

Formulation in terms of Lax pair : splitting of this equation
into two ordinary differential equations, compatible if and only
if g is a solution to (H)
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{ pix — ikp =g
fht = Hxox = 0
>
{ fix — Tkp = q
:U't+k2 = qgx + ikq

| 2

(Me—ikx+k2t) _ ge—ikctk?t

(ue—’kx+k2f>: — (qy + ikg)e itk
| 2

d (e ™) = e R (qdx 1 (g o+ ikq)dt)
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y = e itk (qdx + (gx + ikq)dt) is closed
q(x,t) and gx(x, t) decay to 0 at oo sufficiently fast.

arg k € [57”, 7{]

/ e—ikxq(x’o)dXZ/ e**1(q, (0, t) + ikq(0, £))dt (GR)
x=0 t=0

Let us assume first that g(x,0), gx(0,t), g(0,t) are known.
Reconstruction of g in R x RT is equivalent to the
reconstruction of u since

d(ﬂe—ikx+k2t) —_—

Integration of v between points of the boundary and (x, t).
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Riemann-Hilbert Problems

> u(x, t, k) =0 </1<>

st =9
_ 1 [ (KK
2w J, K —k

>

(Plemelj Formula)
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C

» J has no singularity in z and z,.

u(z)—u(z)

> O ~kotoo — gzt
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» ¢ regular in z and —Z, polar singularities in z, et —Z,
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> qﬁzh_zr(z k) polar part in this point

> — ¢Z, —z, analytic outside (z, z;) U (—Z,, —Z) and has jump
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> Plemelj formula
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Computation of the residue a, of gg in z

> u,dz = % (ug + iup)ds, uzdz = l(ut iup)ds.

[(k — iy )ue + ix'up)]ds
> d(z, k) = /Wz k) / k= 2)(k £ 2y

> P(z,k) = /k—z) mLyw(Z', k)dz' where

w(Z k)= (k+Z)"" Y ((k — iy")us + ix'uy)771(2)dZ'

7(Z') is the unit tangent vector to C in z'.

> m integrations by parts give 52,7_3,, then a,.



Let u be a solution to the equation Au+ ax 10u =0, a = —2m,
m € N, in the domain D with smooth tangential derivatives u; and
normal derivatives u, on the boundary C.

u(z) = —Lim / ((k — 2)(k + 2))"J(z, k)dk + 2Re a, + u(z,),
(221

T

(1)
where a, can be explicitly computed in terms of the tangential
derivative along C of u; and u,, up to the order m— 1, in z,.
Function J(z, k) is given by

J(z, k) = —/ wW(Z, k),
C
where W(z, k) is the differential form

W(z,k) = ((k—2)(k+2))""" ((k + 2)u(2)dz + (k — z)uz(agif)
= (k= 2)(k+2)) " ((k — iy)ue(z) + ixun(2)) ds,
(3)

with z = x 4 iy and ds the unit length element on_C.
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The case o« = —1.

(k +Z)u,dz + (k — z)uzdz
(k—2z)(k+72)
» Riemann surface S, : two copies of C, S, 1 et S, > glued
together along the branching cut [—Z, z].

» W(z, k) =

I
> Ai(z, k) ~ k when™"— co1 on the sheet above S, ;
> A\a(z, k) ~ —k when k — 002 on the sheet below S, 5
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Integration of the form.

ey = [Lr DIt 2l 2ot
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Sheet 2

#(z,001) = —¢(z,002).
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» u; = 0.

>

/ xup(z)ds(z) _0
op(a) (k= 2)(k+2)]m

1

z—a’

» D,—D. Z—a=

Vk € C\ (D,UD_,)
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Good Lax pair for « = —2(m —1).

Il
o

U

xup(z)ds(z)
/8D(a,1) [(k—z)(k+2)]™ 0, Vk € C\ (D,UD_,)

D,—»D. z—a=-1.

z—a

zm_lf(z)dz . 7) = (x+a)u,(z-+a).
A(Z_(k_a))m<z+kia>m_o, f(z) = (x+a)un(z+a)



Good Lax pair for « = —2(m —1).

» ur =0.
xup(z)ds(z)
/8D(a,1) [(k—z)(k+2)]™ 0, Vk € C\ (D,UD_,)
» D, — D. f—a:z%a_
/JT z™1f(2)dz =0, f(z) = (x+a)up(z+a).

(2= (k=a)" (24 25)"

» fis real valued, f(z) = g(z) + g(1/z), g € H(D),
g(1/z) e H(C\ D).




/ 2" Y(g(2) +8(1/2))dz 0
T (z—(k—a)™ (z+ﬁ)m o
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o(z) = 3 (-1 tezm

2m—p—2)!
(m—p—1)p!

% (Zm—l
g(2))P) (2% 4 2az + 1)P

p=0









Qp

®(2) + ®(p(2)) = 0,

m—1

1

1

z e A.

z
T 1+2az ‘p<_k+a> k—a

O(z) = > apz™ 1 P(2? + 2az + 1)PHP)(2)

- (-1)

p=0

m—1+p (2m—p —2)!

(m—p—1)p!



()= ——= =
AT T 22z Y\ kta) k—a

O(z) + B(p(2)) =0,  z€A.

Z Zm—1— p z +2az+1 )ph(p)(z)
p=

ap::(—a)m-1+Pfjf1:fi§;2; e =

{D\D(74422cl_1’4a5—1)} f\

a xT

C12a—1) “HGetD




m—1
d(z) = Z oepzm_l_”(z2 +2az + l)ph(p)(z) =Pyno2
p=0



m—1
d(z) = Z oa,,zm_l_”(z2 +2az + l)ph(p)(z) =Pyno2
p=0

» h(z) = :28 an(z —z1)".



m—1

d(z) = Z oa,,zm_l_”(z2 +2az + l)ph(p)(z) =Pyno2
p=0
» h(z) = :28 an(z —z1)".

> 22":_01 ap—¢f] =0, n>2m—1.



v

v

v

m—1
d(z) = Z oa,,zm_l_”(z2 +2az + l)ph(p)(z) =Pyno2
p=0
h(z) = Y05 an(z — z1)".

22":_01 ap—¢f] =0, n>2m—1.
For Ne {0,...,m—2} and n=2m—1+ N,

BN = =Bp1=0

and

B3 #0,..., 8 #0.



v

v

v

v

m—1

Pd(2) = a,z™ P22 4 22z + 1)PAP)(2) = Pom—2
p
p=0
h(z) = 3425 an(z — z1)".

22":_01 ap—¢f] =0, n>2m—1.
For Ne {0,...,m—2} and n=2m—1+ N,

BN = =Bp1=0

and
B3 £0,.... B £ 0.

h is a polynomial of degree less than 2m — 2.



v

v

v

v

v

m—1

Pd(2) = a,z™ P22 4 22z + 1)PAP)(2) = Pom—2
p
p=0
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h is a polynomial of degree less than 2m — 2.

g is a polynomial de degree less than m — 1.
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» We can extend F to C.
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Let us denote F(z) = z™1f(z) € Com_2[2].
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We can extend F to C.
Denotes z; = —a++vVa2—1land zp = —a—
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Thank you very much for your attention !

az—1

=0.

=0.



