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Uniformly bounded linear switched systems

Uniformly bounded linear switched systems

» Finite collection By, Ba, ..., B, of d x d matrices.

» They share a weak quadratic Lyapunov function P, i.e.
B,-TP+PB,- <OQfori=1,...,p.
» We can assume P = Id, so that:

B,-T+B,-§0 for i=1,...,p

The linear switched system

d
X =BuwX  Xe RY,  w(t)€{1,2,...,p}

is stable.
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Uniformly bounded linear switched systems

Switching laws

» A switching law, or input, is a piecewise constant and
right-continuous function from [0, +c0) to {1,..., p}.

» For such a switching law u, the trajectory from X is denoted
by &,(t)X.

» The w-limit set, for a given initial point X, is:

Qu(X) = () {®u(t)X; t > T}
T>0
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Uniformly bounded linear switched systems

Two loci

» K ={XeR?y XT(B!+B)X =0}
» V= {X eRY [[eFiX] =|X]| vt>0}
It is the largest Bj-invariant subspace of ;.
These loci were previously defined (See Serres, Vivalda, Riedinger,
IEEE 2011)
Let u be a switching law:
» For any X € R? the w-limit set Q,(X) is contained |J?_; K.

» For certain classes of inputs (non-chaotic inputs) €,(X) is
contained (J?_; V.
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Stability of pairs of Hurwitz matrices

Pairs of Hurwitz matrices

The linear switched system
X = Bu(t)X X e Rd

is defined by a pair of Hurwitz matrices By, B; € M(d;R)
assumed to satisfy

BT +B;<0 i=0,1
Problem

Find (necessary and) sufficient conditions for the switched system
to be GUAS.
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Stability of pairs of Hurwitz matrices

Asymptotic stability

The switched system being linear is GUAS (Globally Uniformly
Asymptotically Stable) if and only if for every switching law u the
system is globally asymptotically stable, that is

VX € R O, ()X — 100 0.
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Stability of pairs of Hurwitz matrices

Asymptotic stability

The switched system being linear is GUAS (Globally Uniformly
Asymptotically Stable) if and only if for every switching law u the
system is globally asymptotically stable, that is

VX € R O, ()X — 100 0.

It was proved in [B.J. SIAM 2011] that the switched system is
GUAS as soon as

K =Ko K1 = {0}

But this condition is not necessary. It is possible to build GUAS
systems for which dim K = d — 1 regardless of d.
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Stability of pairs of Hurwitz matrices

Hurwitz matrices and observability

Theorem (Characterization of Hurwitz matrices)

Bisad x d-matrixs.t. BT + B <0 and K = ker(BT + B).
According to the orthogonal decomposition RY = KK & K+, B

writes -
A —C
B — ( AR ) (1)

with AT + A=0and DT + D < 0.
Then B is Hurwitz if and only if the pair (C,A) is observable.

Example

0 1
-1 0
Then B is Hurwitz for any D (that satisfies D7 + D < 0).

Assume B in the previous form, A = < > and C nonzero.
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Stability of pairs of Hurwitz matrices

Sketch of the proof
Consider the linear system:

() = {x = Ax xek

y =Cx y e K+

If (X) is not observable, then there exists x € IC, x # 0, such that
CeAx =0 for all t € R.

. (A -CT s (x) _ [ePx
Since B—<C D) we get e <0>—< 0

This does not tend to 0 and B is not Hurwitz.
Conversely if B is not Hurwitz, its limit trajectories lie in K and
verifie Cet*x = 0.
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Stability of pairs of Hurwitz matrices

Convexification

For A € [0,1] we consider the matrix By = (1 — \)By + AB;.

Fundamental space K = Ky N ;.

Lemma
For all A € (0,1), K\ = ker(B) + B)) = K.
According to the orthogonal decomposition RY = IC @ K+,

By writes
B)\ = AA _C)T s
C. Dy

with Al + Ay =0 for A € [0, 1],
and Dy + Dy < 0 for A € (0, 1).
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Stability of pairs of Hurwitz matrices

The associated bilinear system
We consider the bilinear controlled and observed system:

- x = Axx
(Z)_ {y :C)\X

where A € [0,1], x € K, and y € Kt
Definition
The system (X) is said to be uniformly observable on [0, +oo[ if

for any measurable input t — A(t) from [0, 400 into [0, 1], the
output distinguish any two different initial states, that is

Vx1 £ x €K m{t > 0; C)\(t X1( ) #* C)\(t)X2( )} > 0,

where m stands for the Lebesgue measure on R, and x;(t) for the
solution of x = Ay()x starting from x;, for i = 1,2.
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Stability of pairs of Hurwitz matrices

Main result

Theorem
The linear switched system

- A —CT
X = Bu(t)X where B,‘ = (C, D,’ >

is GUAS if and only if the bilinear system

) - {x — Awx

y IC)\X

is uniformly observable on [0, +o0|.
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Stability of pairs of Hurwitz matrices

Sketch of the proof

If the system is not GUAS, we obtain a limit trajectory

Y(t) =1 +/0 By(s)¥(s) ds

where t — \(t) is a measurable function from [0, +o0 into [0, 1].
It is obtained using a weak-x limit of t — B,;) on some sequence
of intervals [ty, +oo].

We show that #(t) is in K and writes ¢(t) = (¢(t),0) according
to the decomposition R = K @ K.

Its derivative Z4(t) = B(t)i(t) = <é\.’\§t;zgg> is also in I, so
At
that

Cap)®(t) =0  for almost every t € [0, +o0].
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Observability of the bilinear system

Observability of the bilinear system
For A €[0,1], x€ K, and y € K+

(Z) . x =Ax= (1 - A)Ao + AA;
o y :C)\X:(lf)\)C()qL)\Cl

» The trajectories are contained in spheres, because the A;'s are
skew-symmetric.
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Observability of the bilinear system

Observability of the bilinear system
For A €[0,1], x€ K, and y € K+

(Z) . x =Ax= (1 - A)Ao + AA;
o y :C)\X:(lf)\)C()qL)\Cl

» The trajectories are contained in spheres, because the A;'s are
skew-symmetric.

» A trajectory x(t) on [ = [0, T] or I = [0, +o0[ that is
contained in S¥~1 = {x € K; ||x|| = 1} and satisfies

Caeyx(t) =0 for almost every t € |

is a NTZO trajectory (Non Trivial Zero Output) or a bad
trajectory.
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Observability of the bilinear system

GUAS Systems with dim(K) < 2

An obvious necessary condition

(X) should be observable for every constant input, that is the pair
(Cx, Ay) should be observable for every A € [0, 1].

Under this condition no bad trajectory can be constant.
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Observability of the bilinear system

GUAS Systems with dim(K) < 2

An obvious necessary condition
(X) should be observable for every constant input, that is the pair

(Cx, Ay) should be observable for every A € [0, 1].
Under this condition no bad trajectory can be constant.

Proposition 1

If dim I < 2 then (X) is uniformly observable on [0, +oc] if and
only if the pair (Cy, Ay) is observable for every X € [0, 1].
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Observability of the bilinear system

Conjecture and counter-example

Conjecture

The switched system is GUAS if and only if the pair (Cy, Ay) is
observable for every A € [0, 1].
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Observability of the bilinear system

Conjecture and counter-example

Conjecture
The switched system is GUAS if and only if the pair (Cy, Ay) is
observable for every A € [0, 1].

Counter-example (Paolo Mason)
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Observability of the bilinear system

The bad locus

The condition
JdAe[0,1] suchthat Cx=(1—-A)Cox+ AGix=0

holds in the bad locus F characterized by

xe[0,1] sit. COx=0<«= Cox A Cix =0 and (Gox, Gix) <0
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Observability of the bilinear system

The bad locus
The condition
JdAe[0,1] suchthat Cx=(1—-A)Cox+ AGix=0

holds in the bad locus F characterized by
xe[0,1] sit. COx=0<«= Cox A Cix =0 and (Gox, Gix) <0

In Fo = F\ (ker o[\ ker Cy), the bad input A is an analytic

function of x:
<COX — C1X, C0X>

|Cox — Cux|®

A(x) =
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Observability of the bilinear system

Further sufficient conditions

G is the set of points x € S¥"1 N F for which there exists
A € [0,1] such that

CoAxx N Cix + Cox AN GtAx =0

Proposition 2

If the pair (Cy, Ay) is observable for every A € [0, 1] and the set G
is discrete then (X) is uniformly observable on [0, T] for all T > 0.
It is in particular true if ker Cy = {0} for A € [0, 1].
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Observability of the bilinear system

Summarizing Theorem

Theorem
The switched system is GUAS as soon as the pair (Cy, Ay) is
observable for every A € [0,1], and one of the following conditions
holds:

1. the set G is discrete;

2. dim K < 2.

In particular the switched system is GUAS if ker Cy, = {0} for
A e [0,1].
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Observability of the bilinear system

General examples

1. Ais a skew-symmetric k x k matrix, C is k' X k matrix, the
pair (C, A) is observable.
Then for any matrices Dy and D; such that D,-T + D; < 0 the
system {By, B1} is GUAS, where:

A —CT A —CT
BO_(C Do) Bl_(c D1>
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Observability of the bilinear system

General examples

1. Ais a skew-symmetric k x k matrix, C is k' X k matrix, the
pair (C, A) is observable.
Then for any matrices Dy and D; such that D,-T + D; < 0 the
system {By, B1} is GUAS, where:

A —CT A —CT
BO_(C Do) Bl_(c D >
2. Case where Ag = A; = 0.

T T
By — <0 Co ) B, — (0 G > with DT +D; < 0.
G D

It is GUAS if and only if Cy is one-to-one for all A € [0, 1].
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Observability of the bilinear system

dmK =d—-1

The skew-symmetric 2qg x 2q matrix A has g blocks

0 —aj
aj 0

on the diagonal and vanishes elsewhere.

Assume (ay,...,aq) to be rationally independant. Then the orbit
of x = Ax for any non zero initial state (x?, ... ,ng) is dense in
the torus

X22'/ 1+X2_] (ng 1)2+(X2J) T2 .j:]-u--~7q

where at least one T; does not vanish.
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Observability of the bilinear system

dmK =d -1, end

Therefore this orbit meets the subset of the orthant

{xi >0; i=1,...2q} where xpj_1 > 0 and xp; > 0 for at least
one j.

ForCO:(l 0o ... 1 O) and C1:(O 1 ... 0 1)

we have (Cox)(Cix) > 0 in this subset.

Every non zero orbit goes out of F.

The bilinear system defined by Ag = A1 = A, (y and (; is
uniformly observable on [0, 4+00).

The switched system defined by the matrices

(A = (A =]
Bo - <C0 —d0> Br= (Cl —di

is GUAS for any choice of positive numbers dy and dj.
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Observability of the bilinear system

A second conjecture

Consider the assertions
1. The switched system is GUAS and has a non strict quadratic
Lyapunov function.
2. The switched system has a strict quadratic Lyapunov function.

It is known that a GUAS linear system has a strict polynomial
Lyapunov function (Mason-Boscain-Chitour 2006), but no
quadratic one in general.

Can we get a better result under the additional condition that the
switched system has a non strict quadratic Lyapunov function?

In other words does 1 = 27
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Observability of the bilinear system

A second Counter-Example

Counter-Example (P. Mason)

Bo = <_11 j) By = <3__21ﬁ _3:5\@).

The matrix

P= ((1) 3+02ﬁ>

defines a weak quadratic Lyapunov function for {By, By}
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Observability of the bilinear system

A second Counter-Example

Counter-Example (P. Mason)

-1 -1 -1 —3-2V2
B°<1 —1>’Bl<3—2ﬁ -1 >
The matrix
p_ (1 0
—\0 3+2v2

defines a weak quadratic Lyapunov function for {By, By}

» The system defined by {By, B1} is GUAS (BBM, [JC 2009).
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Observability of the bilinear system

A second Counter-Example

Counter-Example (P. Mason)

-1 -1 -1 —3-2V2
B°<1 —1>’Bl<3—2ﬁ -1 >
The matrix
p_ 1 0
—\0 3+2v2
defines a weak quadratic Lyapunov function for {By, By}

» The system defined by {By, B1} is GUAS (BBM, [JC 2009).

» This system admits no strict quadratic Lyapunov function.
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Observability of the bilinear system

Extension of the results

Let {Bi,...,Bp} be a family of Hurwitz matrices
for which the identity is common weak Lyapunov matrix
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Observability of the bilinear system

Extension of the results

Let {Bi,...,Bp} be a family of Hurwitz matrices
for which the identity is common weak Lyapunov matrix
The switched system they define is GUAS if and only if
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Observability of the bilinear system

Extension of the results

Let {Bi,...,Bp} be a family of Hurwitz matrices
for which the identity is common weak Lyapunov matrix
The switched system they define is GUAS if and only if

(P2) For each pair i # j € {1,..., p} the observed system on
ICi( K is observable on [0, 4-00).
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Observability of the bilinear system

Extension of the results

Let {Bi,...,Bp} be a family of Hurwitz matrices
for which the identity is common weak Lyapunov matrix
The switched system they define is GUAS if and only if

(P2) For each pair i # j € {1,..., p} the observed system on
ICi( K is observable on [0, 4-00).

(P3) Property P, holds and for each 3-uple /,j, k € {1,...,p} the
observed system on K; () KC; () K« is observable on [0, 400).
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Observability of the bilinear system

Extension of the results

Let {Bi,...,Bp} be a family of Hurwitz matrices
for which the identity is common weak Lyapunov matrix
The switched system they define is GUAS if and only if

(P2) For each pair i # j € {1,..., p} the observed system on
ICi( K is observable on [0, 4-00).

(P3) Property P, holds and for each 3-uple /,j, k € {1,...,p} the
observed system on K; () KC; () K« is observable on [0, 400).

(Pk) and so on, up to
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Observability of the bilinear system

Extension of the results

Let {Bi,...,Bp} be a family of Hurwitz matrices

for which the identity is common weak Lyapunov matrix

The switched system they define is GUAS if and only if

(P2) For each pair i # j € {1,..., p} the observed system on
ICi( K is observable on [0, 4-00).

(P3) Property P, holds and for each 3-uple /,j, k € {1,...,p} the
observed system on K; () KC; () K« is observable on [0, 400).

(Pk) and so on, up to

(P,) Properties P, to P,_1 hold and the observed system on
N>_, Ki is observable on [0, 4+00).
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Observability of the bilinear system

Thank you for your attention
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