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Wasserstein distance Wh(u,v)

Let M C R%, d(z,y) = |z — |

(Walp,¥)? = inf [1z = 4P er(z,v)
vy E€P(M x M)
7N
© v

Infimum is attained at transport plan v* = (id, T*)xp
where T} pu =v and T = V® with & convex [Y. Brenier 1991]



Geodesics in P(M): Displacement interpolation

Ty: z—(1l-tlz+tTz
=z+t(T*z — z)

Curl-free velocity field:

" |z
Tz —z =V (®(z) — T)n =: V¢(z)

[R.J. McCann 1997]



Formal Riemannian structure of P(M)

T.P(M) is formed

H by all curl-free vector
TeP(ar)y  TNJ¢ fields V¢ on M
d
7
— V¢
N
19615, p00) = [ V(@) dp >
M C RY

[F. Otto 2001]



Barycenter of a measure P

...in Euclidean space R¢:

1
z= /a:dP(a:) = argmgni / |z — y[2dP(z)
...in Riemannian manifold

Z = arg myinP(y), where P(y) = %/d(x, y)? dP(z)

T zero of VP(y) = —/exp;l(x) dP(z)
P(-) locally convex if sectional curvature is bounded from above
[K. Grove, H. Karcher 1973]



Wasserstein barycenters

A generalization of displacement interpolation

_ 1 ‘
V= argming ;}\i W#(u:,v) (discrete, A; > 0, Z}\i =1)

K

1
U = arg myin 5 / W (u,v)dP(u) (general)

Characterization in terms of / Vy, dP(u)

Convexity properties
[M. Agueh, G. Carlier 2011]



Wasserstein barycenters

Conventional vs Wasserstein averaging of measures in 2D:
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[M. Cuturi, A. Doucet 2014]
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Fréchet barycenters in general metric spaces

Les éléments aléatoires
de nature quelconque
dans un espace distancié

par

Maurice FRECHET

Eléments aléatoires nouveaux. - Le Calcul des probabilités a été
implicitement ou explicitement, jusqu’a une époque réceule,vl’élude des
nombres aléatoires et des points aléatoires dans un espace a une, deux
ou trois dimensions (probabilités géométriques).

Depuis peu, on a souvent cherché a étendre les résultats obtenus
aux séries aléatoires, aux vecteurs aléatoires et aux fonctions numé-
riques aléatoires de variables numériques certaines.

Mais la nature, la science ct la technique offrent de nombreux
exemples d’¢léments aléatoires qui ne sont, ni des nombres, ni des
séries, ni des vecteurs, ni des fonctions.

[M. Fréchet 1948]



Fréchet barycenter for measures

J(u,v) = inf /g(w —y)dy(z,y)
v € P(R? x R9)
J N\
© v

g(+) > 0 strictly convex, g(0) =0
J >0, J(p,v) = 0iff u — v but no triangle inequality

U =arg mVin/ J(p,v)dP(u)

[A. Kroshnin, A. Sobolevski 2015]



Fréchet barycenters for measures in R!

F,':(0,1) = R! quantile function of measure u

Theorem

Quantiles of Fréchet barycenter are generalized means
of quantiles:

Fyl(a) = argmyin/g(FM_l(a) —y)dP(u), O<a<l

[A. Kroshnin, A. Sobolevski 2015]



Law of large numbers and statistical consistency

Theorem

Un — U weakly as n — 00
vUn barycenter of independent sample of size n from P
v barycenter of P

Theorem
J(On,7) 2> 0 asn— o0 (“strong” convergence)

[A. Kroshnin, A. Sobolevski 2015]

[T. Le Gouic, J.-M. Loubes 2015]:
measures in general geodesic space instead of R;
Wasserstein barycenters instead of general Fréchet barycenters
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