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Wasserstein distance W2(�; �)

Let M � Rd , d(x ; y) = jx � y j

(W2(�; �))
2 = inf

 2 P(M �M )

� �

Z
jx � y j2 d(x ; y)

In�mum is attained at transport plan � = (id;T �)#�

where T �
#� = � and T = r� with � convex [Y. Brenier 1991]



Geodesics in P(M ): Displacement interpolation

�0 = �

�1 = �

�t = (Tt )#�

Tt : x 7! (1� t)x + t T �x

= x + t(T �x � x )

Curl-free velocity �eld:

T �x � x = r(�(x )�
jx j2

2
)n =: r�(x )

[R. J. McCann 1997]



Formal Riemannian structure of P(M )

P(M )

T
�P(M )

�

r�

T�P(M ) is formed

by all curl-free vector

�elds r� on M

kr�k2T�P(M ) =

Z
M
jr�(x )j2 d�

[F. Otto 2001]

�

M � Rd

r�



Barycenter of a measure P

. . . in Euclidean space Rd :

�x =

Z
x dP(x ) = argmin

y

1

2

Z
jx � y j2 dP(x )

. . . in Riemannian manifold

�x = argmin
y
P(y); where P(y) =

1

2

Z
d(x ; y)2 dP(x )

�x zero of rP(y) = �

Z
exp�1y (x ) dP(x )

P(�) locally convex if sectional curvature is bounded from above

[K. Grove, H. Karcher 1973]



Wasserstein barycenters

A generalization of displacement interpolation

�� = argmin
�

1

2

X
i

�i W
2
2 (�i ; �) (discrete, �i � 0,

X
i

�i = 1)

�� = argmin
�

1

2

Z
W 2

2 (�; �) dP(�) (general)

Characterization in terms of

Z
r��

�
dP(�)

Convexity properties

[M. Agueh, G. Carlier 2011]



Wasserstein barycenters

Conventional vs Wasserstein averaging of measures in 2D:

[M. Cuturi, A. Doucet 2014]



Fr�echet barycenters in general metric spaces

[M. Fr�echet 1948]



Fr�echet barycenter for measures

J (�; �) = inf

 2 P(Rd � Rd)

� �

Z
g(x � y) d(x ; y)

g(�) � 0 strictly convex, g(0) = 0

J � 0, J (�; �) = 0 i� �� � but no triangle inequality

�� = argmin
�

Z
J (�; �) dP(�)

[A. Kroshnin, A. Sobolevski 2015]



Fr�echet barycenters for measures in R1

F�1
�

: (0; 1)! R
1 quantile function of measure �

Theorem

Quantiles of Fr�echet barycenter are generalized means

of quantiles:

F�1
�� (�) = argmin

y

Z
g(F�1

�
(�)� y) dP(�); 0 < � < 1

[A. Kroshnin, A. Sobolevski 2015]



Law of large numbers and statistical consistency

Theorem

��n ! �� weakly as n !1

��n barycenter of independent sample of size n from P

�� barycenter of P

Theorem

J (��n ; ��)! 0 as n !1 (\strong" convergence)

[A. Kroshnin, A. Sobolevski 2015]

[T. Le Gouic, J.-M. Loubes 2015]:

measures in general geodesic space instead of R1;

Wasserstein barycenters instead of general Fr�echet barycenters
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