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1. The Metropolis-adjusted Langevin algorithm (MALA)

• Goal: to sample from πpxq � expr�V pxqs, a
probability distribution over Rd.

• Langevin SDE:

dXt � �∇V pXtqdt�
?

2dBt ,

where pBtqt¥0 is a d-dimensional Brownian mo-
tion.

� π is invariant,

B di�cult to calculate,

 consider a discrete version.

• Euler-Maruyama with step-size σ2
d ¡ 0

 Unadjusted Langevin algorithm:

Xd
k�1 � Xd

k � σ2
d∇V pXd

k q �
b

2σ2
dZ

d
k�1 ,

with pZdkqkPN i.i.d � Np0, Iddq.

B invariant measure � π,

 introduce as a Metropolis-Hastings proposal.

• MALA:

Y dk�1 � Xd
k � σ2

d∇V pXd
k q �

b
2σ2

dZ
d
k�1 ,

Xd
k�1 � Y dk�11Ad

k�1
�Xd

k

�
1� 1Ad

k�1

	
,

� the accept/reject step makes π invariant,

� biased proposal  gradient step,

� the method depends on V  π,

B need to calibrate σ2
d.

2. How to choose the step size? The optimal scaling problem

• Optimal scaling problem for Laplace target:

� consider the target sequence pπdqd¥1 given
by πdpxdq � expp�}xd}1q{2d;

� for each d ¥ 1, pXd
nqn¥0, the Markov chain

from MALA, started at stationnarity.

• First criterion for σ2
d: scaling

� scaling criterion: choose pσ2
dqd¥1 so that

limdÑ�8 PpAd1q Ps0, 1r;
B if pσ2

dqd¥1 is constant w.r.t. d,
limdÑ�8 PpAd1q � 0.

(a) constant σ2
d

(b) σ2
d Ñ 0 w.r.t. d

Proposition (Convergence of the acceptance

rate)

For any ` ¡ 0, d P N�, if σ2
d � `2{d2{3, then

ap`q :� lim
dÑ�8

PpAd1q � 2Φ
�
�`3{2{p3π1{2q1{2

�
,

where Φ is the standard Gaussian cdf.

acceptance rate as dÑ �8

3. Fine-tuning through a di�usive limit

• Goal: �nding an optimization criterion for
σ2
d � `2{d2{3,

• Interpolation and scaling of Xd:

Yd
t � prd2{3ts� d2{3tqXd

td2{3tu

� pd2{3t� td2{3tuqXd
rd2{3ts .

Theorem (Weak convergence to a Langevin

di�usion)

There exist h : R�� Ñ R�� such that for
any ` ¡ 0, Yd

1 converges weakly towards a
one-dimensional process Y, solution to the
Langevin SDE:

dYt � �hp`qsgnpYtqdt�
a

2hp`qdBt .

In addition hp`q � `2ap`q, where ap`q :�
limdÑ�8 PpAd1q.

• maximising h optimizes the scaling:

� h is the limit of the �rst order e�ciency

2 hp`q � lim
dÑ�8

d2{3E
�pXd

0,1 �Xd
1,1q2

�
,

� h is also the speed of the di�usion,

� if Yp1q satis�es the SDE with h � 1,

pYp1q
hp`qtqt¥0

law� pYtqt¥0,

� di�usion speeds h0 h1  � convergence speeds

 Y ergodic, π invariant ñ maximising h
gives the best convergence,

 optimization criterion for `, therefore σ2
d,

 a � 0.360 ñ optimal acceptance rate.

�rst order e�ciency as a function of acceptance rate

4. Comparing to other scalings

• α � 2{3 gives an estimate of the complexity:

� scaling Yd in d2{3  Opd2{3q steps to con-
verge (similar idea to speed h),

 comparing scaling values allows to com-
pare methods.,

� see [3] for more details.

MALA RWM

Smooth
[4] α � 1{3
a � 0.574

[2] α � 1
a � 0.234

Non-smooth
B no gen-
eral result

[1] α � 1
a � 0.234

 Laplace target has a new scaling,

B smoothness is important for MALA.
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