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Strong Markov Property

Definition: Stopping Time

T random variable in NU {+4co} is a
stopping time if,

{T =n} € F,, n>1,

F, : past at time n,
depends on X, Xy, ..., X,.

Translation:
An observer who looks at successive states
of (M,,), knows when to stop at time 7'.

Stopping times: Examples
»p2>0,T=p;

> of a subset:
F CS,

Tr = inf{n: M, =

ifzes,

T, = inf{n : M, =

» If S finite:
7 = inf{n : {My, My, ..

., M,} = S}



Counter-example The past before a stopping time T
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{My € Ao, M € Ay,...,M, € A, T >t}

Fr : all events before time T’
M, =0, L = sup{n : M,, = 0}

is not a stopping time.

Markov Property Strong Markov

A Markov chain (M,,) (Booklet page 100)
A sequence ()M, satisfies the Markov
property: If for any m and n € N

P(]\/Iern =Yy ‘ M, =xpy..., My = 1?0)
=P(Mpin =y | My = z,).

satisfies the strong Markov property:
If for any stopping time T :

P(Mrin =y | T < 400, Mr = 1, ..., My = x0)
= P(Mypin =y | T < +o00, My = z1).

Strong Markov = Markov at non
deterministic instants: stopping times.




Strong Markov (II)

Translation:

P(Mypyy, € - | Fr,T < +00)
=P(Mpyn € - | My, T < +00)

Example
Ifz €8, T, =inf{n: M, =z}
Assuming that 7, < +oo P-a.s.
Strong Markov:

P(]\lTﬁ,n €A | Mr,,..., M())
=P(Mp4n € A| Mg, = x)
=P(M, € A| M, = x).

The sequence (M, ., ) is independent
of the variables My, _q, ..., M.

Decomposition into independent cycles.

Poisson and exponential distributions

Poisson distribution




Definition Poisson distribution
(Booklet page 146)
De.ﬂnition: A' ran.dom Yariable v has a Generating function: |u| < 1,
Poisson distribution with parameter \ > 0,
if for any n € N,
A E (u’) = P(v = n)u”
O ()= > B =n)
n! neN
Average:

E(v) = Z nP(v =n) = Zn
nen neN
Variance:

Infinite radius of convergence.
E(?) —E(v)’ =) n’Plv=n)— X=X
neN

AIL
e A=A
n!

Model to represent network accesses Model to represent network accesses

v : Total nb. of transmissions per time unit.

N
Framework: v= Z 1g,
» N stations. =t

Stati ind dent F; : station 7 transmits at time 0.
> Stations are independent. Assumption py = P(E;) ~ A/N

N N

! . Ak
Assumption: N large and py small. =" x———_xeWVRls(=A/N) T oA
: & PN (N — k)IN* k!

for a station.

ANE A\ Nk
D, _ — Ck
pn : Proba. of transmission per time unit Py = k) =Cy <*> <1 - *>

v has an asymptotic Poisson distribution
with parameter \.




General Properties

Addition

If fori =1, 2,
» X, : Poisson with parameter \;;
» X, and X, are independent;

then X, 4+ X, is Poisson with parameter
A1+ Ao

E (u®7%2) = E (u®) E (u*?)
= exp(—(A1 + A2)(1 — w)),

General Properties (1)

Thinning: If
» X Poisson with parameter \;

» (B;) Bernoulli i.i.d. parameter p
B; € {0,1} and P(B; = 1) = p,
then S = B, + By + --- + Bx has a Poisson

distribution with parameter A\p.

General Properties (1)

Thinning (11): If
» X Poisson with parameter \;

» (B;) Bernoulli i.i.d. parameter p
B; € {0,1} and P(B; = 1) = p,

then
B,+By+---+Bx et X—(B1+Bx+---+Bx)
are independent, and Poisson with

parameter A\p and A(1 — p).

Law of small numbers

Independent case
If B, 1<i<N, independent Bernoulli r.v.

; (B — 1) — (-
a) HBTMSI;pIF(Bi =1) =0;

b) lim 3 P(B! =1) = A< +oo,

then, as n goes to infinity,

Loi

S, = B} + By + -+ By =3 Pois(})




Advantages of Poisson distribution
Simplify complex combinatorial expressions.

The exponential distribution

Definition

(Booklet page 149)
For A > 0, X is an exponential random
variable with parameter A if

+oo
B(f(X)) = / F@)Ae da,

JO

P(X > x) = exp(—Az), x >0.

Average:



Model to represent network accesses (II)

Framework:

» Small probability of transmission per
time unit: py = A/N.

7 first time when a given station transmits.
P(rn > k) = (1 — A/N),

TN Na -
Pl—=>a)=(1—X/N)Nl g
(y=e)=a-xm

T7
% — X, where X exp. param. X\ .

A crucial Property

If X exp r.v. with parameter )\, then

PX —z>y| X >x)=eN=PX >y).
Proof:

P(X >z +y)

P(X > x)
e—Mz+y)

BX —z>y| X >a)

=e M,
e—Av

Elementary property but fundamental.
Only continuous dist. with this property.

Exponential clocks

(Booklet page 150)
(Eq,...,Ey), ind. exponential r.v. param. ;.
E;: first time the ith clock rings.
The variable

min(Ey, Es, ..., EN)
has an exp. distribution with parameter
A1+ oo+ AN

The first time one of the IV clocks rings is
eugivalent to an exponential clock.

Poisson process




Definition Definition

Equivalently: non-decreasing fn ¢t — N (t),

» N(t) : number of points ¢,, between 0

» (E;) i.i.d. exponential r.v. param. X\; and t.

N(#)

st =FE1+ -+ Ep;

El E2 ES E4
-— -

L

T I
E, E, E} Ey 0 t ty i3

0 ‘t, t‘,z 1“/3 ty N(0)=0and N(t) — N(t—) € {0,1};
(N (t)) is the of the

{tn, n > 1} : Poisson Process with Poisson process.

rate/parameter \.

Example 1: Model for network accesses Ex;(ir;qple 2: Overflow phenomena
X(t

Framework:

» Proba. of transmission per time unit for
a station: py = A/IN;

tl : instant of transmission of the kth
message of a station.

The sequence (tlY /N, k > 0) converges in
distribution to a Poisson process (t;) with
rate .

dist

" (Nt,).

(ty k> 0)
(X (t)) : nb of requests in a buffer.




Example 3: Throwing points at random
on the real half-line

[ANN ]| points are thrown uniformly on [0, V].
tN : location of the ith point.

Ny dist. .
The sequence (t) ™" a Poisson process
with rate A\ on R, when N — +oo.

Poisson Process:
“Uniform” points on R

Properties of Poisson processes

Translation of a Poisson process

IN@)+1 — S

L L

tN(s)+1 EN(s)+2

The Poisson process after time s :

La variable ¢y ()1 —s is an exp. r.v. with

param. A

of t1, PR t;\r(s)

IN(s)+1—S is

Translation of a Poisson process

Points seen from s : (tn()1r — 5,k > 0)

» a Poisson process with rate A\

> are of t1, ..., tn(s-

= Poisson proc.




Consequences Consequences

The Poisson process is the integer

» nb of points in [0, s] independent
valued process

of nb of points in [s,s + ]

» non-decreasing process with jumps of

» N(t+ s) — N(s) same dist. as N(t). ize 11
size +1;

Independent increments » invariant by translation;
If 0 <a <ay, <---<a,, the variables

N(a1), N(az)—N(a1),...,N(an)—N(an-1) » independent increments.

are independent.

Stochastic Modeling Operations on Poisson processes
Two fundamental processes:
» Brownian motion.
used in stochastic models whose

evolution is continuous. .
Superposition

dB(t) M = (s,), N = (t,) Independent Poisson
proc. with rates ;x and A, then

> Poiss?n process.. P=M+N=({sa}U{ta})
used in stochastic models whose
evolution is discontinuous (jumps). is Poisson with rate A\ + f.

AN(t) = N(t) — N(t—).




Operations on Poisson processes

Thinning

If (B;) Bernoulli i.i.d. parameter p, indep.
of N = {t,}, the set of points

M, = {t,: B, =1}

is a Poisson process with rate Ap.

Operations on Poisson processes

Thinning (1)

Let (B;) Bernoulli i.i.d. parameter p, indep.
of N = {t,} with rate A, then

M, ={t,: B, =1} et M, = {t,: B, =0}

are independent Poisson processes, with
rates Ap and A\(1 — p).

Some Calculations

Sums of exponentials

The variable ¢, = F, + --- + E,, has the
density

(Az)n—t

Az
——_ €
(n—1)!

gn(z) = A

The nb. N(t) of points in [0, ] is Poisson
with parameter At

P(N(t) = n) = Pty < t < tus1)

=P(tn <t <tn+ Eny1)
- / . Hast<ary)gn(@)Ae™ da dy
RZ

(Az)nt

S e M Ae N d dy
(n—1)!

= / Lasiatp) A
. ]{+

(Am)n—1 (At)n "
A———dex=—>—e "
(n—1)! * nt €




Poisson process as a stochastic process

Some definitions

F; : o-field of events before time ¢

o-field of events which can be expressed in
terms of N(s), s < t.

Stopping Time:

A r.v. 7 with values in R, U {400} such
that {7 <t} € F,.

Examples

» T constant equal to ¢.

» Pour n > 1, t,, is a stopping time:
{tn <t} = {N(t) > n}.

" T =inf{t > 0: N([0,t/2]) = N([t/2,t])}
is also a stopping time.

Translation of a Poisson process: |l

——

PN — T

L L L L L L

0 ¢t i tN(@)T tn(r)+1 EN(r) 42

T stopping time
The translated Poisson process at 7 is
» a Poisson process with the same rate

» independent of locations of points
before 7.




Translation of a Poisson process: |l

Equivalently

(N(t-‘rT)—N(T),tZO)Lf”

dist.

A crucial property in practice.

(N(t+7) — N(r),t > 0) & (N(t), ¢ > 0).

Infinitesimal properties

If p,(t) = P(N(t) = n),

p'n(t + h) = P’(N(]O,t + h]) = n)

= B(N(10,8]) = n, N(Jt, t + h]) = 0) = B(N (0
+B(N(0,6]) =n— L, N(t,t +h)) =1) +P
+B(N(0,t +h)) = n, N(t,t+ k) > 2)  +

Pult + B)=pu(t) X (1=Ah)+p,1 () x Ah+o(h)

Chapman-Kolmogorov Equations

t — p,(t) = P(N(t) = n) satisfies

d
apn(t) = Apn—l(t) - Apn("’)? n > 1.

N (t) has a Poisson distribution with
parameter At

(At

n!

e M.

p,,(t) =

C-K equations hold for General Markov
processes.




