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In studying and modeling heat propagation 
in complex porous composite materials 
both the convective and radiative heat 
transfer must be taken into account.
The thermal conductivity coefficients in this 
case typically depend on the temperature.

To estimate these coefficients, various 
models of the medium are used. As a 
result, one has to deal with a complex 
nonlinear model that describes the heat 
propagation in the composite material.



However, another approach is possible: a 
simplified model is constructed in which the 
radiative heat transfer is not taken into 
account, but its effect is modeled by an 
effective thermal conductivity coefficient that 
is determined based on experimental data. 

We consider one possible statement of the 
inverse coefficient problem. It is considered 
based on the Dirichlet problem for the 
one-dimensional unsteady-state heat 
equation. The inverse coefficient problem is 
reduced to a variational problem. 



The identification problem of the model parameters

A layer of material of width         is consideredL
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The cost functional :
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0  -   a given number; ( , ) 0 x t -   a given weighting function 

( )t -   the known heat flux on the left boundary of the domain 

( )K T ( , )T x t

The optimal control problem is to find the optimal control 

             and the corresponding optimal solution              

 of problem (1) that minimizes functional  )(TK



THE GRADIENT OF FUNCTIONAL IN THE CONTINUOUS CASE 
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  -   the specific internal energy 

)(zKz -   the variation of the control function 

),( txTxt -   the variation of the phase variable 



The Lagrange functional: 
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The first variation of :I
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The adjoint problem
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The first variation of the Lagrange functional 
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THE GRADIENT OF FUNCTIONAL
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const  - the isolines of the field
 of temperature 

const  -   the lines orthogonal to 
const 
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The function )(TK to be found is approximated by a continuous

piecewise linear functions with the nodes at the points      
                       

),~(~~)(
1

1
n

nn

nn
n TT

TT
kk

kTK 







 ,~~
1 nn TTT )1,...,0(  Nn

( ) %
n nk K T

  Nnnn kT 0),~( 

so that 

THE DISCRETE OPTIMAL CONTROL PROBLEM



THE DISCRETE OPTIMAL CONTROL PROBLEM

( )K TThe function was approximated by a continuous
 piecewise linear function 
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Finite difference scheme that approximates the direct problem:

  


 


i

j
i

j
ij

i
j
i

jj
iiiii h

TT
TKTKThhC 1

11 )()()( 

  ,)()(
1

1
1

j
i

i

j
i

j
ij

i
j
i

j D
h

TT
TKTK 







 ,1,1  Ii ,,1 Jj 

  











i

j
i

j
ij

i
j
i

jj
iiiii

j
i h

TT
TKTKThhCD

11
11

1
11

1 )()()1()( 

 
1

1
1

1
1

1
1 )()()1(










 


i

j
i

j
ij

i
j

i
j

h

TT
TKTK

,)( 0
0

ii wT  ),,0( Ii 

,10
jj wT  ,2

jj
I wT  ),0( Jj 

1
1 , 0, 1, , 1, ,

       % %% % j j j
i i ih x x i I t t j J



Cost functional  is approximated by the function             
  with the aid of the trapezoids method:
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Fast Automatic Differentiation technique
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ip - the values of conjugate variables (impulses) 



Canonical form of the discrete direct problem:
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The discret adjoint problem

    
j
i

j
i

j
i

j
i

j
i

j
i

j
i pTTKWTKbp 1111 )()(

      
j
i

j
i

j
i

j
i

j
i

j
i

j
i

j
i

j
i

j
i

j
i pTTKWTKaTKWTTKb 1111 )()()()(

    
j
i

j
i

j
i

j
i

j
i

j
i pTKWTTKa 1111 )()(

    





1
111

1
1 )()( j

i
j

i
j

i
j

i
j

i
j
i pTTKWTKc

    
j
i

j
i

j
i

j
i

j
i

j
i pTKWTTKa 1111 )()(

    





1
111

1
1 )()( j

i
j
i

j
i

j
i

j
i

j
i pTTKWTKc

    


 1
11

1 )()(1 j
i

j
i

j
i

j
i

j
i

j
i pTKWTTKc

    


 1
11

1 )()( j
i

j
i

j
i

j
i

j
i

j
i pTTKWTKd

  
j

i

j
i

j
i

j
i

j
i

j
i

j
i T

F
pTKWTTKd




 





1
111

1
1 )()(

1
00, 1, , 0, 1, ,     J j j

i Ip i I p p j J

















 





,случаепротивномв,0

,
~~

  если,~~)(
)(

)( 1
1

1
n

j
in

nn

nn
j

i
j

i

TTT
TT

kk
T

T

TK
TK

 
)()()(

)( j
i

j
i

j
i

j
i

j
i TKTTKT

T

TTK
W 








Gradient of the cost function of the discreet optimal control problem
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The value of the gradient of the objective 
function, calculated according to these formulas 
is precise for the selected approximation of the 
optimal control problem.

The machine time needed for calculation the 
gradient components using the approach 
presented here (based on the FAD-methodology) 
is not more than machine time needed for solving 
one direct problem.



NUMERICAL RESULTS
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The first series of computations 

-   the field functional 



When approximating the "experimental" field of temperatures by its 

analytical value :)~4exp(~sin)~,~( j
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410403072.1 iniF 2610476330.3 optF
510201177.4max iniGR 1710061304.6max optGR

The maximum deviation of the resulting coefficient of thermal conductivity 
from its analytical value                                      did not exceed( ) 4K T 5100.1 

j j
i iT If -   the solution of the direct problem (1) :

2100196.3 iniF
26109909.2 optF

2104852.5max iniGR 17102778.5max optGR

The coefficient of thermal conductivity coincides with 

accurate to the machine precision
( ) 4K T



N=9 The optimal control



N=45
The optimal control
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2. 

0)( x 1
The functional is the thermal flux on the boundary 

1.7408iniF 20101.8560 optF
1106.8059max iniGR 14108.5559max optGR

The maximum deviation of the resulting coefficient of thermal conductivity

 from its analytical value                                      did not exceed( ) 4K T 7105.3 

TTK ini )(



1)( x 1 The "mixed" functional 

3.

1.7710iniF 20106.4531 optF

1107.3544max iniGR 13101.9782max optGR

The maximum deviation of the resulting coefficient of thermal conductivity

 from its analytical value                                      did not exceed( ) 4K T 7100.6 
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The second series of computations 
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The input data of the problem coincide with first exemple except  
for the following ones: 
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-   the field functional 

1. 

1)( x 0

1m

The solution of the identification problem for the coefficient of 
convective thermal conductivity is not unique 



-   the field functional 
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The solution of the identification problem for the coefficient of 
convective thermal conductivity is not unique 

2m



Necessary conditions for non-uniqueness of 
solution of the inverse problem

The derivative         of the isoline ( )x x t

is proportional to the derivative 
( , )

T x t
x

The proportionality coefficient does not change along the isoline 
and depends only on the temperature ( , )T x t  on it .

To single out a unique solution of the optimal control problem, 
we suggest specifying a point *T at which  the thermal conductivity

coefficient is known: ( )* *K K T
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If the approximate function ( )K T passes through the given point 

( , )* *T K at each step of the minimization process, then the solution

to the inverse problem is unique
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m=2 

the flux functional  and the "mixed" functional :

the approximate values of ( )K T converged to the limiting function opt( ) K T T

independently of the initial approximation; the solution was unique 



The third series of computations 

the experimental field does not belong to the reachability domain determined 
by the controls (thermal conductivity coefficients) from the feasible set

 
 

4
0

( , ) ( , )
( ) ( ) ( ) ( ) ( , ) 0, ( , ) ,

(0 1) (0 1) ,

c
x t x t

C K q x x t x t Q
t x x

Q x t

         
  

     
( , 0) 1, 0 1   x x

(0, ) cos , ( , ) 1, 0 1      t t L t t t

( ) 2 3 , ( ) ( ) 1,cK C a b           

0( ) 0.5, 0 1  q x x
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CONCLUSIONS 

     It is recommended to solve the identification 
problem several (3–4) times choosing each time 
a different function as the initial approximation.

    If this gives the same solution of the optimal 
control problem, then it may be considered as 
the solution of the identification problem.

     If the solution of the optimal control problem 
depends on the initial approximation, then an 
additional condition (e.g., a point at which the 
thermal conductivity coefficient is known) should 
be specified in order to solve the identification 
problem.



Thank you for your attention.
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