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The Houthakker—Johansen model

x = (x1,...,Xn) — technology;

u(dx) — non-negative measure describing the distribution of
powers over technologies;

I =(h,...,I,) — vector of available production factors;
u(x) — technology loading coefficient;

F(I) — production function, relating amounts of product to
amounts of resources used in production process



The problem of distribution of resources
in the Houthakker—Johansen model

' / u(x) p(dx) — max,

R}

/xu(x) p(dx) <1, 1)
RY

(0 <u(x) <1




The generalized Neumann—Pearson lemma

1. If / > 0 then the problem (1) has a solution.

2. If up(x) is a solution to problem (1) then there exist Lagrange
multipliers pp > 0, p = (p1,-..,pn) > 0, not simultaneously
equal to zero, such that

x) 0 for almost all x w.r.t. u such that py < px;
up(x) =
0 1 for almost all x w.r.t. u such that pg > px;

(- [omtou(@9) =0, j=1...on

E?

3. 1fpo>0,p=(p1,--,pn) 2 0, | = [ga x0(po — px) u(dlx)
then u(x) = 0(po — px) is a solution to (1).



Duality of production and profit functions

» Profit function

M(p. ) = | (o0 — ) (), (2)

K7

» Production function F(/) is concave, non-decreasing and
continuous on R’ .
M(p, po) = sup(poF (/) — pl),
1>0

1.
F(l) = %;gﬁ)(n(l), po) + pl).
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Aggregation

Let Fo(X?) be a positively homogeneous, concave, positive,
continuous on R utility function;

Let go(p) be the price index:

(p) = ot P
HWPIT (xoz0lra(x0)>0) Fo(X0)’
X0
Fo(X%) = inf P22
{p>0|q0(p)>0} qo(P)

Xi = (X{,...,XJ,) — amounts of products of other industries
used in j-th industry;
li=(K,..., k) — amounts of raw resources used in j-th
industry;

Fj(Xj, I/) — production function of j-th industry.



The problem of distribution of resources
(the nonlinear input-output model)

I =(h,...,l,) — total amounts of available raw resources.

Fo(X°) — max,
Fj(Xj7 Ij) Z Zin7 .j = 17 MR m7
i=0

=1

X°>0 x>0 ..., X" >0,
rt>0,...,1/m>0.




Equilibrum market mechanisms

Let / > 0. Then vectors X9, ..., X™, [, ..., |™ satisfying the
restrictions of problem (3) solve this problem if and only if there
exist po > 0, p = (p1,.-.,Pm) >0, s = (s1,...,5,) > 0 such that
» X0 e Argmax{poFo(X) — pX | X > 0};
> (X9, H) € Arg max{p;F;(X,1) — pX — sl | X
J - 11 ,
> pj(Fj(XJ /J),Z;'v:())g) =0, j=1,...,m
b5l XIe ) =0, j=1...m

-
H,_/



Aggregated macro-description

> Mi(s,p) = supg~q7iso (ijj()N(j) —pX — 57) — profit function
of j-th industry;
» FA(l) - aggregated profuction function.

Variational principle (dual problem)

> NA(s, po) = max{>_7" N;(s,p) | p >0, s >0, qo(p) > po};
» MA(s, po) — aggregated profit function.



Inverse problem statement

NA(s, po) = sup(poFA(/) —sl),
1>0

1.
FA(I) = %;QE(I'IA(S,po) + sl).

Find a non-negative measure pa(dx) supported in R’} and such
that

N(s, po) = /(Po — sx)+,uA(dx),

R}



Relation to integral geometry problems

9?2 A
8TJ§H (s, po) = pa(dx),
sX=po
+oo A
/e_sx,u(dx)— / e_TdT(ana(S’T))
T
R” 0

Theorem (G. M. Henkin, A. A. Shananin)
Suppose that a measure p(dx) satisfies the conditions
> fRi e A u|(dx) < oo for some A > 0, (4)
> fRi (po — sx)4u(dx) =0 for all pp > 0, s € K, where K is an
open cone in R}
Then u(dx) = 0.



Characterization theorem (G. M. Henkin, A. A. Shananin)

A function M(s, po) can be represented in the form
N(s.po) = [ (o= s9)su(e). (s.) € RE
+

where 1i(dx) is a non-negative measure supported in R’} and
satisfying condition (4) if and only if
1. N(s, po) is a positively homogeneous convex function on
and for fixed s € R} the measure 88—;“(5,7') decays
exponentially as 7 — +o0;
2. function G(s) = [, e™"d, (8n(s T)) belongs to C*°(R’.) and
for some open cone I' C intRY and some s € I for all A >0,
€L ..., €K eT, k> 1 the following inequality holds:

n+1
R+

(—1)*Da -+ Dk G(As) > 0, Dg = Zgja = (&1,....&).



Example 1

Let n =2, let Fces be a CES production function:
FCES(’l; /2) = (Oélll_p—l-azlz_p)iv/p, ai,ap >0, p>1 0<y <1,
Then the profit function equals

1 1 1 p 1+
( 1+p +p T+ 1+p 1+p),y((1 5))

0
Nees(st, 52, p0) =777 (1 —7)py "

For p > —1 there exists a distribution of powers over technologies
corresponding to these functions.



Example 2
> Let m=2, n=2, Fp(X2, X?) = min(X?, X?),
111 (dx) = kod(x — 2), z=(21,2),
pa(dx) = kid(x — y1) + kad(x —y?), ¥ =/, ¥h), i=1,2,
where ki + ko > ko, yi > yZ, y3 > y3. Then

nA(57P0)=ma><{(ko—k2)+ (Po—S(Z+y1))++min(ko7kz)(Po—5(2+y2))+»

min(ko,kl)(pofs(z+y1))++(ko*kz)+ (Po*5(2+y2))+}-
» Denote K; = {5 ER? |sy? < syl}, Ky = {5 ER? |sy! < syz}.

Then M1A(s,po) = max (s, o). Mi(ssp) = [ (o = 90)-(e).

R2

NA(s, po) = Mj(s,po) forse Kj; R = U] Kj,

6(s) = max G(s). Gi(s) :/0 we‘%(%).



Stable correspondances (A.V. Karzanov, A. A. Shananin)

Let X = {x!,....x"} C R, Y ={y',...,y™} CR7 and
C C R be a cone.

Definition. A bijection v: X — Y is called a C-stable
correspondance if for any x', x) € X, p € C the inequality
px' < px/ implies py(x') < py(x/).
Theorem
A bijection v: X — Y is a C-stable correspondance if and only if
for any x', xJ € X, x" # xJI

> if x) — x € C* then v(x¥) — v(x') € C*;

» ifx] — X ¢ C*, x— xd & C* then there exist such A > 0,

>0, A4 >0 that A\(x) — x") = p(y(x) — v(x")).



A model of industry with substitution of production factors
at the micro-level.

Let f(u) be a positively homogeneous of first order, concave,
continuous function on R}, positive on int R’ . A technology is

given by a vector x = (x1,...,Xpn).

A production function at the micro-level: f (ﬂ, cel ﬁ).
X1 Xn

Examples:

» The Leontieff function with constant proportions
f(u) = min(uy, . .., u,) corresponds to the production function
at the micro-level in the Houthakker—Johansen model.

» CES-function

f(u):(ul_p+"'+u;p)71/p:Ul@p"'@pu"? p>—1



The problem of distribution of resources in presence of
substitution of production factors at the micro-level

' /min <1,f<"1x(:),..., “X(X)>) p(d) — max,

L u(x) = (u1(x), ..., un(x)) > 0.

pu

Put inf
ut alp) = {u>0/(s)>0} F(u)’

pox= (p1x1, .. 'aann), (X P, PO) (PO — C](POX))+.



Study of problem (5)

» If / > 0 then the problem (5) has a u(dx)-integrable solution,

> A distribution of resources u(x) = (uy(x),..., us(x))
satisfying the restrictions of problem (5) is optimal only if (and
for I > 0 if) there exist such pg > 0, p = (p1,...,pn) > 0, not
simultaneously equal to zero, that

(Rfu, dx—/) i=1,...,m

)=0ae wrt. pu(dx)on {x>0|py <q(pox)};
3 F( ( )) =1and po — pu(x) = m(po, p, x) a.e. w.r.t. u(dx) on
{x>0]po>qg(pox)}.



Duality of production and profit functions in the model with
substitution of production factors at the micro-level

» Profit function

M(p. o) = [ (po = alp o) (e (6)

R}

» Production function F(/) is concave, non-decreasing,
continuous on R}

N(p, po) = sup(poF () — pl),
>0

FU) = - inf (N(p. o) + ).



Example 3

Let m=2, n=2, q(p1,p2) = pfp%_”, O<v<l,

pi(dx) = xlo/l_lx;/z_ldxldxz, o/, >1, i,j

ol +ah+1
Then M;(s, pj) = A~

A A >0 =1,2
0/10[,27 j>7 J )
S

A V(@G +aa+ 1)aJ1 + (1 -v)(ad+ad+ 1)0412
where aj = 5 3 T T
vieg+a5+ 1)+ (1—-v)(ag +a3+1)

A A
Then 1A (dx) = bx)* Lt

X5

exists, where b > 0.

)

1,2.



Characterization of transform (6) (A.D. Agaltsov)

Denote

c:(cl,..., )Eint]RfL, z:(zl,.. z,,)

z 1 _
X _X1 KD i x1

pg=T(z1)- - T(z)[ (z1 + - + zp / / l'e q(X)dxl - dx,

6(s) = [ e =u(a) = i) " [s~pefa) ([ o7 1))

R? c+iRP R7
dp=dpy---dp,, dz=dz---dz,.



The problem of estimation of elasticity of subsitution
of production factors at the micro-level

Input: {p*,pf,y" | t=1,..., T}, where p' is the vector of prices
of production factors, pfj is the price of product, y* is the amount
of product at the moment t.

Let g(p) = (py” + -+ + pn”)~Y/?, where p > —1.

Problem: Find such p that there exists a non-negative measure
u(dx) satisfying

/9(p5 —((ptxa) ™+ + (pEXn)_”)il/p)u(dX) =yLt=1...,T. (7)

R



Study of the moment problem (7)
Hypersurfaces ((pix1) ™" + -+ (p,t,x,,)*P)fl/rho =pit=1, ...,
T divide R into a finite number of regions {V'}. For each region
V' compose a boolean vector (spectrum of the region)

b(V) = (bi(V),...,br(V)), where

be(V) { 1,if pg > ((pix1) ™7 +---+ (p,ﬁx,,)_p)_l/p for x € int V,
t =
0, if pb < ((pix1) ™ + - + (Phxa) ) M for x € int V.

n

Denote by B((p*, po),.-.,(p",pd)) the spectrum of the partition,
i.e. the set of vectors b(V) as V runs over all regions of partition
of R by hypersurfaces ((pix1) ™" + -+ (p,t,x,,)_p)_l/p = pd,
t=1,..., T.

Proposition. The moment problem (7) has a solution if and only if
the vector (y!,...,y ") belongs to the convex conical hull of the
spectrum B((pl, Py (pT,pg—)).



Rhombus tilings

Consider the case n = 2. Denote e; = (1;t — [LF2]),t=1,..., T.
For each region V define a point £(V) = thl b:(V)e;. Connect
points corresponding to neighbor regions by a segment. The
resulting figure is the rhombus tiling corresponding to the partition.

Points of intersection of curves of the partition correspond to
rhombi of the tiling.

{1,0,0} {110}

Xi



Deformations of partitions and flips of rhombus tilings

Any three curves intersect at the same
point at most once as p runs over
[—1,0) U (0,400). The spectrum of the
partition changes according to the flip op-
eration.

Theorem (Leclerc B., Zelevinsky A.)

Any two complete rhombus tilings can
be achieved one from another using a
finite number of flip operations.

Addition (Molchanov E. G.): the theo-
rem is valid for rhombus tilings with the
same top and bottom boundaries.

N
-0



Bibliography

Houthakker H.S.

The Pareto distribution and the Cobb-Douglas production function in
activity analysis

Rev. Econ. Studies, 1955-56, v. 23 (1), Ne60, p.27-31.

Johansen L.
Production functions
Amsterdam-London: North Holland Co., 1972.

Cornwall R.
A note on using profit functions
Internat. Econ. Rev., 1973, v.14, Ne2, p.211-214.

Hildenbrand W.
Short-run production functions based on micro-data
Econometrica, 1981, v.49, Ne5, p.1095-1125.

LLlananmn A A.

Vccneposanme ofHoro knacca npoun3sBoACTBEHHbIX yHKLUI,
BO3HWKAIOLLMX NPV MaKpPOONMCaHNM SKOHOMUYECKNX CUCTEM
MBM n M®, 1984, 1.24, Ne12, ¢.1799-1811.



Bibliography

[ Wananun AA.
VNccneposanne ogHoro knacca doyHKLMA Npubbiin, BO3HMKAOWMX Npu
MaKpOOMUCaHNN SKOHOMUYECKUX CUCTEM
MBM n M®, 1985, .25, Nel, c.53-65.

[§ Henkin G.M., Shananin A.A.
Bernstein theorems and Radon transform. Application to the theory of
production functions
Translation of mathematical monographs, 1990, v.81, p.189-223.

[§ Henkin G.M., Shananin A A.
C"—capacity and multidimensional moment problem
Proceedings Symposium on Value Theory in Several Complex
Variables, ed. by W.Stoll, Notre Dame Mathematical Lectures, 1990,
Ne12, p.69-85.

[§ Henkin G.M., Shananin A.A.
The Bernstein theorems for Fantappie indcatrix and their applications
to mathematical economics
Lecture notes in pure and applied mathematics, 1991, v. 132,
p.221-227.



Bibliography

LLlananun A.A.
O606wEHHasi MOAEeNb YMCTOI OTPaCAN NPON3BOACTBA
MaTtemaTtunyeckoe mogenuposanue, 1997, 1.9, Ne9, c. 117-127.

LLlananmn A A.
Vccneposanne obobLiéHHOl Moaeny YnCTol oTpacin NpousBoACTBa
MaTemaTuyeckoe mogenuposarue,1997,7.9,Ne10, c.73-82.

LLlaHanun AA.

HenapameTpuyecknii MeToa aHann3a TEXHONOTMYECKOW CTPYKTYpbl
Npou3BOACTBa

MaTtemaTtnyeckoe mogenupoBanue, 1999, 1.11, Ne9, c.116-122.

Kapsanos A.B., LLlananun A.A.

O cTabunbHbIX COOTBETCTBUSAX KOHEYHBIX MHOXECTB €BKANA0BA
NPOCTPaHCTBA U MX MPUSIOKEHUSIX

JKOHOMMKa 1 maTemaTudeckne metoabl, 2005, 1.41, Ne2, c.111-112.

Monuaros E.T.

O mopudunkaumsax pombnyecknx TakIMHroB, BO3HUKAOLWNX B
obpaTHoOI 3afade pacnpefesieHns pecypcos

Tpyast MOTHW, 2913, 1.5, Ne3, c.67-74.



