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Abstract

We propose a mathematical model for m-dimensional deformable bodies moving
in R

n , that allows for frictionless contacts or self-contacts while forbidding transver-
sal (self-)intersection. To this end, a topological constraint is imposed to the set of
admissible deformations. We restrict our analysis to the static case (although the
dynamic case is briefly addressed at the end of the article). In this case, no transversal
self-intersection can occur as long as 2m < n, so our modeling is mainly designed
to handle the case 2m � n. For nonlinear hyperelastic bodies, we prove the exis-
tence of at least one minimizer of the energy on the set of admissible deformations,
under suitable assumptions on the stored energy function. Moreover, for certain
choices of m and n, under regularity assumptions on the minimizers, the solutions
of the minimization problem satisfy Euler–Lagrange equations.

1. Introduction

Contacts and self-contacts arise in many practical situations. In this paper, we
focus our attention on the case of hyperelastic bodies. Nevertheless, part of our
work could be applied to other types of materials. In particular, bending effects can
be added, which are often suitable for thin structures (that is m < n). Moreover,
we mainly focus on the static case, although the dynamic case is briefly discussed
at the end of this article. One way of describing a system of elastic bodies is to
use a variational approach. Minimizers of the energy over the set of admissible
deformations are stable equilibrium states. For a hyperelastic body M , submitted
to dead loads, the total energy of a deformation ϕ : M → R

n has the following
form.

I (ϕ) =
∫

M
W (Dϕ) dx − L(ϕ), (1)
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where W (·) is the stored energy function (depending on the material of which
the body is made) and L(·) is the work of the external loads. The first theoreti-
cal question that arises in such a framework is whether such an energy admits at
least one minimizer. The answer relies on the given stored energy function W (·)
and the admissible set. Assume that the minimizing sequences are compact for a
given topology. Existence of minimizers then follows from the sequential lower
semicontinuity of I and the closure of the admissible set for this topology.

For finite valued stored energy function and under growth assumptions on W (·),
Morrey [15, 16] proved the sequential lower semicontinuity of I to be equivalent
to the quasiconvexity of the stored energy function W . When W (·) satisfies further
additional coercivity conditions, existence of minimizers of the energy I on Sobolev
spaces W 1,p(M; R

n) is obtained. Nevertheless, his modeling allows for existence
of non-physical solutions. For instance, in the case dim(M) = n, minimizers of I
can “reverse” the body. In other words, deformations such that det(Dϕ) < 0 are
permitted. In order to overcome this problem, Ball [3] introduced the notion of
polyconvexity of the stored energy function W . It allows him to handle the case of
non-finite-valued stored energy functions, and more precisely to prove the existence
of minimizers for stored energy functions such that

W (F) → +∞ when det(F) → 0,

and W (F) = +∞ for all F such that det(F) � 0. If such an additional condition
ensures local injectivity almost everywhere of the minimizers, it does not forbid non-
injective solutions except if Dirichlet conditions are applied on the whole bound-
ary of M (see [4]). Existence of almost everywhere global injective minimizers
was obtained for mixed displacement–traction boundary conditions by Ciarlet &
Nečas [6, 7]. Their approach rests on the additional constraint∫

M
det(Dϕ) dx � Vol(ϕ(M)) (2)

on the admissible deformations. Baiocchi et al. prove the existence of solutions
of pure traction boundary conditions where the body is constrained in a possibly
unbounded region. In another spirit, again in the context of hyperelasticity and
dim(M) = n, Giaquinta et al. [8, 9] prove the existence of minimizers of the
energy over a set of weak diffeomorphisms.

Another important challenge consists in deriving the Euler–Lagrange equations
fulfilled by the minimizers of the energy. For finite-valued stored energy functions
without contact such necessary conditions of optimality are easy to obtain, under
appropriate growth conditions on W . Unfortunately, such conditions are incompati-
ble with energies that blow up as det(Dϕ) goes to zero. In this case, Euler–Lagrange
equations can only be obtained under strong smoothness assumptions on the min-
imizers as it is done by Ciarlet and Nečas. They proved, for smooth minimizers
of the energy, that self-contact forces are normal to the boundary, that is friction-
less. The determination of the nature of the contact forces against a rigid obstacle
has been obtained by Schuricht [22] without any smoothness assumption (with
finite-valued stored energy function). In the case dim(M) = 1, Schuricht [20]
studied contact problems of nonlinear rods in R

2 against rigid bodies (see also the
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Ball thesis [2]). He established existence of solutions and derived Euler–Lagrange
equations for a large class of materials. In [21], Schuricht applied the global injec-
tivity condition of Ciarlet and Nečas to rods moving in R

3 and verified existence of
solutions without self-penetration. Another approach, based on the global curvature
of a curve, has been introduced by Gonzalez et al. [11] and Schuricht & Mosel
[23] to study self-contacts for rods.

In this paper, we propose a new condition on the admissible deformations in
order to prevent transversal self-intersections of m-dimensional deformable bodies
moving in R

n for 2m � n � m. Let M be a submanifold of R
n . The reference

injection of M into R
n is denoted jM . We define the set of admissible deformations

simply as the closure of the embeddings isotopic to the reference injection jM for an
appropriate topology. With such a definition, it is straightforward to prove the exis-
tence of minimizers of the energy (under suitable assumptions on the stored energy
function). Nevertheless, the implicit definition of the admissible set of deformations
has at least one drawback: it is not clear how to recover the Euler–Lagrange equa-
tions. In order to achieve such a goal, the usual method is to perform small variations
around the minimizer in the admissible set. Then, the differentiability of the energy
functional leads to the Euler–Lagrange equations. Unfortunately, the definition of
the admissible set does not provide an explicit description of the neighborhood
of a minimizer, or of the allowed variations. To overcome this problem, we prove
that admissible deformations fulfill an explicit topological constraint. More pre-
cisely, we show that the self-intersections of a deformation ϕ are, at least partially,
described by a topological invariant φ(ϕ). A deformation such that φ(ϕ) is equal
to φ( jM) is called φ-admissible. We prove that any admissible deformation is
φ-admissible. Conversely, in the cases dim(M) = n or dim(M) = 1 and n = 2,
every immersion that is φ-admissible belongs to the admissible set. This allows us
to prove that any immersion that is a minimizer of the energy satisfies the expected
Euler–Lagrange equations.

The plan of the paper is as follows. We first recall some basic definitions of dif-
ferential geometry (Section 2). Then, we give a description of the self-intersections
of a deformation (Section 3), in particular we define the φ-admissible set and study
its main properties. In Section 4, we set up the minimization problem for nonlinear
hyperelastic bodies and prove the existence of at least one solution using classical
arguments. Section 5 is devoted to determining whether or not solutions of the
minimization problem satisfy the expected Euler–Lagrange equations. First, we
consider the case of n-dimensional bodies moving in R

n (Section 5.1). In this case,
in order to obtain a reasonable modeling for frictionless contact, we do not need
to assume that the stored energy goes to infinity as the determinant of the gradient
goes to zero. Moreover, we compare our model with the one introduced by Ciarlet
& Nečas [7] and show that every φ-admissible deformation satisfies condition (2),
whereas the converse is not true. The Euler–Lagrange equations fulfilled by regular
minimizers of the energy over the φ-admissible set (or over the admissible set) can
be derived as it is done in [7]. A similar result is obtained for one-dimensional
structures moving in a two-dimensional Euclidean space in Section 5.2. (Proofs
for this part have been skipped and can be found in [17]). The case of shells or
thin films, that is, surfaces moving in R

3, is discussed in Section 5.3. In such
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cases, the constraint added does not prevent the formation of some nontransversal
self-intersections. This precludes the recovery of the Euler–Lagrange equations.
As stated before, our modeling is essentially relevant in the cases 2m � n. In
particular, for one dimensional structures moving in R

3, φ-admissibility is usually
not a restrictive enough condition as illustrated in Section 6. The dynamic case is
mentioned at the end of the article (Section 7).

Let us specify the various notations that we shall use:

j B
A : injection of A into B.

�(A) = {(x, y) ∈ A × A : x = y} : diagonal of A × A.
Ac : complement of the set A.
A \ B = A ∩ Bc.
Bn(x, r) : open ball centered at x ∈ R

n and of radius r .
Sn−1(x, r) : sphere centered at x ∈ R

n and of radius r .
ϕ̇ : derivative of ϕ (If ϕ is a regular one variable function).
Dxϕ : differential of ϕ at x (If ϕ is a multi-variable function).
T M : tangent bundle of the manifold M .
Tx M : fiber at x of the tangent bundle T M .
Ωk(M) : set of differential forms of degree k on the manifold M .
Hk(M) : real cohomology group of M of degree k.
f ∗(α) : pull back by f of the differential form α.

2. Preliminaries

We recall in this section some basic definitions and notions of differential geom-
etry and topology. For a comprehensive treatment of the topic, we refer, for instance,
to Godbillon [10], Arnold [1], and Bott & Tu [5].

2.1. Differential geometry

Let M and N be differentiable manifolds of dimension m and n, respectively.
Let f be a regular map from M into N . The map f is an immersion if and only
if Dx f is of rank m for every x . An injective immersion is an embedding. Two
embeddings f and g are said to be isotopic if there exists a regular map F from
M × [0, 1] into N , such that F(0) = f , F(1) = g, and F(t) is an embedding. For
every t in [0, 1] (F(t) is the map from M into N defined by F(t)(x) = F(x, t)).

2.2. Differential forms

Let us recall the definition of differential forms for open subsets of R
n . LetΛk

be the set of k-linear antisymmetric forms on R
n . The exterior product between a

k form α and an l form ω is the k + l form α ∧ ω defined by

α ∧ ω(X1, . . . , Xk+l) =
∑
σ

(−1)|σ |α(Xσ1 , . . . , Xσk )ω(Xσk+1 , . . . , Xσk+l ),
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where the sum is taken over by the permutations σ of {1, . . . , k+l}. Let (e1, . . . , en)

be the canonical basis of R
n and let (dx1, . . . , dxn) be the canonical basis of (Rn)∗,

that is dxk(ei ) = δi,k . Let I = (i1, . . . , ik), with 1 � i1 < · · · < ik � n, we denote
dxI as the k-linear alternate form defined by

dxI = dxi1 ∧ · · · ∧ dxik .

Let U be an open subset of R
n . A differential form of degree k on U is a C∞-mapping

from U to Λk . The set of k-differential forms on U is denoted Ωk(U ).
Let f : V → U be a C∞-mapping from an open subset V of R

p into an open
subset U of R

n . Let α ∈ Ωk(U ) be a differential form. We define the pullback f ∗α
of α by f as the k-differential form on V defined by

f ∗(α)(x)(X1, . . . , Xk) = α( f (x))(Dx f (X1), . . . , Dx f (Xk)).

The operator of differentiation d defined for any R-valued function g by

dg =
∑

k

∂g

∂xk
dxk,

can be extended to an operator d : Ωk(V ) → Ωk+1(V ) defined by

dα =
∑

I

d f I ∧ dxI ,

where α = ∑
I f I dxI , and d f I is the differential of the real valued function f I .

By the Schwarz equality, we have d ◦ d = 0. The cohomology group Hk(V ) of
degree k of V is the quotient space of the kernel of d [as a mapping from Ωk(V )
into Ωk+1(V )] by the image of d [as a mapping from Ωk−1(V ) into Ωk(V )].
If f is a C∞-mapping from V → U , the mapping f ∗ from Ωk(U ) → Ωk(V )
induced a mapping from Hk(U ) → Hk(V ). Moreover, if two mappings f and g
are homotopic, then f ∗ and g∗ define the same mapping from H∗(U ) into H∗(V ).

All those notions can be extended to differentiable manifolds.

3. Description of the self-intersections of a deformation

Let M be an m-dimensional submanifold (with or without boundary) of R
n

and let jM be the injection of M in R
n . We say that a deformation ψ : M → R

n

is admissible if it belongs to the C0-closure of the embeddings isotopic to the
reference injection jM . The set of admissible deformations is denoted by A( jM).
In this section we address the problem of describing the self-intersections of a
deformation. This leads us to associate to any deformation ϕ a topological invariant
φ(ϕ) which describes, at least partially, the self-intersections of the deformation
ϕ. The set Aφ( jM) of deformations that has the same topological invariant as the
reference injection jM is called the φ-admissible set. Every admissible deformation
is φ-admissible. It follows, for instance, that no deformation with transversal self-
intersection belongs to the set A( jM). Before broaching the general case, we focus
our attention on the case of a thin structures moving in R

2.
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3.1. Case of thin structures in R
2

The aim of this section is to give a straightforward description of the self-
intersections of a continuous deformation. The approach in this section is heuristic
and is not intended to provide us with complete proofs of the statements made.
We begin with the simplest case, that is the study of the intersection between
two deformations from one-dimensional manifolds M1 and M2 into R

2. If the
intersection is transversal (see below), the intersection is completely described by
a set of oriented points in M1 × M2. The definition of this oriented set could be
extended to the nontransversal case. However, this generalization failed to detect
some self-intersections of deformations of the circle S1 into R

2. A later definition
is introduced in order to solve this problem.

3.1.1. The transversal case. Let us consider two one-dimensional bodies M1 and
M2 moving in R

2 (M1 and M2 are assumed to be diffeomorphic either to [0, 1] or
S1). For two given deformations ϕ and ψ of M1 and M2, respectively, that is,
mappings from M1 or M2 into R

2, we want to define the intersection between ϕ
and ψ . We define the set of common points between ϕ and ψ as

K (ϕ, ψ) := {(x, y) ∈ M1 × M2 : ϕ(x) = ψ(y)}. (3)

The intersection is said to be transverse if, for every (x, y) ∈ K (ϕ, ψ), the family
(ϕ̇(x), ψ̇(y)) is free. In this case, the set K (ϕ, ψ) is a finite set of points and
is stable under small C1-perturbations of ϕ and ψ . Furthermore, each of them
could be endowed with a sign sϕ,ψ(x, y), depending on the orientation of the basis
(ϕ̇(x), ψ̇(y)).

sϕ,ψ(x, y) := sign(det(ϕ̇(x), ψ̇(y))).

As transversal intersections are stable under small perturbations, a deformation
without self-intersection could only have nontransversal intersections.

3.1.2. The nontransversal case. It remains for us to consider the nontransverse
case. Figure 1 represents two cases of nontransverse intersections. The images of M1
under ϕ and of M2 underψ are represented with a dashed line and a continuous line,
respectively. In the first configuration the beams intersect with each other whereas
they just make contact in the second one. Let us first note that it is clear, from this
example, that only a global criterion will enable us to distinguish deformations with

Fig. 1. Nontransverse intersections
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Fig. 2. Perturbations of non-transverse configurations

intersections from deformations without intersections. Moreover, the set K (ϕ, ψ)
is the same in both cases, and thus does not fully describe the intersection between
ϕ and ψ .

Let V be a small neighborhood of K (ϕ, ψ). There exist two deformations, ϕ̃
and ψ̃ , close to ϕ and ψ , respectively, such that K (ϕ̃, ψ̃) ⊂ V , and such that the
intersection between ϕ̃ and ψ̃ is transverse. To each connected component U of
V , one can associate an integer sϕ,ψ(U ), equal to the sum of the sign of the points
(x, y) ∈ K (ϕ̃, ψ̃) ∩ U .

sϕ,ψ(U ) :=
∑

(x,y)∈K (ϕ̃,ψ̃)∩U

sϕ̃,ψ̃ (x, y).

This integer does not depend on the choice of ϕ̃ and ψ̃ made as long as ϕ̃ and ψ̃ are
close enough to ϕ and ψ . If ϕ and ψ belong to the admissible set, one can choose
ϕ̃ and ψ̃ such that K (ϕ̃, ψ̃) = ∅, thus,

sϕ,ψ(U ) = 0 for every connected component U of V

and for any neighborhood V of K (ϕ, ψ). (4)

Let us compute sϕ,ψ(U ) in the two configurations represented in Fig. 1. We obtain
sϕ,ψ(U ) = +1 in the first case. Thus, this configuration is not admissible. In the
second case, sϕ,ψ(U ) = 0 (see Fig. 2).

3.1.3. The case of self-intersections. We will now investigate the case of self-
intersections. If ϕ belongs to the admissible set A( jM), the condition (4) is satisfied
with M2 = M1 and ψ = ϕ. Nevertheless, the converse is not true. Assume that M1
is homeomorphic to S1. For any integer k, the deformation ϕk defined by

ϕk : S1 → R
2

θ �→ (cos(kθ), sin(kθ)),
(5)

where the circle S1 is parameterized by the angle θ fulfills the criterion (4). Indeed,
let ϕ̃k = (1 + ε)ϕk , where ε is a small positive real, then K (ϕ̃k, ϕk) = ∅ and for
any connected component U of any neighborhood V of K (ϕk, ϕk),

sϕk ,ϕk (U ) =
∑

(x,y)∈K (ϕ̃k ,ϕk )∩U

sϕ̃k ,ϕk (x, y) = 0.
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Even so the deformations ϕk are not always intersection-free: there is no embedding
close to ϕk as long as k �= ±1. Thus, the mapping sϕ,ϕ does not give us a complete
description of the self-intersections of ϕ.

In order to solve this particular problem, let us go back to the study of the
intersections between two deformations. As before, ϕ and ψ denote deformations
from one-dimensional manifolds M1 and M2 into R

2. We define the mapping dϕ,ψ
from M1 × M2 \ K (ϕ, ψ) into R

2∗ by

dϕ,ψ(x, y) := ϕ(x)− ψ(y).

Let φR2∗ be the closed 1-form defined on R
2∗ by

φR2∗ := 1

2π

(
x

x2 + y2 dy − y

x2 + y2 dx

)
.

We denoted φ(ϕ,ψ) the pullback of φR2∗ by dϕ,ψ

φ(ϕ,ψ) := d∗
ϕ,ψ(φR2∗).

Let U be an oriented open set of M1 × M2, such that ∂U ⊂ M1 × M2 \ K (ϕ, ψ).
We assert that (see Proposition 5)∫

∂U
φ(ϕ,ψ) = sϕ,ψ(U ). (6)

Hence, the mapping sϕ,ψ is completely described by the integration of the 1-form
φ(ϕ,ψ) on loops in M × M \ K (ϕ, ψ). It remains to apply this analysis to the
study of self-intersections.

Let ϕ be a deformation; we define φ(ϕ) as the 1-form on M × M \ K (ϕ, ϕ)

φ(ϕ) = φ(ϕ, ϕ).

If ϕ belongs to the set of admissible deformations, and if U is an open set such that

inf
x∈U

∣∣dϕ,ϕ(x)∣∣ > 0,

then the restriction of dϕ,ϕ to U is homotopic to d jM , jM
. Thus, there exists a mapping

u : U → R such that

φU (ϕ)− φU ( jM) = du, (7)

where φU (ϕ) and φU ( jM) are the restriction of φ(ϕ) and φ( jM) to the open set
U . In other words, φU (ϕ) and φU ( jM) are equal up to an exact form. The set of
φ-admissible deformations will be defined in 3.2 as the deformations that fulfill this
criteria. The condition (7) implies that the integration of the 1-form φ(ϕ) and φ( jM)

on any loop of M × M \ K (ϕ, ϕ) are equal. Thus, by (6), this condition is at least as
strong as the condition (4). Actually, the 1-form φ(ϕ) contains more information
about the intersection than sϕ,ϕ , and the condition (7) is strictly stronger than (4).
Indeed, let γ be the loop in S1 × S1 defined by

γ : S1 → S1 × S1

θ �→ (θ, θ + h),
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Fig. 3. The test loop γ in the torus S1 × S1, with ϕ = ϕ3

where h is a small positive real. A simple computation shows that∫
γ

φ(ϕk) = k.

The integer k is called the turning number of the deformation. The Fig. 3 represents
the loop γ in the torus S1 × S1 (a square whose opposite edges are identified) for
ϕ = ϕ3. The set K (ϕ3, ϕ3) is drawn with dashed lines.

If j
S1 is the canonical injection of S1 into R

2 (that is j
S1 = ϕ1), we have

∫
γ

φ( j
S1) = 1.

As long as k �= 1, ∫
γ

φ(ϕk) �=
∫
γ

φ( j
S1),

φ(ϕk) − φ( j
S1) is not an exact form and the condition (7) is not fulfilled. Hence,

the deformation ϕk is not an admissible deformation as long as k �= 1.

Remark 1. Using the de Rahm duality theorem, one can prove that the condition
(7) is equivalent to

〈I(ϕ), ω〉 = 〈I( jM), ω〉 (8)

for any closed form ω on M × M with compact support included in the set
(K (ϕ, ϕ) ∪ ∂(M × M))c, where

〈I(ϕ), ω〉 :=
∫

M×M
φ(ϕ) ∧ ω.
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3.2. Definition of the φ-admissible deformations

Let n be an integer and M be a submanifold of R
n . Let jM be the injection of

M into R
n .

For all mappings ϕ from M into R
n , we denote by dϕ the mapping

dϕ : M × M → R
n

(x, y) �→ ϕ(x)− ϕ(y)

and by K (ϕ) the non-injective set, that is,

K (ϕ) := {(x, y) ∈ M × M : ϕ(x) = ϕ(y)} .
For any open subset U of M × M such that

inf
x∈U

|dϕ(x)| > 0, (9)

we denote φU (ϕ) the element of Hn−1(U ) defined as the pullback of φR
n∗ by dϕ,U ,

the restriction of dϕ to the open set U ,

φU (ϕ) := d∗
ϕ,U (φR

n∗ ) ∈ Hn−1(U ),

where φR
n∗ is the canonical n − 1 non-exact closed form on R

n∗ defined by

φR
n∗ (x)(X1, . . . , Xn−1) := det(x/|x |, X1, . . . , Xn−1)/|Sn−1|

and |Sn−1| is the n − 1 Hausdorff measure of the unit sphere Sn−1 of R
n .

Remark 2. We recall that Hn−1(U ) is the quotient space of n − 1-closed forms by
the n − 1 exact forms on U .

The mapping that maps any open subset U of M × M for which (9) holds to
φU (ϕ) is denoted φ(ϕ).

We say that a deformation is φ-admissible if and only if for any open subset U

φU (ϕ) = φU ( jM), (10)

as an element of Hn−1(U ), that is, if φU (ϕ)− φU ( jM) is an exact form on U .
We denote by Aφ( jM) the set of φ-admissible deformations, that is

Aφ( jM) :=
{
ϕ ∈ C0(M; R

n) : φU (ϕ) = φU ( jM) in Hn−1(U ),

for any open set U such that inf
x∈U

|dϕ(x)| > 0

}
. (11)

Remark 3. The element φU (ϕ) of Hn−1(U ) is well defined, even if ϕ is only
continuous. Indeed, if ϕ̃ is a regular approximation of ϕ, then φU (ϕ̃) ∈ Hn−1(U )
is independent of ϕ̃ as long as ‖ϕ − ϕ̃‖C0 is small enough.

Remark 4. One can define φ(ϕ) as an element of the inverse limit of the groups
H1(U ), where U is any open subset of M × M which fulfills the condition (9).
Then φ(ϕ) is a mapping, which maps every open subset U which fulfills (9) to an
element φU (ϕ) of H1(U ). Moreover, if U ⊂ V , then

φU (ϕ) = j V
U

∗
(φV (ϕ)),

where j V
U is the injection of U in V .
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3.3. Elementary properties of the φ-admissible set

3.3.1. CC0-Closure The set ofφ-admissible deformations is closed for the C0 topol-
ogy. Furthermore, the set of admissible deformations is included in the set of
φ-admissible deformations.

Proposition 1. Aφ( jM) is closed for the C0 topology.

Proof. Let ϕn be a sequence of φ-admissible deformations and ϕ be a deformation
of M such that ϕn converges toward ϕ for the C0(M; R

n) topology. Let U be an
open subset of M × M and δ be a positive real such that

inf
x∈U

|dϕ(x)| > δ > 0.

Let ϕ̃ be a C∞ regularization of ϕ such that

‖ϕ − ϕ̃‖C0 < δ/3.

Let ϕ̃n be C∞ regularization of ϕn such that

‖ϕn − ϕ̃n‖C0 < δ/3.

There exists N such that ‖ϕ − ϕN ‖C0 < δ/3, so that if ϕ̃t = t ϕ̃ + (1 − t)ϕ̃N , then
for all (x, y) ∈ U ,

|ϕ̃t (x)− ϕ̃t (y)| > 0.

Thus, the restriction dϕ̃t ,U of dϕ̃t to U defines a homotopy from dϕ̃,U : U → R
n∗ to

dϕ̃N ,U : U → R
n∗. As ϕ̃N belongs to the set of φ-admissible deformations,

φU (ϕ) = φU (ϕ̃) = d ∗̃
ϕ,U

(
φR

n∗
) = d ∗̃

ϕN ,K

(
φR

n∗
)

= φU (ϕ̃N ) = φU (ϕN ) = φU ( jM).

Hence, we have proved that φU (ϕ) = φU ( jM) for every open subset U of M × M ,
such that (9) holds. In other words that ϕ belongs to the φ-admissible set Aφ( jM).

Remark 5. The proof of the Proposition 1 shows that the element φU (ϕ) is, as
stated in the previous section, correctly defined for any continuous deformation
and any open subset U for which (9) holds.

Proposition 2. The admissible setA( jM) is included in theφ-admissible setAφ( jM).

Remark 6. Under some conditions on the dimension of M and the dimension n of
the space, we proved that A( jM) ∩ Imm(M; R

n) = Aφ( jM) ∩ Imm(M; R
n) (see

Sections 5.1, 5.2, and 5.3).

Proof. Let ϕ be an embedding isotopic to jM . There exists an isotopy ϕt such that
ϕ0 = ϕ andϕ1 = jM . Let U be an open subset of �(M)c. Then dϕt ,U : [0, 1]×U →
R

n∗ is a regular homotopy from dϕ,U : U → R
n∗ to d jM ,U : U → R

n∗, and

d∗
ϕ,U

(
φR

n∗
) = d∗

jM ,U

(
φR

n∗
)
,

as an element of H1(U ). Hence, ϕ belongs to the set of φ-admissible deformations.
The conclusion follows from the previous proposition.



194 Olivier Pantz

Remark 7. If n � 3 and dim(M) � 2, there exist deformations ϕ : M → R
n that

belong to the φ-admissible but not to A( jM) (see Section 5.3). Moreover, we do
not know whether or not Aφ( jM) = A( jM) when n = 2.

3.3.2. Right and left invariance.

Proposition 3. Let g : M → M be a homeomorphism isotopic to the identity, then

(ϕ ∈ Aφ( jM)) ⇒ (ϕ ◦ g ∈ Aφ( jM)).

Proof. Let U be an open set of M × M such that

inf
x∈U

|dϕ(x)| > 0.

Let V = (g, g)−1(U ). There exists regularizations g̃ and ϕ̃ of g and ϕ such that

φU (ϕ) = d ∗̃
ϕ,U

(
φR

n∗
)

φV (ϕ ◦ g) = d ∗̃
ϕ◦g̃,V

(
φR

n∗
)
.

Moreover, g̃ can be chosen such that it is diffeomorphic to the identity. In the
following, (g̃, g̃) will be understood as its restriction to V with values in U .

dϕ̃,U ◦ (g̃, g̃) = dϕ̃◦g̃,V

d ∗̃
ϕ◦g̃,V

(
φR

n∗
) = (g̃, g̃)∗ ◦ d ∗̃

ϕ,U

(
φR

n∗
) = (g̃, g̃)∗ ◦ d∗

jM ,U

(
φR

n∗
)

= d∗
jM ◦g̃,V

(
φR

n∗
) = d∗

jM ,V

(
φR

n∗
)
.

Proposition 4. Let g be a diffeomorphism from R
n into itself that preserves the

orientation, then

(ϕ ∈ Aφ( jM)) ⇒ (g ◦ ϕ ∈ Aφ( jM)).

Proof. As g is a diffeomorphism that preserves the orientation, (g, g) defines a
diffeomorphism from R

n × R
n \ �(Rn) into itself and (g, g)∗ from Hn−1(Rn ×

R
n \�(Rn)) into itself is nothing else but the identity. Let U be a subset of M × M

such that

inf
x∈U

|dϕ(x)| > 0,

then

inf
x∈U

|dg◦ϕ(x)| > 0.

Let p be the mapping

p : R
n × R

n \ �(Rn) → R
n∗

(x, y) �→ x − y.

Without loss of generality, we can assume that ϕ is regular and that

φU (ϕ) = d∗
ϕ,U

(
φR

n∗
)

and φU (g ◦ ϕ) = d∗
g◦ϕ,U

(
φR

n∗
)
.

We have dg◦ϕ,U = p ◦ (g, g) ◦ (ϕ, ϕ)|U and

d∗
g◦ϕ,U

(
φR

n∗
) = (p ◦ (g, g) ◦ (ϕ, ϕ)|U )∗

(
φR

n∗
) = (ϕ, ϕ)∗|U ◦ (g, g)∗ ◦ p∗ (

φR
n∗
)

= (ϕ, ϕ)∗|U ◦ p∗ (
φR

n∗
) = d∗

ϕ,U

(
φR

n∗
) = d∗

jM ,U

(
φR

n∗
)
.
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3.3.3. Transversal self-intersections. In this section, we prove that any defor-
mation with transverse self-intersection does not belong to the set of φ-admissible
deformations Aφ( jM) and thus to the admissible set A( jM). More precisely,

Proposition 5. Let ϕ : M → R
n be a continuous mapping. Assume that ϕ has a

transverse self-intersection at points (x, y) ∈ M × M, such that x �= y, that is

– ϕ(x) = ϕ(y)
– The mapping ϕ is of class C1 in the neighborhoods of x and y
– Dxϕ(Tx M)+ Dyϕ(Ty M) = R

n.

Then ϕ does not belong to the set of φ-admissible deformations Aφ( jM).

Proof. The proof is based on the construction of two functions γϕ and γ jM
from

Sn−1 into Sn−1 whose degree depends, respectively, on φ(ϕ) and φ( jM). As shown
thereafter, deg(γϕ) = 1 whereas deg(γ jM

) = 0, and thus, φ(ϕ) �= φ( jM). It follows
that ϕ does not belong to the set Aφ( jM) of φ-admissible deformations.

As Dxϕ(Tx M)+ Dyϕ(Ty M) = R
n , the mapping

dϕ : M × M → R
n

(a, b) �→ ϕ(a)− ϕ(b)

is a submersion at (x, y). From the implicit function theorem, we deduce that there
exists a neighborhood V of 0 in R

2m , a neighborhood W of (x, y) in M × M and
a local diffeomorphism g : V → W such that g(0) = (x, y) and

dϕ ◦ g(x1, . . . , x2m) = (x1, . . . , xn).

Furthermore, one can choose g such that the unit disk Dn is included in V , and
such that W ∩ �(M) = ∅, where

�(M) = {(a, b) ∈ M × M : a = b}.
Let δ = 1/2 and

Vδ = {(x, y) ∈ R
n × R

2m−n ∩ V : |x | > δ}.
Let h : Vδ → U = g(Vδ) ⊂ W \ {(x, y)} be the restriction of g to Vδ . There exists
a real δ′ such that

inf
x∈U

|ϕ(x)| > δ′ > 0.

We set

γϕ = θ ◦ dϕ,U ◦ h ◦ j Vδ
Sn−1 and γ jM

= θ ◦ d jM ,U ◦ h ◦ j Vδ
Sn−1 ,

where θ(z) = z/|z|. The degree of the mapping γϕ and γ jM
depends only on φU (ϕ)

and φU ( jM). Indeed, denoting by φSn−1 the generator of Hn−1(Sn−1), that is the
n − 1 differential form defined by

φSn−1(x)(X1, . . . , Xn) = det(n, X1, . . . , Xn)/|Sn−1|,
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we have

deg(γϕ) =
∫

Sn−1
γ ∗
ϕ (φSn−1)

=
∫

Sn−1

(
h ◦ j Vδ

Sn−1

)∗ ◦ d∗
ϕ,U (θ

∗(φSn−1))

=
∫

Sn−1

(
h ◦ j Vδ

Sn−1

)∗ ◦ d∗
ϕ,U (φR

n∗ ).

Thus, the degree of γϕ is

deg(γϕ) =
∫

Sn−1

(
h ◦ j Vδ

Sn−1

)∗
(φU (ϕ)), (12)

whereas the degree of γ jM
is

deg(γ jM
) =

∫
Sn−1

(
h ◦ j Vδ

Sn−1

)∗
(φU ( jM)). (13)

As γϕ : Sn−1 → Sn−1 is nothing else but the identity,

deg(γϕ) = 1.

On the other hand,

deg(γ jM
) =

∫
Sn−1

(
h ◦ j Vδ

Sn−1

)∗
(φU ( jM))

=
∫

Sn−1

(
h ◦ j V

Dn

)∗
(φW ( jM))

=
∫
∂Dn

(
h ◦ j V

Dn

)∗
(φW ( jM))

=
∫

Dn
d

((
h ◦ j V

Dn

)∗
(φW ( jM))

) = 0.

As claimed, deg(γ jM
) �= deg(γϕ) and from (12) and (13) we deduce that φU (ϕ) �=

φU ( jM) and that ϕ does not belong to the set of φ-admissible deformations.

4. The minimization problem

In this section, we consider nonlinear hyperelastic bodies. With suitable assump-
tions on the stored energy function W of the material, we show that there exists at
least one minimizer of the energy over the set of admissible deformations. More-
over, this existence results remains true if one considers φ-admissible deformations
instead. The proof of existence relies on standard arguments and on the fact that
both A( jM) and Aφ( jM) are closed for C0 topology. For the sake of completeness,
we treat in detail the case of nonlinear hyperelastic bodies, but similar results can
easily be extended to other types of materials (see Section 4.3).
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4.1. Setting of the problem

Let M be a differentiable submanifold of R
n (with or without boundary), m the

dimension of M , and jM the injection of M into R
n . The manifold M is implicitly

endowed with the differential structure and the Riemann metric induces by jM .
Furthermore, the m-dimensional Hausdorff measure in R

n induced a measure on
M noted dx . We define F(M; R

n) as the vector bundle of base M whose fiber at
x ∈ M is the set of linear mappings from (T ∗

x M)m into R
n . Let π be the projection

of this vector bundle on its base. The stored energy function W is a mapping from
F(M; R

n) into R
+. We assume that W is a Carathéodory function: the restriction

of W to a fiber π−1(x) is C0 for almost every x ∈ M , and the restriction of W to
any section is measurable (for any regular mapping G : M → F(M; R

n) such that
π ◦G = IdM , the mapping W ◦G is measurable). We assume W to be quasiconvex,
that is, for every F ∈ F(M; R

n),∫
U

W (F) dx �
∫

U
W (F + Dϕ) dx,

where U is the unit ball of Tπ(F)M , ϕ ∈ C∞
0 (U ; R). Moreover, we assume that

there exists p > m such that the following growth and coercivity conditions are
fulfilled

∀F ∈ F(M; R
n), |W (F)| � C(1 + |F |p)

∀F ∈ F(M; R
n), W (F) � α|F |p + β,

where C , α, and β are constants, and α > 0. We consider the case where M is
submitted to dead body forces f ∈ L2(M; R

n) and fixed on a subset N of M such
that every connected component of M intersects N . Let I : W 1,p(M; R

n) → R be
the energy functional

I (ψ) =
∫

M
W (Dψ) dx −

∫
M

f (x) · ψ(x) dx . (14)

The set of admissible deformations of finite energy is

Ap( jM) =
{
ϕ ∈ W 1,p(M; R

n) ∩ A( jM) : ϕ(x) = jM(x) for all x ∈ N
}
, (15)

whereas the set of φ-admissible deformations with finite energy is

Ap
φ( jM) =

{
ϕ ∈ W 1,p(M; R

n) ∩ Aφ( jM) : ϕ(x) = jM(x) for all x ∈ N
}
.

(16)

We consider the two following minimization problems

Find ϕ ∈ Ap( jM) such that I (ϕ) = inf
ψ∈Ap( jM )

I (ψ) (P)

and

Find ϕ ∈ Ap
φ( jM) such that I (ϕ) = inf

ψ∈Ap
φ( jM )

I (ψ). (Pφ)
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Remark 8. We would like to emphasize that our formulation is not limited to the
study of a single body. If one considers two bodies whose reference configurations
are the submanifolds A and B, respectively, we set M = A∪B. Note that we assume
for simplicity that all the connected components of M have the same dimension m.
This assumption could be removed at no extra cost.

Remark 9. The reference configuration used in our formulation is a differentiable
manifold M . Usually, an open subset of R

m is used instead. Our choice allows us
to treat more kinds of topology.

Remark 10. As we will see in Section 5, not only does the minimization problem
(P) have a physical meaning but so does the minimization problem (Pφ), at least
if n = 2 or dim(M) = n. Indeed, in such cases, minimizers of the total energy
fulfill the Euler–Lagrange equations, describing an elastic body with frictionless
contacts.

4.2. Existence

Proposition 6. Both minimization problems (P) and (Pφ) have at least one
solution.

Proof. The quasiconvexity of W , coercivity and growing conditions imply that the
functional I is sequentially lower semicontinuous (see [3, 15, 16]) for the weak
topology of W 1,p(M; R

n). Let ϕn be a minimization sequence of I over Ap( jM).
The Dirichlet conditions combined with the coercivity ensures that the sequence ϕn

is bounded in W 1,p(M; R
n). One can extract a subsequence ϕnk weakly converging

toward an element ϕ ∈ W 1,p(M; R
n). As I is sequentially lower semicontinuous,

we have

I (ϕ) � inf
ψ∈Ap(M)

I (ψ).

Since p > m, the injection of W 1,p(M; R
n) into C0(M; R

n) is compact. Hence,ϕnk

converges in C0(M; R
n) and, as Ap( jM) is closed for the C0 topology, ϕ belongs

to Ap( jM). Thus, the minimization problem (P) has at least one solution. The
existence of a solution to the problem (Pφ) ensues from the closure of the set
Ap
φ( jM) for the C0 topology given by Proposition 1.

Remark 11. Existence results could also be obtained if N does not intersect every
connected component of M . Yet, the loads f have to fulfill compatibility conditions
to ensure the existence of a minimizer. For instance, if M has only one connected
component and if

∫
M f (x)dx = 0, then there exists at least one solution to the

minimization problem.

Remark 12. The existence could also be obtained under other assumptions on the
stored energy function W . In particular, it remains true under the hypothesis made
by Ball [3], which allows for the case W (F) → +∞, if det(F) → 0 in the case
m = n. Furthermore, the definition of the admissible set given here only holds for
continuous functions and thus requires p > m. This condition could probably be
weakened using methods similar to the one used by Tang [25] and Šverák [24].
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4.3. Non-hyperelastic bodies

In the case m < n, if W satisfies the classical assumption of frame indiffer-
ence [W (RF) = W (F) for all R ∈ SO(n)] and if the natural injection vanishes
the energy W (D jM) = 0, then the quasiconvexity of W implies that M does not
sustain any compression. The elastic energy vanishes for any deformation whose
pull-back metric is less than or equal to the identity and in particular for constant
maps (see [12, 13, 19]). This degenerated behavior is directly linked to the fact
that bending effects are neglected. Such an approximation is in many cases too
coarse. In consequence, existence results of minimizers for models that include
such effects are likely. For curvature-dependent energies, if an existence result is
available without taking into account any non-self-intersection constraints, it will
usually remain true if one compels the deformations to belong to either the admissi-
ble or φ-admissible set. Indeed, the existence of minimizers (regardless of the type
of energy considered) usually relies upon the same arguments as those which we
used in the hyperelastic case: relative compactness of the minimization sequences,
sequential lower semicontinuity of the energy and closeness of the function space
X of optimization. In such a case, if the injection of X into the set of continuous
maps is continuous, then there exists also at least one minimizer of the energy
over X ∩ A( jM) or X ∩ Aφ( jM) as both of those sets are closed for the topology
of X . If bending terms are considered, the space X is expected to be included in
W 2,1(M; R

n) and the injection of X into W 2,1(M; R
n) endowed with the weak

topology is expected to be continuous. In consequence, the injection of X into C0

is also continuous and the energy admits at least one minimizer over each of the
sets X ∩ A( jM) and X ∩ Aφ( jM).

5. Interpretation of the minimizers of the energy

In this section, we examine whether or not solutions of the minimization prob-
lems (P) or (Pφ) are solutions of the Euler–Lagrange equations describing the
behavior of elastic bodies with frictionless contacts. All results and proofs are
expressed with respect to the problem (Pφ). They can easily be adapted to the
study of the problem (P). To this end, it suffices to use the fact that the admissible
set A( jM) is included in the φ-admissible set Aφ( jM) (Proposition 2). Throughout
this section, we assume the stored energy function W to be C1.

5.1. The case of n-dimensional bodies in R
n

As we recalled in Section 1, the case of n-dimensional bodies moving in R
n has

been studied by Ciarlet & Nečas in [7]. Our modeling differs from theirs in the
definition of the admissible set of deformations. Furthermore, their assumptions on
the stored energy W are stronger than ours. They choose W in a way that forces
local injectivity almost everywhere for deformations with finite elastic energy. To
this end, they assume that W takes its values in R

+
and verifies{

W (F) = +∞ if det(F) � 0
W (F) → +∞ as det(F) → 0.

(17)
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Their admissible deformations are defined as those that satisfy

∫
M

det(Dϕ) dx � Vol(Im(ϕ)). (18)

It is easy to show that, if a deformation fulfills this constraint and has a finite energy,
it is almost everywhere injective not only locally but globally. This follows from
the equation (18) and the identity

∫
ϕ(M)

Card(ϕ−1(y)) dy =
∫

M
det(Dϕ(x)) dx

fulfilled by every W 1,p function such that det(Dϕ) > 0 almost everywhere. Using
the notation introduced in Section 4.1, Ciarlet & Nečas [7] define their set of
admissible deformations as

Ap
C N ( jM) =

{
ϕ ∈ W 1,p(M; R

n) : ϕ(x) = jM(x) for all x ∈ N ,

det(Dϕ) > 0 almost everywhere,
∫

M
det(Dϕ) dx � Vol(Im(ϕ))

}
.

Under other assumptions on the stored energy, W , Ciarlet & Nečas prove that there
exists a minimizer of the energy on their set of admissible deformations whenever
the infimum is finite.

The condition φ(ϕ) = φ( jM) is at least as strong as the condition (18)
introduced by Ciarlet & Nečas (see Proposition 8). Every φ-admissible defor-
mation ϕ ∈ W 1,p(M; R

n) such that det(Dxϕ) �= 0 almost everywhere satisfies
(18) and thus is admissible according to the Ciarlet–Nečas definition. In particular,
every element ϕ ∈ Aφ( jM) is injective almost everywhere: for almost all z ∈ R

n ,
Card(ϕ−1(z)) = 0 or 1. Consequently, our model inherits several properties of
theirs. In particular, this feature enables us to extend their formal interpretation of
the minimizers of the energy. If a solution of the minimization problems (P) or
(Pφ) is a regular immersion, it fulfills the Euler–Lagrange equations (see Propo-
sition 7). In our case, the proof can be run word by word, as in the formulation
of Ciarlet & Nečas . Actually, our criterion is stronger: some deformations that
belong to the set Ap

C N ( jM) do not belong to Aφ( jM). For instance, the deformation
represented in Fig. 4 fulfills criterion (18) but does not belong to Aφ( jM) as it
has a transversal self-intersection. The existence of such deformations prevents us
from hoping that an asymptotic analysis, performed on the Ciarlet–Nečas model,
could lead to a reasonable model of a thin structures with frictionless self-contacts,
without self-intersection.

Finally, let us remark that every deformation ϕ belonging to Ap
φ( jM) preserves

the orientation, without any assumption on the stored energy W (see Proposition 9).
This is another important difference between our model and the Ciarlet–Nečas
formulation. A deformation ϕ ∈ Ap

φ( jM) only satisfies

det(Dϕ) � 0,
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Fig. 4. Admissible deformation according to the Ciarlet–Nečas model with transversal self-
intersection

and not

det(Dϕ) > 0 almost everywhere.

In the next proposition, we will assume that N ⊂ ∂M , that is, the body is fixed
only at its boundary.

Proposition 7. Let M be an n-dimensional submanifold of R
n such that ∂M is

smooth. Let ϕ be a solution of the minimization problem

ϕ ∈ Ap
φ( jM), I (ϕ) = inf

ψ∈Ap
φ( jM )

I (ψ), (Pφ)

where the set Ap
φ( jM) and the functional I are defined as in (14) and (15). Assume

in addition that ϕ ∈ C1(M) and det(Dϕ) > 0 on M then the minimizer ϕ is a
solution of the following boundary-value problem:

− div DW (Dϕ) = f in M \ ∂M, (19)

ϕ = jM on N , (20)

DW (Dϕ(x)) · n′(x) = λ(x)n(x) with λ(x) � 0, for all x ∈ ∂M \ N ;
(21)

the last equations correspond to one of the following situations (for all x ∈ ∂M\N ):

ϕ−1(ϕ(x)) = {x} whence λ(x) = 0, (22)

ϕ−1(ϕ(x)) = {x, y}, with y ∈ ∂M whence

n(x)+ n(y) = 0 and λ(x)da(x) = λ(y)da(y), (23)
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where n′(z) and n(z) denote the unit’s outer normal vectors along ∂M and ϕ(∂M)
at the point z and ϕ(z), respectively, and da(z) denotes the differential area along
∂M at the point z.

Remark 13. Equation (19) has to be understood in a weak form.

Proof. Let ϕ be a smooth φ-admissible deformation such that det(Dϕ) > 0. By
Proposition 8, ϕ belongs to the Ciarlet–Nečas admissible set Ap

C N ( jM). In [7],
Ciarlet & Nečas prove that there are enough variations F : [0, 1] × M → R

3

such that, F(0, x) = ϕ(x) and F(t, ·) is an embedding for every t > 0 to recover
the given Euler–Lagrange equations, using the differentiability of the energy I (·).
Proposition 8. Let M be an n-dimensional differentiable submanifold of R

n (with
boundary). Every deformation ϕ ∈ Aφ( jM) ∩ W 1,p(M; R

n) is such that
∫

M
| det(Dϕ)| dx = Vol(Im(ϕ)),

and ϕ is injective almost everywhere, that is for almost all z ∈ R
m, ϕ−1(z) is either

empty or contains only one element.

Proof. Let ϕ ∈ Aφ( jM) ∩ W 1,p(M; R
n). Let x and y be two distinct elements of

the interior of M such that

ϕ(x) = ϕ(y).

We consider a chart g : Bn(0, 1) → M such that y /∈ Im g and g(0) = x (We recall
that Bn(0, 1) is the open ball of radius 1 centered at the origin). For all 0 < r < 1,
we set

Sn−1
r = g(Sn−1(0, r)),

and

Kr = {x} × Sn−1
r ∪ {y} × Sn−1

r .

Assume that

ϕ ◦ g(Sn−1
r ) ∩ ϕ(x) = ∅, (24)

then Kr is a compact subset of dϕ−1(Rn∗) and as ϕ belongs to the set of admissible
deformations Aφ( jM), we have

∫
{x}×g

(
Sn−1

r

) d∗
ϕ

(
φR

n∗
) =

∫
{x}×g

(
Sn−1

r

) d∗
jM

(
φR

n∗
) = 1,

and ∫
{y}×g

(
Sn−1

r

) d∗
ϕ

(
φR

n∗
) =

∫
{y}×g

(
Sn−1

r

) d∗
jM

(
φR

n∗
) = 0,
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On the other hand, as ϕ(x) = ϕ(y), we have∫
{x}×g

(
Sn−1

r

) d∗
ϕ

(
φR

n∗
) =

∫
{y}×g

(
Sn−1

r

) d∗
ϕ

(
φR

n∗
)
,

which cannot hold when considered together with the previous equations. Hence,
our assumption (24) is false. For all positive real 0 < r < 1, we have

ϕ ◦ g
(

Sn−1
r

)
∩ ϕ(x) �= ∅.

We have just shown that for all x ∈ M \ ∂M ,

Card(ϕ−1(x)) > 1 ⇒ Card(ϕ−1(x)) = +∞. (25)

(Here and in the following of the proof exposition, ϕ is understood as a mapping
from M \ ∂M into R

n .) Let P be the set of non-injective points, that is

P = {z ∈ R
n : Card(ϕ−1(z)) > 1}.

For all z ∈ P , from (25), we deduce that Card(ϕ−1(z)) = +∞. Moreover, a
theorem from Marcus & Mizel [14] shows that, as ϕ ∈ W 1,p(M,Rn)with p > n,∫

M
| det(Dϕ)| dx =

∫
ϕ(M)

Card(ϕ−1(z)) dz.

It brings up∫
M

| det(Dϕ)| dx =
∫

P
Card(ϕ−1(z)) dz +

∫
ϕ(M)\P

Card(ϕ−1(z)) dz

= +∞|P| + Vol(Im(ϕ))− |P|.
This implies that the measure |P| of the set of non-injective points is zero and that∫

M
| det(Dϕ)| dx = Vol(Im(ϕ)).

Proposition 9. Let M be an n-dimensional differentiable submanifold of R
n

(with boundary). Every deformation ϕ ∈ Aφ( jM) ∩ W 1,p(M; R
n) is such that

det(Dϕ) � 0.

Proof. Let z ∈ R
n \ ϕ(∂M); the degree deg(ϕ,M, z) is defined as

deg(ϕ,M, z) =
∫
∂M

d(ϕ, z, ∂M)∗
(
φR

n∗
)

where

d(ϕ, z, ∂M) : ∂M → R
n∗

x �→ ϕ(x)− z.

The following formula holds (see [24], Corollary 1)∫
M

det(Dϕ) dx =
∫

Rn
deg(ϕ,M, z) dz. (26)
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Furthermore, if z ∈ Im(ϕ), there exists y ∈ M such that ϕ(y) = z, and

deg(ϕ, ∂M, z) =
∫
∂M

d(ϕ, z, ∂M)∗
(
φR

n∗
)

=
∫
∂M
(py ◦ dϕ,U )

∗ (
φR

n∗
)

where py : ∂M → M × M is defined by py(t) = (t, y) and U is a neighborhood
of ∂M × {y}. Thus,

deg(ϕ, ∂M, z) =
∫
∂M

d∗
ϕ,U ◦ p∗

y

(
φR

n∗
)
.

As ϕ belongs to Aφ( jM), we have

deg(ϕ, ∂M, z) =
∫
∂M

d∗
jM ,U

◦ p∗
y

(
φR

n∗
)

=
∫
∂M

d( jM , jM(y), ∂M)∗
(
φR

n∗
)

= deg( jM , ∂M, jM(y))

= 1.

Moreover, if z /∈ Im(ϕ), deg(ϕ, ∂M, z) = 0. From (26), it follows that
∫

M
det(Dϕ) dx =

∫
ϕ(M)

1 dx = Vol(Im(ϕ)),

and from Proposition 8, we deduce that
∫

M
det(Dϕ) dx =

∫
M

| det(Dϕ)| dx .

Hence, det(Dϕ) � 0 almost everywhere.

5.2. The case of thin structures in R
2

In this section, we state a similar results for one-dimensional structures mov-
ing in R

2 to those obtained in the case n = m in Section 5.1, Proposition 7. If a
minimizer of the energy over (P) or (Pφ) is a regular immersion, then it fulfills
Euler–Lagrange equations. To avoid unnecessary technicalities, we will only con-
sider the case of one unfixed circle (M = S1 and N = ∅). The results given could
be extended to other cases, that is M = [−1, 1] or N �= ∅ or even to a problem
involving several bodies. Let us first set the main result of this section.

Proposition 10. Let M = S1 and N = ∅. Let ϕ : S1 → R
2 be a solution of the

minimization problem:

ϕ ∈ Ap
φ( jM), I (ϕ) = inf

ψ∈Ap
φ( jM )

I (ψ), (Pφ)
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where the functional I and the set Ap
φ( jM) are defined as in (14) and (15). Assume

in addition that ϕ is a C1 immersion. Then for all z ∈ Im(ϕ), there exists a family
(x0(z), . . . , xN (z)) of elements of S1 such that

ϕ−1(z) = {x0(z), . . . , xN (z)},

and an unitary vector n(z) normal to Im(ϕ) such that for all test function ψ ∈
C∞(S1; R

2) such that for all z ∈ Im(ϕ) and all 0 � i < Card(ϕ−1(z)),

(ψ(xi+1(z))− ψ(xi )(z)) · n(z) � 0, (27)

we have
∫

S1
DW (ϕ̇) · ψ̇ + f · ψ dx � 0. (28)

Moreover, if DW (ϕ̇) belongs to H1(M; R
2), there exists, for all z ∈ Im(ϕ), a

family (λk+1/2(z))k=−1,...,N (z) of nonnegative reals such that

λ−1/2(z) = λN (z)+1/2(z) = 0,

where N (z) = Card(ϕ−1(z)) such that for almost all x ∈ S1 we have

−dDW (ϕ̇)

dx
(x) = f (x)+ (λ+(x)− λ−(x))ϕ̇(x)⊥,

where ϕ̇(x)⊥ is the image of ϕ̇(x) under a rotation of angle π/2 and λ+ and λ−
are defined by

λ+(xk(z)) = λk+n(z)·n(xk(z))/2 and λ−(xk(z)) = λk−n(z)·n(xk(z))/2 (29)

for all z ∈ Im(ϕ), n(x) being the normal to ϕ̇(x) such that ϕ̇(x) ∧ n(x) > 0.

Remark 14. The first part of Proposition 10 remains true for any energy function
I ∈ C1(W 1,p(M; R

2); R). Let ϕ be a minimizer of I over Aφ(M). Assume that ϕ
is a C1 immersion and that the function I is derivable at ϕ, then for any test function
ψ ∈ C∞(M; R

2) verifying (27), we have

〈DI (ϕ), ψ〉 � 0.

Moreover, if DI (ϕ) belongs to L2(M; R
2), the second part of the Proposition 10

still holds and there exists two functions λ+ and λ− ∈ L2(M; R
2) of the form (29)

such that

DI (ϕ) = (λ+ − λ−)ϕ̇⊥.
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(a) (b)

(c) (d)

Fig. 5. Construction of a minimizer with self-contacts

Remark 15. Proposition 10 does not tell us anything about the regularity of the
solutions ϕ of the minimization problem (Pφ) or of the Lagrange multipliers λ±. If
the stored energy W is convex and if W (F) = 0 for any unitary vector F ∈ R

2, the
membrane does not sustain compression. Without applied load, any deformation
ϕ such that |ϕ̇| � 1 is such that I (ϕ) = 0 and is a minimizer of I . Thus, we
cannot expect to prove any regularity result in the general case. Regularity can be
expected only if M is stretched far enough so that |ϕ̇| � 1. We conjecture that, if the
minimizer is such that |ϕ̇| > 1 almost everywhere and if the applied loads belongs
to L2, then ϕ belongs to H2. One can question whether any self-contacts can occur
in such a case and also whether Proposition 10 is not completely formal. Special
loads can be chosen, in order to ensure that self-contacts occur. To this end, one
can apply three punctual loads f0 = (−2, 0), f1 = (1, 1), and f2 = (1,−1) to the
circle at xk = (cos(2πk/3), sin(2πk/3)) (k = 0, . . . , 2) (see Fig. 5a). If no self-
contacts occur, then ϕ|[x0,x1], ϕ|[x1,x2], and ϕ|[x2,x0] are affine. It is easy to check that
such a situation cannot occur without reversing the orientation of the circle (which
is not allowed). Moreover, multiple self-contacts are not energy competitive. So,
the minimizer of ϕ has one self-contact, for instance ϕ(x0) belongs to ϕ(]x1, x2[)
(see Fig. 5b). Even if it means increasing the applied load fk , we can assume that
|ϕ̇| will be greater than one almost everywhere (see Fig. 5c). Finally, it is reasonable
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to expect that a regularization of the applied loads will lead to a minimizer ϕ which
will satisfy the assumptions of Proposition 10 (see Fig. 5d).

The proof of Proposition 10 is rather long and technical, albeit not difficult.
The main idea is to give a geometrical definition of the φ-admissible set of defor-
mations. Next, we prove that this definition is equivalent with the algebraic one
(used earlier to prove the existence) for immersions. Then, using the geometric
definition, we prove that the set of regular embeddings isotopic to j

S1 are dense

in the set of φ-admissible immersions for the C1 topology. This allows us to build
enough “variations” around the minimizer in the set of φ-admissible deformations
Aφ( j

S1) to obtain the Euler–Lagrange equations. Moreover, the set of φ-admissible
immersions is nothing else but the set of the admissible immersions, that is

Aφ( jM) ∩ Imm(S1; R
2) = A( jM) ∩ Imm(S1; R

2).

The complete proof can be found in [17].

Remark 16. Actually, we conjecture that Aφ( jM) = A( jM) in the case n = 2.

5.3. The case of shells or thin films

In the case of shells, that is, n = 3 and dim(M) = 2, we cannot give a similar
interpretation to the solutions of the minimization problem (Pφ) as in the cases
n = m or n = 2 and m = 1. Indeed, even if a solution of the minimization
problem (Pφ) has no transversal self-intersection, it might have nontransversal
self-intersections. In such a case, not enough test functions can be built to recover
the Euler–Lagrange equations. Let us give an example of a deformation that belongs
to the set of admissible deformations Aφ( jM), but which has self-intersections and
does not belong to the admissible set A( jM). Let M = S1 × [0, 1]. We define the
reference deformation of M as the mapping

jM : M → R
3

(θ, h) �→ (cos(θ), sin(θ), h).

Let k be an integer and ϕk the deformation of M defined by

ϕk(θ, h) = (cos(kθ), sin(kθ), h).

One can easily show that for every k the deformation ϕk belongs to Aφ( jM). Nev-
ertheless, if |k| > 1, it does not belong to the C0-closure of the embeddings. This
counterexample is very similar to the one that we have met (and solved) in the study
of self-contacts of a body homeomorphic to S1, moving in R

2 (see Section 3.1).
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6. One-dimensional structures moving in R
3

As we pointed out in Section 1, our modeling is essentially relevant in the cases
2m � n. Thus, it fails to describe self-contacts occurring between rods or strings
in R

3. This is due to the fact that no transversal intersections can occur in such a
case: if x1 and x2 are contact points, that is such that ϕ(x1) = ϕ(x2), we obviously
cannot expect (ϕ(x1), ϕ(x2)) to be a basis of R

3. As our modeling is designed to
prevent transversal self-intersections, the constraint ϕ ∈ Aφ is almost empty in
such cases. As showed hereafter, this is indeed the case for M = S1.

Consider a reference injection jM : S1 → R
3 of nontrivial knot type. There

exists a continuous isotopy F such that F(0) = jM and F(1) is a standard injection
of S1 in R

3. Indeed, the knot can vanish into a point, as illustrated by Fig. 6. More-
over, Aφ contains any deformation C0-isotopic to jM . Thus, the standard injection
of S1 in R

3 always belongs to the set Aφ . Such a behavior is physically reasonable
for strings (one can indeed tighten a knot in order to make it invisible) but not
for rods, where flexure is taken into account. Consider now jM to be the standard
injection of S1 into R

3. Using the same isotopy (but with time reversed), any knot
can emerge out of any point of the curve, as if it had already been present in the
reference injection. Even for strings, this is not sensible. Thus for M = S1, Aφ

is nothing but the set of all continuous mappings of S1 into R
3, and the criterion

ϕ ∈ Aφ is empty.
Nevertheless, if we consider several closed curves, that is where M is the union

of circles, then Aφ is not the set of all continuous maps from M into R
3. Figure 7

represents two injections of a body M constituted by two circles M1 and M2. Let
the reference jM be the deformation drawn on the left hand side of the figure and ϕ
be the deformation on the right. It is easy to check that

∫
M1×M2

φ( jM) = 0

Fig. 6. Vanishing of a knot into a point

Fig. 7. Injection of two unknotted circles (left), and a non-φ-admissible deformation (right)
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while ∫
M1×M2

φ(ϕ) = ±1.

It follows that ϕ does not belong to the φ-admissible set.

7. Remarks on the dynamic case

In the dynamic case, the deformation ϕ of the body M depends on the time. As
we have done for the static case, we look for a necessary (or even sufficient) and
explicit condition for a deformation ϕ : M × [0, T ] → R

n to be physically admis-
sible. Assume that ϕ(t = 0) is the reference injection jM , the simplest extension of
the static case to the dynamic case will be to imposeϕ(t) to beφ-admissible for each
time t . Such a condition is clearly too weak. Indeed, the sequence of deformations
represented on the Fig. 8 (with M = [0, 1] and n = 2) is not physically admissible
even if for each time t , ϕ(t) is φ-admissible. At time t = 0.5, the moving part of
the body crosses the fixed one, moving from the right to the left. We propose the
following extension of the definition of the φ-admissible set to the dynamic case.
For every deformation ϕ : [0, T ] × M → R

n , we define dϕ as the map

dϕ : [0, T ] × M × M → R
n

(t, x, y) �→ ϕ(t, x)− ϕ(t, y).

The admissible set of time-dependent deformations is then defined as the static
case, once M × M is replaced by [0, T ] × M × M . In other words, for any open
set U of [0, T ] × M × M such that

inf
x∈U

|dϕ(x)| > 0,

we denote by φU (ϕ) the element of Hn−1(U ) defined as the pullback of φR
n∗ by

dϕ,U , the restriction of dϕ to U ,

φU (ϕ) := d∗
ϕ,U (φR

n∗ ) ∈ Hn−1(U ).

The set of time-dependent φ-admissible deformations is then defined by

Aφ(T, jM) :=
{
ϕ ∈ C0([0, T ] × M; R

n) : ϕ(t = 0) = jM

and φU (ϕ) = φU ( jM) in Hn−1(U ),

for any open set U such that inf
x∈U

|dϕ(x)| > 0

}
. (30)

Fig. 8. Nonadmissible time-dependent deformation
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Fig. 9. Time-dependent deformation with transversal intersection

It is easy to extend some results obtained in the static case to the dynamic case.
For instance, every deformation ϕ such that ϕ(t) is an embedding at each time t
and such that ϕ(t = 0) = jM belongs to Aφ(T, jM). The set Aφ(T, jM) is closed
for the C0 topology. We say that a time-dependent deformation ϕ has a transversal
self-intersection if there exists (t, x, y) ∈ [0, T ] × M × M such that

– ϕ(t, x) = ϕ(t, y)
– The mapping ϕ is C1 in neighborhoods of (t, x) and (t, y)

–
(
∂ϕ
∂t (t, x)− ∂ϕ

∂t (t, y)
)
(R)+ ∂ϕ

∂x (t, x)(Tx M)+ ∂ϕ
∂x (t, y)(Ty M) = R

n .

We can prove that any deformation with a transversal self-intersection does not
belong to Aφ(T, jM). Note that, as long as 2m + 1 � n, there exist time-dependent
deformations with transversal self-intersections. In particular, Fig. 9 represents the
evolution of two beams moving in R

3 with a transversal intersection at time t = 0.5.
Thus, the condition ϕ ∈ Aφ(T, jM) is not empty. Nevertheless, it is still too weak
in certain particular cases. For elastic strings, when the energy only depends on Dϕ
and when no flexure term is taken into account, any knot can be born from any point
of the string (see Section 6). However, flexure terms will forbid such deformations
as they will require an infinite amount of energy.

8. Conclusion

The modeling presented in this article allows us to consider contacts between
elastic bodies of dimension m moving in R

n , as long as 2m � n for the static case
and 2m + 1 � n for the dynamic case. Using this modeling, numerical simulations
have been preformed, in the case n = 2 (see [18]). For higher dimensions (n = 3
and dim(M) = 2 or 3), similar numerical methods could be applied. However,
high-dimensional problems are encountered in dimension at least four. To solve
these, one has to use some adaptive methods, which may be difficult to tackle.
Finally, the φ-admissible set is too large in the case n = 3 and m = 2 and a more
restrictive condition has to be found in order to forbid deformations with degenerate
intersections.
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