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General Problem

Solve Ax∗ = b by Weighted and Preconditioned GMRES (WP-GMRES)
when A is positive-definite, i.e., A has positive-definite Hermitian part.

WP-GMRES is GMRES in the W-inner product [1, 3]

Weight matrixW is hpd and ⟨x, y⟩W = y∗Wx.
In the right-preconditioned version (by H), the i-th residual ri satisfies:

∥ri∥W = min

∥b− Ax∥W︸ ︷︷ ︸
Weighted Norm

; x ∈ x0 + span{Hr0,HAHr0, . . . , (HA)i−1Hr0}︸ ︷︷ ︸
Preconditioned Krylov subspace


Takeaway

• WP-GMRES converges fast if
• H is a good hpd preconditioner for M(A) = A+A∗

2 ,
• A is mildly non-hermitian,
• W is set to W = H.

• WP-GMRES scales if H is a scalable preconditioner forM(A) = A+A∗

2 .

Objective of this work

Provide convergence bounds
and choices of
• Preconditioner H,
• Weight matrix W
that guarantee fast convergence.
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Analysis and Theoretical results via WP-GCR

WP-GCR

r0 = b− Ax0;
z0 = Hr0;
p0 = z0;
q0 = Ap0;
for i = 0, 1, . . . do
δi = ⟨qi,qi⟩W;
αi =

⟨qi,ri⟩W
δi

;
xi+1 = xi + αipi ;
ri+1 = ri − αiqi ;
zi+1 = Hri+1;
pi+1 = zi+1;
for j = 0, 1, . . . , i do
βi,j =

⟨qj,Azi+1⟩W
δj

;
pi+1 = pi+1 − βi,jpj;

end
qi+1 = Api+1;

end

• WP-GCR provides the same approximate solutions as WP-GMRES.
Since A is positive-definite, no breakdown, and

∥ri∥W = min (∥b− Ax∥W; x ∈ x0 +Ki) , where Ki = span{Hr0,HAHr0, . . . , (HA)i−1Hr0}.
• WP-GCR computes an A∗WA-orthonormal basis of Ki.

Ki = span{p0, . . . ,pi−1}; AKi = span{q0, . . . ,qi−1} and ⟨qi,qj⟩W = δij (Kronecker symbol).

Convergence Theorem

If preconditioner H is hpd and W = H, then

∥ri∥W
∥r0∥W

≤
[
1− 1

κ(HM(A))
× 1

1 + ρ(M(A)−1N(A))2

]i/2
.

• M(A) := A+A∗

2 (Hermitian part)
• N(A) := A−A∗

2 (Skew-Hermitian part)
• κ(·): condition number
• ρ(·): spectral radius

Proof

• From update formula ri = ri+1 + |αi|qi with ri+1 ⊥W qi:

∥ri∥2W = ∥ri+1∥2W + |αi|2∥qi∥2W = ∥ri+1∥2W +
|⟨qi, ri⟩W|2

∥qi∥4W
∥qi∥2W.

• From orthogonalization formula qi = Azi −
i−1∑
j=0

βi,jqj:

• ⟨qi, ri⟩W = ⟨Azi, ri⟩W −
i−1∑
j=0

βi,j⟨qj, ri⟩W = ⟨Azi, ri⟩W = ⟨AHri, ri⟩W,

• ∥AHri∥2W = ∥Azi∥2W = ∥qi +
i−1∑
j=0

βi,jqj∥2W = ∥qi∥2W +
i−1∑
j=0

β2
i,j∥qj∥2W ≥ ∥qi∥2W.

• So:
∥ri+1∥W
∥ri∥W

≤
[
1− ⟨AHri, ri⟩2W

∥AHri∥2W∥ri∥2W

]1/2
≤

[
1− inf

y̸=0

|⟨AHy, y⟩W|2

∥AHy∥2W∥y∥2W

]i/2

inf
y̸=0

|⟨AHy, y⟩H|2

∥AHy∥2H∥y∥2H
= inf y̸=0

|⟨Ay, y⟩|2

⟨HAy,Ay⟩⟨H−1y, y⟩
≥ inf y̸=0

|⟨Ay, y⟩|
⟨HAy,Ay⟩

× inf y̸=0
|⟨Ay, y⟩|
⟨H−1y, y⟩

= inf y̸=0
|⟨A−1y, y⟩|
⟨Hy, y⟩

× infy ̸=0
|⟨Ay, y⟩|
⟨H−1y, y⟩

≥ inf y̸=0
⟨M(A−1)y, y⟩

⟨Hy, y⟩
× infy̸=0

⟨M(A)y, y⟩
⟨H−1y, y⟩

≥ inf y̸=0
⟨M(A−1)y, y⟩
⟨M(A)−1y, y⟩︸ ︷︷ ︸

=(1+ρ(M(A)−1N(A))2)−1 by [4]

× inf y̸=0
⟨M(A)−1y, y⟩

⟨Hy, y⟩
× inf y̸=0

⟨M(A)y, y⟩
⟨H−1y, y⟩︸ ︷︷ ︸

Rayleigh quotients for (H,M(A))

.

Remark: Elman estimate (aka FOV* bound) [2]

|⟨AHy, y⟩W|2

∥AHy∥2W∥y∥2W
=

[
⟨AHy, y⟩W

∥y∥2W
× ∥y∥W

∥AHy∥W

]2
≥

[
distance to zero ofW-FOV* of AH

norm of AH

]2
* FOV: Field Of Values (or numerical range)

Numerical Results

• Convection-Diffusion-Reaction problem discretized by P1 finite elements
Find u ∈ H1

0(Ω) such that: for every v ∈ H1
0(Ω),∫

Ω

((
c0 +

1
2
div a

)
uv + ν∇u · ∇v

)
︸ ︷︷ ︸

Hermitian (symmetric) partM(A)

+

∫
Ω

(
1
2
a · ∇uv − 1

2
a · ∇vu

)
=

∫
Ω

fv.

f (x, y) = exp(−10((x − 0.5)2 + (y − 0.1)2)), a = 2π[−(y − 0.1), x − 0.5],
• H is a domain decomposition preconditioner forM(A) : Additive Schwarz
with GenEO coarse space [5] , κ(HM(A)) ≤ 10.

• Implemented in Freefem++ with ffddm
https://doc.freefem.org/documentation/ffddm/index.html

• Scalability is achieved.
h = 1/200

Number of subdomains 4 8 16 32
Iteration count 59 59 58 58

h = 1/500
Number of subdomains 4 8 16 32

Iteration count 111 113 114 114
• Convergence improves when problem is mildy non-Hermitian.

c0 = ν 0.1 1 5 10 only symmetric part
Iteration count > 200 113 36 23 10

Note: c0 and ν multiply the terms in M(A) (Hermitian part of the problem).
• Same number of iterates whenW = Identity (see preprint).
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