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._”ll Achieving robustness through coarse space enrichment

|) Some cases where the ‘best’ coarse space is known
IA) Darcy in Heterogeneous media: —V - (aVu) = 1 IB) Elasticity in the incompressible limit: v — 1/2 with discontinuous pressure

One coarse function per subdomain. Non-overlapping DD: one coarse vector
One coarse function per subdomain per subdomain (preserves the volume). Overlapping DD One coarse vector per

per high contrast layer. s B. Vereecke, H. Bavestrello, D. Dureisseix, face.
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I1) Automatic construction of coarse spaces based on Generalized Eigenvalue Problems in the overlaps (GenEOQ)

Abstract Schwarz framework for the problem: Find x, € V such that Ax, = b.

Two Crucial assumptions Stable splitting: Vu € range(l — F,) there exists
Requirement: V = ZN 1RTV + Ry V. (21,...,2n) € Vi X ... Vy such that

(1) uw= ZNlRTz‘7 and Z ' {Aizy, 25) < CE{Au,u).
Stability of the local solver w.r.t. the exact solver: for all u; € range(Aj_léj(] — P)),

Assume that A = >, (A;) is spd, A, are spsd.
Choose

olocal subspaces V; CV, j57=1,...,N

@ interpolators R]T V=V

Two level preconditioner
Myt =P+ (I - RS R]A'R/(I - R)',

©local solvers A, : V. — V. - T . T _
il coeres spac]e VZ[ c Vj R :Vy = V where Fj is the A-orthogonal projection onto V. (2) {AR]- uji, R Uj> < w<Ajuj, uj>.
] H -

eig<M2_lelvelA) 2 Og
eig(Mse,qA) < Nw

Then,

SO cond(My! ,A) < NwC;?, where N/ measures the maximal number of neighbours of a subdomain.

Notation for Schwarz & FETI FETI

Additive Schwarz
Space of FE functions in {2;:

) . a N. S., D.J. Rixen, Automatic Spectral coarse
a N.S., V. Dolean, P. Hauret, F. Nataf, C. Pechstein, Vho( ) {um A Vi and supp( ) C QJ}’ spaces for robust FETI and BDD methods,

and R. Scheichl, Numerische Mathematik (2013). Restrictions to Q Vh(|Q ) {UIQja (= Vh}' IJNME (2013).
s N. S., V. Dolean, P. Hauret, F. Nataf, C. Pechstein, Problem restrlcted to {1y A‘Q - ZTCQ Find A in the set of admissible constraints:
and R. Scheichl, C.R. Mathématiques (2011). Schur complement: S AL+ AL AlL A ] T /N T | T
= 7718 2 PMppriP (Z¢:1BjS}Bj ) = PMpprP d

a N. S., PhD thesis, (coming very soon!). —7
Definition in the Abstract |

framework:

where (with diagonal scaling matrices D = diag(D1, ..., Dy))
MFETI Z (BD_lBT)_lBij_lstj_lBj(BD_lBT>_1

~

oV;: N Overlapping subdomains

QR]-T: Assembly operators 2l Q Spectrum of My} F = spectrum FMpir;.

~ - _1 -
0A; = RjARjT (Exact local solvers) w2+ 22 | assembly We write FMgirg mlthe Abstract
(2) holds with w = 1 on the whole of V: zi + 7 Framework: A = Mppy,

1 1

N - V: = {dofs on the boundary of ()}

A, u) = (AR u;, R w,). 170 OV J
| < J) ]> < ] | »7 7 ]> | + Bs L1 — Ty | jJump QR;_ — B] Jump operator

(1) can be rewritten as N local conditions for any given Cj: L1 12 G)A S

3 3
" Choose partition of unity operatars: = - Va(£;) = Vaolik;) Bibliography: Related methods  Indeed, ', AT AIR, i= ¥, B,SIB] = F
- Define the components in the stable splitting: 2; = Z;(uq,). (1) holds W|th C 1 or the whole of V. Givenuc V. let

« Now (1)< (ZéVﬂ(ARjTEj(umj), R]TE]'(U\QJ-» < 03<AU7U>)- Schwarz: zj = D7 1B. (BD 'B ")~y then

« Or, locally (since ./\/(Au, u> < ZN <A|Q.U|Q., u|Q>) 2 J. Galvis and Y. Efendiev, Multiscale Modeling & N N 1 1 -TV—1
A Simulation (2010). YiBjzj =X BiD; Bi(BD™ B )" u =,

(1) <= <AjEj(u|Qj)a Ej(U\Qj» / Fdier j |- s Y. Efendiev, J. Galvis, R. Lazarov, and J. Willems, and
ESAIM (2012). - =YY (82, 2j) = (Mpppu, u) = (Au, u).

Definition: Schwarz GenEQO coarse space s V. Dolean, F. Nataf, R. Scheichl, and N. Spillane, (2) rewrites: <MFET]B Uy, B; U’]> < W<S Uy, U]>
CMAM (2012).

Find generalized eigenpairs (A", p¥) € (RTU{+o00}) x V3(Q2)) BDD and FETI:
of 2 J. Mandel and B. Sousedik, CMAME (2007).

~

A|Q'p]? — /\]?E-A-E-pl?. 2 J. Sistek, . B. Sousedik, and J. Mandel (2013).
J j =j41j=j Pj k_ ak T -1 K
] Spectral AMG: Sjp; = Aj By MpprB; pj.

b Ak . 3 M. Brezina, C. Heberton, J. Mandel, and P. Vangk Choose a threshold 7 and define
Vg =span{R; Z;(p;); \f <7,5=1,...,N}. (2001). B 1 L 1 -
Vg = span{MpprBjp;;0 <Ay <7, j=1,...,N}.

Then |
s T. Chartier, R. D. Falgout, V. E. Henson, J. Jones, Then

N N : ‘number of neighbours'’ T. Manteuffel, S. McCormick, J. Ruge, and P. S.

—1 [ . ’
cond( Mg, A) < N(l + _ + - threshold chosen by user Vassilevski, SIAM J. Sci. Comput (2003). COnd(MQ_lelvelPTF]Im(P)) - N [N : ‘number of neighbours

T 7 : threshold chosen by user

Definition: FETI GenEO coarse space
Find generalized eigenpairs (Aé?,pf) € R x Vj of

Choose a threshold 7 and define

s J. Xu, L. Zikatanov, Computing and Vizualization in
Schience (2003).

11) Does the Automatic coarse space find the ‘best’ coarse space?  ||IC) 2D Elasticity (Pink: E = 10 Yellow: E = 1) with FETI-GenEO

I11A) Darcy in Heterogeneous media: —V - (aVu) = 1 with Schwarz-GenEQO Layers: Number of basis functions = Islands: Only corner islands are picked up
Layers: Number of basis functions = Number of high Islands: One coarse function ber (Number of hard Iayers - 1) X Number of . Rigid body modes Alt3 —(

coefficient layers. N
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(the rigid body modes are al- . C AT — (110751 1052 107}
oarse space: ©
o Al — A2 —6.10-7 ready taken care of by FETI.)

. . 4t09 __
then there is a gap in the spectrum: ' Coarsefpace' 4A _3 : ,
' 8.107%9-107%3-1073-10"%4- 102 0.11}.
< ~~7 eigenvectors 3 and 4 are { h
NOT related to o and ,
A3 =0.11 A*=0.14 NOT in the coarse space. — Y.

111B) Elasticit.y in the incompressible limit: v = 0.4999 (P, — P, pressure eliminated) . Next 3 eigenvectors: A7 10 = £0.1:0.3: 0.4}
Non-overlapping DD: |

Regular Subdomain: A* = 0.003 Next 3 eigenvectors Metis Subdomain: A* = 0.04 .
X component y component deformed subdomain A° =0.38 A% =0.41 AT =0.42 X component y component deformed subdomain [-;
- | f | Remark: this is in agreement with a heuristic
- | - i ; — 0. generalization to elasticity of

Overlapping DD: Schwarz-GenEO builds a huge coarse space in the near incompressible limit. ) s C. Pechstein, R. Scheichl, Numerische Mathematik
There is no easy fix without going back to the PDEs and building a new "mass" matrix. | (2011).




