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Context

In 2012: 14.1 million cancers diagnosed around the world

Types of treatements: radiotherapy, surgery and chemotherapy

Radiations = beams of particles

Deposited energy (dose) = Biological effects

Objectives:
Dose computation fast and accurate

— Optimization algorithm
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Available models

Transport of particles:

o Kinetic level
— numerically too costly (Monte Carlo, DOM)

@ Angular moment approach
— good compromise

o Hydrodynamic level
< unsufficient for the present medical applications
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Present work

Kinetic model:
@ Modelling
@ Conservation properties

o Well-posedness

Moment model: Main difficulties:
@ Modelling @ Numerical computations of
@ Domain of validity moment closures
o Computation of closures @ Time-efficient schemes in

Numerical schemes: low density media

@ Non-linear equations

@ Fast characteristics problem
Optimization algorithm:

@ Projected gradient algorithm
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© State-of-the-art

© Moment models
@ Principle
@ Realizability domain
@ The closure problem

© Numerical approaches
@ Spatial discretization: Relaxation method
o Energy discretization: An explicit scheme
@ Energy discretization: An implicit scheme
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State-of-the-art

© State-of-the-art
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State-of-the-art

Kinetic equations

Fluence
dN = (e, x,Q)dedxdQ > 0

Energy € € [€min; €max],  Position x € Z,  Direction of flight Q € S?

Kinetic equations

Q~Vx1/)7 = p (any(%) + Qeﬁ'y(Qbe)) ,
Q~vx1/1e = /)(Qeae(@/]e) + ane(%)) ’

Relative density p € [1073,2]
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State-of-the-art

Kinetic equations

Mott collision

Compton collision Mgller collision
Collision operators CcSDAL LB gain LB loss
Qv (hy) = Gy (Vy)  —  Py(3y),
Qe%e(we) = 06(514/)6‘) + Ge%e(we) - Pe(@'e),
Qw—w(%) = Gw—»s(wv)v
Qe%v(l/’e) = 07

for 0576 =76,
Pa(wa)(e’xvﬂ)

Ga_m(d)a)(é, X, Q)

UT»Q(€)¢Q(€3X7Q)7
/max/ Tamp(€, 6, Q. Qa (€, x,2)dQ de,
€ 52

— solved backward in €

<% € = numerical time
lPomraning, Math. Mod. Meth. Appl. S., 1992
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State-of-the-art

Kinetic model

Kinetic equations
QVpy, =p (Gy—y = Py) (%),

va'L)e - p|:ae(swe) + (Ge%e - Pe)(’ue) +G’ *'E‘(L"‘) y
—— SN—— —_—

transport CSDA linear Boltzmann coupling

Dose: energy transfered per mass unit

D) = [ [ 1@n) + @) + Qecse] (e x. D)

€min
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Moment models

© Moment models
@ Principle
@ Realizability domain
@ The closure problem
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Principle
Moment models R: at

© Moment models
@ Principle




Principle

Moment models

Aim: reduce computation costs

Moment methods:

Kinetic Moments

w(vavﬂ) x4 1,[)(6, X)

Tensorial notation (e, x) = / Q- Qi(e,x,Q)dQ,
QES2 H—/

i times
P — density
Pl — flux
? — pressure

Vectorial notation (e, x) = / m(Q)Y(e, x, Q)dQ,
Qes?
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Moment models

First order equations

Orders 0 and 1

Vx-1/)1 = ( =y PO)(Q/)
v { Vx-’l,/"% = (Gg—w - Pz)(iﬂ)
e { Tz oPl (e A e )
- VX.’L/>5 - [ (57/)1) +( e—e )(we) + G’%—)e(w )]

— requires a closure

2 = 6,0, ¢1), 2=l ¥l)
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Moment models

Second order model

Order 2

7 et = G, =P
{ Vx-lfi’g = P[ 6(5%) +( e—e PZ)(%) ( 'y—>e)(w2)j|

— requires a closure

03 =g, u8), 0l =gVl ud)
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Moment models

General notation

Rewritten equation

Y = ('l;b—ya ¢e)7 F= (F’Ya Fe),
Q(y) = <(G"/*>W - P'Y)(’d]'y)’ 0c(SY.) + (Gemse — Pe)(¥.) + Gvﬁe(lbw)) )

for a = n~,e

Y. = /52 m(Q)1a(Q)dQ,  Fa 5/529®m(9)wa(9)d9

< requires a closure Fy(ap,,) Fe(v.)
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Principle
Moment models Realizability domain

ure problem

© Moment models

@ Realizability domain
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Principle
Moment models Realizability domain
Th e problem

Common construction of the closure

Moments

P
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Moments —  Ansatz —  Closure

P SR & Fa [ Qe m@)ur(Q)dD
JS2

Ansatz Yg in
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Moments —  Ansatz —  Closure

P SR & Fa [ Qe m@)ur(Q)dD
JS2
Ansatz Yg in
cw) = {v=0. [ m@u@da=uwfo
Realizability domain
R = {1p e RCrdm) ¢

S e NS, ¥20, = m(fzm(fz)dﬁ}

S2
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Moment models

blem

Properties of the realizability domain

Proposition

Rm IS an open convex cone

V a1 >0, a2 >0, ;€ Rm, ¥y € R, a1y + axtPy € Ry

< construction of numerical schemes

Proposition

If 1) € ORm, then there exists a measure ~y
s.t.

b= [ m(@d(@)

< computation of the closure
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Moment models

2,3

Characterization of the realizability domain

Proposition (First order moments)
Choose m(Q2) = (1,9), then

Rm={p R, st [ <9’} U{Ops}

If [ =40  then 7:@005(97%)

Proposition (Second order moments)
Choose m(Q) = (Ql, Qg, Q3, Q%, Q% Q%, Qlﬂz7 9193, QQQ3), then

R = {¢6R9, st [ < tr(v?),

tr(?)y? — ¢ @ ¢ > O} U {Opo }

2Kershaw, 1976
3 Akhiezer, 1962
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Moment models Realizability domain

The closure problem

© Moment models

@ The closure problem
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P
Moment models R domain
The closure problem

M closure
Moments —  Ansatz —  Closure
(¥°,¥h) - vm(Q) — 1;‘“}2%/ Q@ Q, (Q)dQ
52

Ansatz ¢, in
¢ = {vzo [vaa—v, [ avaa-uvt}2oit verm,
52 s2

Choice of the ansatz*:®

(TVRES argrgin(?—[(l/})) =  Ym =exp(S+V.Q),
el

“Minerbo, J. Quant. Spect. Rad. Transfer, 1977
5Levermore, J. Stat. Phys., 1995
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Moment models R domain
The closure problem

M closure

M; closure:

Yu, = argmin(H(Y)) =exp(S+ V.Q) — ¢?= [ Q@ Qn, dQ.
52

PeCy
Advantages:
e Symmetric hyperbolic® Numerical cost:
@ Realizable @ minimization problem
e Entropy decay® @ numerical quadrature

@ Accurately models beams
Alternative computation:

ofl—x 3x — 1yt @y!

2 _ 0 , , : :

= /d

P (3 ( > + 5 P )

1
where x depends only on I%I

5Levermore, J. Stat. Phys., 1995
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Moment models ty domain
sure problem

M, closure

Moments — ansatz —  closure
(Whe?) = em(Q) - = /;2 Q®Q® QM (Q)dQ
Ansatz 1y, in
C, = {wzo, /SZQ¢dQ:w1, /SZQ®Q¢dQ_¢2};A(Dif P € Run,

Choice of the ansatz*:®

Yy, = argmin(H(Y)) =  Ym, =exp(V.Q+M: Q@ Q),
YeCs

“Minerbo, J. Quant. Spect. Rad. Transfer, 1977
5Levermore, J. Stat. Phys., 1995
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Moment models e domain
The closure problem

M, closure

M, closure:

Y, =exp(V.Q+M: Q®Q) — 1/)3m/Q®Q®QwM2dQ.
Js2

Advantages:
@ Symmetric hyperbolic® Numerical cost:
@ Realizable @ minimization problem
e Entropy decay® @ numerical quadrature

@ Accurately models beams
Alternative: approximation®
— ldea: Hierarchy of approximated closure

5Levermore, J. Stat. Phys., 1995
SPichard et al, J. Sci. Comput. (2016)
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Moment models R domain
The closure problem

M, closure

M, closure:
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Moment models R domain
The closure problem

M, closure

M, closure:

Y, =exp(V.Q+M: Q®Q) — 1/)3m/Q®Q®QwM2dQ.
Js2

Advantages:
@ Symmetric hyperbolic® Numerical cost:
@ Realizable @ minimization problem
e Entropy decay® @ numerical quadrature

@ Accurately models beams
Alternative: approximation®
— ldea: Hierarchy of approximated closure
— 13 approximated in special cases

m, = exp(S + V.Q+a(V.Q)2)

5Levermore, J. Stat. Phys., 1995
SPichard et al, J. Sci. Comput. (2016)
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Moment models R domain
The closure problem

M, closure

M, closure:

Y, =exp(V.Q+M: Q®Q) — 1/)3m/Q®Q®QwM2dQ.
Js2

Advantages:
@ Symmetric hyperbolic® Numerical cost:
@ Realizable @ minimization problem
e Entropy decay® @ numerical quadrature

@ Accurately models beams
Alternative: approximation®
— ldea: Hierarchy of approximated closure
— 13 approximated in special cases

Ym, = exp(V.Q+M: Q2 Q)

5Levermore, J. Stat. Phys., 1995
SPichard et al, J. Sci. Comput. (2016)
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Moment models R: lity domain
The closure problem

1D test case: single electron beam

— Kinetic
+-+ approximated M1

0,2+ .
x-x approximated M2
L | L | L | L |
00 1 2 3 4
X (cm)
Computational times: Kinetic: 30 sec; Moments: < 1 sec
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Moment models ealiz ity domain
The closure problem

2D test case: double electron beam

Dose Monte-Carlo Dose M1 Dose M2

0 | 2 3 l 0 1 2 3 4 0 1 2 3 4

Figure : Monte Carlo PENELOPE (left), M; (middle), M (right)

Monte Carlo: > 10 h M;y: 2 min M: 8 min
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Numerical approaches

© Numerical approaches
@ Spatial discretization: Relaxation method
o Energy discretization: An explicit scheme
@ Energy discretization: An implicit scheme
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Numerical approaches

Position of the problem

Consider

OxF(¢) = pd(Sv)

HLL type numerical scheme (backward in ¢)

i F7+% B FL% 7 Snwn _ 5n+1¢n+1
Ax Pryi Pr-1 B Aen

1
ley =5 (F@D + F($f) = (91 — 7))

stable under condition

Ae" < S"Axminp

very restrictive when p <1
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Spatlal dlscretlzatlon Relaxation method
tion —\u explicit

Numerical approaches

© Numerical approaches
@ Spatial discretization: Relaxation method
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Numerical approaches

Relaxation approach in 1D’

Objective: Handle the non-linearity

Relaxation directions:
Define scalars A+

Sp(dyF(¢)) < [A- A4l

Equilibrium states:
Define vectors M (1))

Yp=M, +M_, F(¢) =AMy +A_M_,
Relaxed equations:
M, —f
A0 fs — pd(Sfy) = ———=,

Moment system = limit 7 — 0

"Pichard et al, Commun. Comput. Phys., 2016
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Numerical approaches

Relaxation approach

Theorem (Natalini, Commun. Pur. Appl. Math., 1998)

For scalar equations

W= limfo+f_,  F() = lim \fe +A_f_
T—0 7—0

Extensions:

e Parabolic equations (Bouchut, Guarguaglini and Natalini, Indiana U.
Math. J., 1999 ; Aregba-Driollet, Natalini and Tang, Math.
Comput., 2004)

@ Systems (Aregba-Driollet and Natalini, J. Numer. Anal., 2000)
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Spatial discretization: Relaxation method
e n explic
Numerical approaches An impli

Relaxation approach in multi-D’

Relaxation directions:
Define vectors \;

Vn e S?, Sp(0yFa(®)) C [miin()\;.n),m?x()\;.n)},

Equilibrium states:
Define vectors M;(v))

¢:ZMI'7 F('/)):Z)\i@?Mi,

Relaxed equations:

M; —f;
/\;.fo,' — pae(Sf,‘) = f’

"Pichard et al, Commun. Comput. Phys., 2016
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Numerical approaches

Construction of a numerical scheme

Q At €", set
7= M (")
@ Solve the homogeneous (linear) relaxed equations
)\,’.fo,' - pQ(f,) == 0, (1)
Q(fi) = 0.(5f), — Explicit scheme,
Q(f)) = / o(e,e)p(e)de +..., — Implicit scheme,

© Project
'lpn+1 — Zf_nJrl

Construct inconditionally stable schemes for (1)
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Spatial discretization: Relaxation method
n: An explic e
Numerical approaches tion: An implicit

Example of relaxation parameters

In 1D:
A= -1, Ay =41, M. € Rm
In 3D:
Cartesian: Ai = 26, <—I—>
Diagonal: Ai = i2%7 X

Star: Cartesian + Diagonal, ) * ,

M; € R
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Spatial di: i on: Rel n method
Energy discretization: An explicit scheme

Numerical approaches Energy d on: An implicit sche

© Numerical approaches

o Energy discretization: An explicit scheme
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Numerical approaches

CFL free scheme: 1D explicit FD sc

Simplified hyperbolic equation

A
Ocf + ——0xf =0,
p(x)
Method of characteristics
P13
6” _ AE” e e e -
n | A x
X|,-3 X|—2 X|—1 X; X

Finite Difference scheme

f/n+1 = (1 — Oé) ﬂ’lk/+1 + af,",k/.
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Energy dlscretlzatlon An explicit scheme
Numerical approaches Ener tion: An implicit e

CFL free scheme: multi-D explicit FD scheme

Method of characteristics

Simplified hyperbolic equation
A Xl,m
O.f + —=.V,f =0,
p(x) /

Finite Difference scheme
Ym'+1

n+1 § : § :
@ fl’+l m'+j* Yot

i=0 j=0

g
)
- - -4

- — |- -
|
+
|

Xy X1

28 /40
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Spatial di

Numerical approaches

1D test case: single electron beam in a heterogeneous
medium

1D medium: 12 cm — 1200 cells
composed of slabs of density  pair = 1072 and  puater = 1

Pair Pwater Pair Pwater Pair Pwater
e —} I I I I I I
—>
2 cm
Figure : Representation of the 1D medium.
Energy step size:
Coarse:  Ac” = 0.955"pater AX, Fine: Ae” =0.955"p.;Ax

—  equivals to HLL type solver
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Spati R method
Energy discretization: An explicit scheme
Numerical approaches Energ An implic

1D test case: single electron beam in a heterogeneous
medium

6 6
5k e st -
E 4 # .
o XX ©
z ++ z
3k e 3k .
a [a)
2 [ — Kinetic R 7 21 [ — Kinetic . 7
++MI1 fine Ae | ++ M2 fine Ae
L n T L n i
I [XX M1 coarse Ae \ I [ XX M2 coarse Ae
0 2 4 6 8 10 12 O 2 4 6 3 10 12
X (cm) X (cm)

Kinetic: 15 min; Moments: Fine steps: M;: 20 sec, M,: 1 min

Coarse steps: < 1 sec
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Spati on: R on me

n
Energy discretization: An explicit schel
Numerical approaches En

An impli

2D test case: Dose in a cut of a chest

x[em] x[em]

Figure : Isodose curves

Cartesian + fine Ae”  (left) : 1h 20 min
Cartesian + coarse Ae" (middle left) : 20 sec
Diagonal + coarse Ae" (middle right) : 22 sec
Star + coarse Ae" (right) : 1 min
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Spatial discretization: Relaxation method
Energy discretization: An explicit scheme
Numerical approaches Energy discretization: An implicit scheme

2D test case: Error on the dose

Figure : Error compared to the results with fine Ae”

Cartesian + coarse Ae" (left)
Diagonal + coarse Ae" (middle)
Star + coarse Ae" (right)
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Rel
An explicit e

Numerical approaches Energy discretization: An implicit schem:

© Numerical approaches

@ Energy discretization: An implicit scheme
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me
Numerical approaches Energy discretizati An implicit scheme

Implicit scheme

Equation

OxF(¢) — pQ(¥) =
Q(v) = / " (e p(e)de + ... )

Discretization

n+1 n+1
1 F/+2 F/”

Ax Py P1-1

2

_Q7+1 -0

n 1 n+1 n+1 n+1 n 1
F,Ll =5 (F(yI™) + F(li1) — (¥l —¢7™).

(2) discretized with: Quadrature + ...

n
+1 _ An+1,n+1, 4n+1 !on+1, 0
07 — AntLn ’l,[), + ZAn n d’l

n’=1

Uy
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Numerical approaches

An Implicit numerical scheme

Discretization

Fn+l Fn+l

1 I+3 I-3 7A"+1’"+1’(,b7+1 _ 7 (3)
- )

Ax Pryi Pr-1

Proposition

If for all k >0 and |
e R,

then there exists a unique solution

e R2 for all |

to (3).

< contraction method
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Numerical approaches Energy discretization: An implicit scheme

2D test case: single photon beam

Dose Monte Carlo

10

Monte Carlo: 14 h; My: 50 sec M,: 215 sec
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An explicit s e
Numerical approaches : An implicit scheme

2D test case: single photon beam

Constraints:
Sp(0yFn(®)) C |min(Ai.n), max(Aj.n)
Relaxation parameters:

Non-modified: \; = +2e;,

Modified: \j = |\ile;, s.t. @)
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Numerical approaches Energy discretization: An implicit schem:

2D test case: single photon beam

Monte Carlo: 14 h; Non-modified: 50 sec Modified: 205 sec
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2D test case:

Monte Carlo (left) : 14 h

M, Non-modified (middle left) : 13 min
M, Non-modified (middle right) : 30 min
M, Modified (right) : 24 min
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Conclusion

Problems
@ Computation of the closure
@ Numerical scheme with a non-linear term

@ Numerical scheme with a stiff term

Solutions
@ Approximation of the closure
@ Relaxation method

@ Implicit scheme inconditionally stable
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Perspectives

Numerical scheme
@ Higher order method
@ Bounding of the eigenvalues of the Jacobian of the M, flux

Physics
@ Consider more collision types

o Radiobiology

Moment problem
o Characterizing realizability

@ Construct other closures

Optimization

@ Improve algorithm
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Method of moments

Astrophysics:

o Chandrasekhar (1944-1960)

Radiative transfer:
e Minerbo (1977-1978)

@ Dubroca, Feugeas (1999)

@ Buet, Després (2006)
Fluid:

o Grad (1949)

o Levermore (1996)
Plasma physics:

@ Mallet, Brull, Dubroca
(2014, 2015)

@ Guisset, Brull, d'Humiéres,

Dubroca, Tikhonchuk
(2016)
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Semi-conductors:
@ Anile, Romano (2000)
o Hauck (2006)
Chemotaxy:
@ Borsche, Klar, Pham (2016)
Radiotherapy:
@ Duclous, Dubroca, Frank (2010)
@ Olbrant, Frank (2010)
@ Present PhD thesis (2016)
Others:
@ Junk (2000)
@ Schneider (2004)
@ Hauck, Levermore, Tits (2007)
o Alldredge, Hauck, Tits (2012)
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2D test case: single photon beam

Monte Carlo: 14 h;

Dose Monte Carlo

Non-modified: 50 sec

10

Modified

1 205 sec
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2D test case: single photon beam

0,2f-| — Monte Carlo

4+ M1 Cartesian relaxation paramelers}- + +
%X M1 modified relaxation parameters

0 1 1 1

2 4 6
X (cm)

Monte Carlo: 14 h;

— MCx=8cm ' '
++ M1 Cartesian x = 8 cm
XX MI modified x = 8 cm
0,61
.
~ 04F
a
i 02+
+
ot B — _)'(— -
10 1.5

y (cm)

Non-modified: 50 sec Modified: 205 sec
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Optimization problem

Objectif: minimize
J(, ¥°) = | D(v) = DIIZ + allv®|3;

Direct equations

Qv = Q)
v = Y onT
Y(e=¢€max) = 0
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Optimization procedure

Lagrangian

L(wbvwa /\a /\b) = J(wbvw) - (w - wbv Ab) (Q Vx¢ Q(¢) )I”t

Differentiating

dAL(w7wb7A>Ab)(h) = (QVXZ/J Q(T/)) )Int7
dysL(9, 92, A AP)(h) = (Y —®, h)
dyL(, 9", X\, N0 (h) = (-2V.A-QT ( )+ f(¥), h),,

—(A =A% )+ (A B+ (8(A); M)
dyoL (1, P, A, AP)(h) = (a® = AP, h)r—= dy J(Z(07), "),

Adjoint equation
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Optimization results: 1D

T T T
§ |
: |
g 5 g
5060 | £ S R
A |
A 04+ 7]
- |
02| — Objective dose T
++ multi-M1 .
| X-X multi-M2
00 2 4 6 8 10
X (cm)
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Optimization results: 2D with M,

¥ gm]

10

% [fem]

Teddy Pichard
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Optimization results: 2D with M,

¥ gm]

10

% [fem]
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