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Introduction

ψxx =
(
q(x) + k2

)
ψ,

q = p′, p ∈ BV, supp q b R
ψ(x, k) = ekx, x < x1, ψ(x, k) = a(k)ekx + b(k)e−kx, x > xN

Wronskian relation

J 〈ψ(x, k), ψ(x,−k)〉 = 〈ekx, e−kx〉 = −2k I

Dirichlet problem in K+ = {k ∈ C, Re k ≥ 0}:

a(k)a(−k) = 1 + b(k)b(−k),

a(−k) = ā(k), b(−k) = b̄(k),

|a(k)|2 = 1 + |b(k)|2 > 0, k = iξ, ξ ∈ R



Main Equations

Matrix Jost solution

Ψ =

(
ψ+ ψ−

ψ+
x ψ−x

)
,

Ψ(x,−k)σ =
1

a(k)
Ψ(x, k)

(
1 b(−k)

−b(k) 1

)
.

Darboux transformation

d

dx
Φ =

(
0 1

q̂(x) + k2 0

)
Φ− Φ

(
0 1

q(x) + k2 0

)
, Ψ̂ = Φ(x, k)Ψ.

Lemma

Ψ(x, k)×
[(

1 1
k −k

)(
ekx 0
0 e−kx

)]−1
→
(

1 0
p(x) 1

)
,

|k| → ∞, Re k ≥ 0.

Uniqueness proof...



Polygon

Ψ(x, k)|k=0.

Bargmann (1949)

Φ =

(
f −1

−f2 + λ− λ0 f

)
, fx + f2 = q(x)− λ0.

δ-type potentials

q(x) =

N∑
j=1

γjδ(x− xj), ||q|| =
∑
|γj | (1)

a(k) = 1 +
γ1
2k

+
γ2
2k

+
γ1γ2
4k2

[1− e2kx1 ],

−b(k) = e2kx1
γ1
2k

+
γ2
2k

+
γ1γ2
4k2

[1− e2kx1 ].
(2)

For real valued, compactly supported potentials Darboux transformations allow
to kill all zeros of 2ka(k),Re k > 0 and the finite number of zeros of 2kb(k)
outside the axis k = iξ, ξ ∈ R.



Paley-Wiener theorem

The potential q is non-integrable. Fourier-Stieltjes transformation of the δ-type
potential (1) yields

q̂(k) =

∫
ekxdp(x) =

∑
γje

kxj ,

ϕ(3k) = ch(k)ϕ(k), ϕ(k) =

∫
ekxdp(x),

where p is the Cantor function.

Equation:
ϕ(γk) = g(k)ϕ(k).

Solution:

ϕ(k) =

∞∏
n=1

g(
k

γn
).

2k[a(k)− 1] =

xN∫
x1

a†(τ)ekτdτ (3)



GLM equation

ψ(x, k) = ekx +

∫ x

−∞
K(x, y)ekydy, Re k ≥ 0,

K(x, y) + F (x+ y) +

∫ x

−∞
K(x, s)F (s+ y)ds = 0, y < x,

F̂ (ξ) =
b(k)

a(k)
= (1 + β1k)

exp 2kx1 − 1

β2
1k

2 + exp 2kx1 − 1
, k = iξ,

β1 =
2

γ1
, γ1 + γ2 = 0.
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