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Abstract. The theory of backward SDEs extends the predictable representation property of Brownian motion to the nonlinear frame-
work, thus providing a path-dependent analog of fully nonlinear parabolic PDEs. In this paper, we consider backward SDEs, their
reflected version, and their second-order extension, in the context where the final data and the generator satisfy ! -integrability con-
dition. Our main objective is to provide the corresponding existence and uniqueness results for general Lipschitz generators. The
uniqueness holds in the so-called Doob class of processes, simultaneously under an appropriate class of measures. We emphasize that
the previous literature only deals with backward SDEs, and requires either that the generator is separable in (y, z), see Peng (In Back-
ward Stochastic Differential Equations (1997) 141-159 Longman), or strictly sublinear in the gradient variable z, see Briand, Delyon,
Hu, Pardoux and Stoica (Stochastic Process. Appl. 108 (1) (2003) 109—129), or that the final data satisfies an L In L-integrability con-
dition, see Hu and Tang (Electron. Commun. Probab. 23 (2018) 27). We bypass these conditions by defining Ll—integrability under the
nonlinear expectation operator induced by the previously mentioned class of measures.

Résumé. La théorie des équations différentielles stochastiques rétrogrades étend la propriété de représentation prévisible du mou-
vement brownien au cadre non linéaire, offrant ainsi un analogue non-markovien aux équations aux dérivées partielles paraboliques
completement non linéaires. Dans ce papier, nous considérons les EDS rétrogrades, leur version réfléchies et son extension au second
ordre, dans le contexte d’une donnée terminale et d’un générateur ]Ll—intégrables. Notre objectif est d’établir un résultat d’existence
et d’unicité pour un générateur Lipschitzien. Nous montrons que I'unicité a lieu dans la classe des processus de Doob, simultané-
ment sous une classe appropriée de mesures de probabilité sur ’espace des trajectoires. Notons que ce résultat est nouveau, méme
dans le cas particulier des EDS rétrogrades, ou la littérature précédente établit I’unicité pour des générateurs, soit séparables en (y, z)
(Peng (In Backward Stochastic Differential Equations (1997) 141-159 Longman)), soit strictement sous-linéaires en la variable de
gradient z, (Briand, Delyon, Hu, Pardoux and Stoica (Stochastic Process. Appl. 108 (1) (2003) 109-129)), ou alors sous une condition
d’intégrabilité LIn L (Hu and Tang (Electron. Commun. Probab. 23 (2018) 27)). Nous évitons de recourir a de telles conditions en
introduisant I’intégrabilité L! sous I’opérateur d’espérance non linéaire induit par la classe ci-dessus de mesures de probabilité.

MSC2020 subject classifications: 60H10

Keywords: Backward SDE; Second-order backward SDE; Nonlinear expectation; Nondominated probability measures

1. Introduction

Backward stochastic differential equations extend the martingale representation theorem to the nonlinear setting. It is
well-known that the martingale representation theorem is the path-dependent counterpart of the heat equation. Similarly,
it has been proved in the seminal paper of Pardoux and Peng [23] that backward SDEs provide a path-dependent substitute
to semilinear PDEs. Finally, the path-dependent counterpart of parabolic fully nonlinear parabolic PDEs was obtained by
Soner, Touzi and Zhang [27] and later by Hu, Ji, Peng and Song [12,13]. The standard case of a Lipschitz nonlinearity
(or generator), has been studied extensively in the literature, the solution is defined on an appropriate L.”-space for some
p > 1, and wellposedness is guaranteed whenever the final data and the generator are L -integrable.

In this paper, our interest is on the limiting L.!-case. It is well-known that the martingale representation, which is first
proved for square integrable random variables, holds also in ! by a density argument. This is closely related to the
connexion with the conditional expectation operator.
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The first attempt for an L!-theory of backward SDEs is by Peng [24] in the context of a separable nonlinearity
J1(t,y) + fa(t, 2), Lipschitz in (y, z), with f1(¢,0) =0, f>(¢,0) > 0, and final data & > 0. The wellposedness result
of this paper is specific to the scalar case, and follows the lines of the extension of the expectation operator to L.!.

Afterwards, Briand, Delyon, Hu, Pardoux and Stoica [4] consider the case of multi-dimensional backward SDEs, and
obtain a wellposedness result in I.! by using a truncation technique leading to a Cauchy sequence. This approach is
extended by Rozkosz and Stomiriski [26] and Klimsiak [16] to the context of reflected backward SDEs. However, the
main result of these papers requires the nonlinearity to be strictly sublinear in the gradient variable. In particular, this does
not cover the linear case, whose unique solution is immediately obtained by a change of measure. More generally, the last
restriction excludes the nonlinearities generated by stochastic control problems (with uncontrolled diffusion), which is a
substantial field of application of backward SDEs, see El Karoui, Peng and Quenez [9] and Cvitanié, Possamai and Touzi
[6].

We finally refer to the recent work series by Buckdahn, Fan, Hu and Tang [5,11,14] who provide an L x
exp(iu+/2log(1 + L))-integrability condition which guarantees the wellposedness in I.! of the backward SDE for a Lips-
chitz nonlinearity.

In this paper, we consider an alternative integrability class for the solution of the backward SDE by requiring L!-
integrability under a nonlinear expectation induced by an appropriate family of probability measures. In the context
of a Lipschitz nonlinearity, the first main result of this paper provides wellposedness of the backward SDE for a final
condition and a nonlinearity satisfying a uniform integrability type of condition under the same nonlinear expectation.
This result is obtained by appropriately adapting the arguments of [4]. Although all of our results are stated in the one-
dimensional framework, we emphasize that the arguments used for the last wellposedness results are unchanged in the
multi-dimensional context.

We also provide a similar wellposedness result for (scalar) reflected backward SDEs, under the same conditions as
for the corresponding backward SDE, with an obstacle process whose positive value satisfies the same type of uniform
integrability under nonlinear expectation. This improves the existence and uniqueness results of [16,26].

Our third main result is the wellposedness of second order backward SDEs in L!. Here again, the L!-integrability
is in the sense of a nonlinear expectation induced by a family of measures. In the present setting, unlike the case of
backward SDEs and their reflected version, the family of measures is non-dominated as in Soner, Touzi and Zhang [27]
and Possamai, Tan and Zhou [25].

The paper is organized as follows. Section 2 introduces the notations used throughout the paper. Our main results are
contained in Section 3, with proofs postponed in the rest of the paper. Section 4 contains the proofs related to (reflected)
backward SDEs, and Sections 5 and 6 focus on the uniqueness and the existence, respectively, for the second-order
backward SDEs.

2. Preliminaries
2.1. Canonical space

For a given fixed maturity 7 > 0 and d € N, we denote by
Q= {a) € C([O, T, ]Rd) twy = 0}

the canonical space equipped with the norm of uniform convergence ||w||oo := SUpg,<7 |@;| and by B the canonical pro-
cess. Let M be the collection of all probability measures on (2, F), equipped with the topology of weak convergence.
Let F := {F;}o</<r be the raw filtration generated by the canonical process B, and Ft:.= {.7-",+}05,5T the right limit of .
For each P € M, we denote by F*-" the augmented filtration of F* under P. The filtration F*-* is the coarsest filtra-
tion satisfying the usual conditions. Let Py be the Wiener measure. Moreover, for P C M, we introduce the following
filtration FV := (F")o<i<7, FF := (FF)o</<1, and FH7P := (E+’P)05,§T, defined as follows

=N 7. F=NOr. FT=FL tei0.r). ad FF:=rF
PeM; PeP

where }'tp denotes the P-completion of F;. The filtration FU is called the universally completed filtration. For any family
P € M, we say that a property holds PP-quasi-surely, abbreviated as P-q.s., if it holds P-a.s. for all P € P. Finally, for
0 <s <t <T, wedenote by T, the collection of all [s, t]-valued F-stopping times.
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2.2. Local martingale measures

We say a probability measure P is a local martingale measure if the canonical process B is a local martingale under P.
By [15], we can pathwisely define a d x d-matrix-valued F-progressively measurable process (B) which coincides with
the cross-variation of B under each local martingale measure P, and its density by

. )i — (B)r—e
a; :=limsup .
e\0 &

Let Py denote the set of all local martingale measures P such that (B), is absolutely continuous in ¢ and @ takes values
in S;O (the set of d x d real valued symmetric positive-definite matrices) P-a.s. We note that, for different Py, P, € 5W,
in general P; and P, are mutually singular. See [27, Example 2.1] for an example. For any P € Pw, it follows from the
Lévy characterization that the process defined by the following Itd’s integral

wrh = f a,'*dB,, 1€[0,T], P-as.
0
is a Brownian motion under P. We define a subset Pg C Py consisting of all probability measures

t
P*:=Pyo (X“)_l, where X} :=/ l/deg,t €[0,T], Po-a.s.
0

for some F-progressively measurable process « taking values in S;O with fOT lag| dt < oo, Po-a.s. It follows from [28]
that

Ps=[PePy PV =F),

where FP (IFW]PP, respectively) denotes the P-augmentation of the right-limit filtration generated by B (by WT, respec-
tively). Moreover, every IP € Py satisfies the Blumenthal zero-one law and the martingale representation property.

We also recall that, for P € Pg, it follows from the Blumenthal zero-one law that EF[£ | F;] = EF[¢ | /"], P-
a.s., for any ¢ € [0, T] and P-integrable &. In particular, any F,"-measurable random variable has an J;-measurable
P-modification. We refer the reader to [28, Section 6] for more details about Pg and Py .

2.3. Spaces and norms

(i) One-measure integrability classes: For a probability measure P and p > 0, we denote:

e [L7(IP) is the space of R-valued and ]-';r "P_measurable random variables &, such that

AL
I€ L@y :=EF[1E1P] "7 < o0.

e SP(P) is the space of R-valued, F+F-adapted processes ¥ with cadlag paths, such that
1

In—
1¥llgr =EF| sup 1¥,7] "7 <oo.

0<t<T

e HP”(P) is the space of R¢-valued, F-P-progressively measurable processes Z such that

1 Zllssr ey = E [(f 572 ds) TA”«,O,

o I7(P) is the set of R-valued, F+-F-predictable processes K of bounded variation with cadlag nondecreasing paths, such
that

indl

IK @) :=EF[KF] "7 < co.
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The spaces above are Banach spaces with corresponding norms for p > 1 and complete metric spaces with corresponding
metrics if p € (0, 1). A process Y is said to be of class D(PP) if the family {Y-, t € 7o r} is uniformly integrable under P.
We define the norm

IY lpe) = sup EF[|Y:]].

weTor

The space of progressive measurable cadlag processes which belong to class D(PP) is complete under this norm. See
Theorem [7, VI Theorem 22, page 83].

(ii) Integrability classes under dominated nonlinear expectation: Let us denote by & the measurable square root of @,
ie., oy ::&\,1/2. We recall that, for each P € Py, WtP = é&‘s_l

all probability measures Q* such that

dQ*
dP

d By is a P-Brownian motion. Denote by Qy (P) the set of

sy ! p L[ 2
=Gy :=exp Asg - dW — — |As|“dsy, tel0,T],
Fi 0 2Jo

for some F-F-progressively measurable process (A;)o<;<7 bounded uniformly by L. It is straightforward to check that
the set 9y, (IP) is stable under concatenation, i.e., for Q;, Q2 € Qr(P), t € To.7, we have Q1 ®; Q2 € Q. (P), where

Qi ® Q(A) :=EU[EL[1,| FFF]], AeF*

It is clear from Girsanov’s Theorem that under a measure Q* € Q; (P), the process Wtk = W,IED - fot Asds is a Brownian
motion under Q*. Thus, B} := B; — fot G, A; dt is a Q*-martingale. Given a P € Py, we denote

EFlE1:= sup EQg),
QeQL(P)

and introduce the space L? (P) = ﬂQeQL ®) L7 (Q) of }? P _measurable random variables & such that

1
1€ 2o ey == EF[IEIP]7 < oc.

We define similarly the subspaces S (IP), H” (P) and the subsets Z7 (P).
A process Y belongs to D(P) if Y is progressive measurable and cadlag, and the family {Y;, v € 7o 7} is uniformly
integrable under Q; (P), i.e., limy_ oo SUP; 75, EPHYr [1{y,1=~n}] = 0. We define the norm

1Y lp@) := sup E°[IYz].

TE%_T

Note that [|Y||pp) < oo does not imply ¥ € D(IP). However, the space D(IP) is complete under this norm. See Theo-
rem A.2.

(iii) Integrability classes under non-dominated nonlinear expectation: Let P C Pg be a subset of probability measures,
and denote

EPE] = sup EF[£].
PeP

Let G := {G}o<s<r be a filtration with G; D F; for all 0 <t < T'. We define the subspace L” (P, Gr) as the collection of
all Gr-measurable R-valued random variables &, such that

1
1Ecoepy = ET[1E1P]7 < o0.

We define similarly the subspaces SP(P, G) and HP” (P, G) by replacing F with G. Similarly, we denote by D(P, G)
the space of R-valued, G-adapted processes Y with cadlag paths, such that

lim sup SP[|YT|1{|YT\2N}]:0'

N—o00 te€Tor
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2.4. Shifted space

Here, we introduce the following notations:

e Fort €[0,T] and w, o’ € 2, define the concatenation path v ®; o’ € 2 by
(0@ a)’)s = ws1j0.(8) + (@r + @§_, )1, 71(s), s€[0,T].
e For (1, w) € 2 x [0, T'], we define the shifted random variable
£°0) =((0® o), Vo' eq.
If & is F;4¢-measurable, then £%% is Fy-measurable.

For an F-stopping time t and (¢, ) € [0, [, define 6 := /- — ¢. One may show that 6 is a F-stopping time.
e Define the shifted process

V() = Vi (0@, ).
In particular, for the canonical process X, we have

X?‘”(a)/) = Xits (cu R4 a)/) = (a) Qs a)/) =w +o, sel0,T—t].

t+s

For F-stopping time t, we define
S / T,0 ._ £T(0),w0 Yoo .— Yr(a)),w
O 0 =0 Q) W, EVYi=¢£ s = .

For every probability measure P on 2 and F-stopping time 7, there exists a family of regular conditional probability
distribution (for short r.c.p.d.) (P})yeq satisfying:

e For each w € Q, P} is a probability measure on (2, Fr).
e For each A € Fr, the mapping w — P} (A) is Fr-measurable.
e For P-ae. w € Q, P} is the conditional probability measure of P on F, i.e., for every integrable Fr random variable
& we have
EP[& | Fil(w) = EPo[£], for P-ae. e Q.
e Forevery w € Q, P} (Q2¥) =1, where
Q={weQ|w,=0w;,0<s <t(0)}.
The r.c.p.d. P}, induces naturally a probability measure P*® on (€2, F7) defined by
Po(A) =P, (0 ®: A), A€ Fr,wherew®; A:={0®: o 0 €A}.

It is clear that for every Fr-measurable random variable &, we have

EPZ) [E] — ]EIPI’“) [S‘L’,w].

3. Main results

Throughout this paper, we fix a finite time horizon 0 < T < oo. Let £ be an Fr-measurable random variable, and F :
[0,T] x 2 xR xRY x §? - R, a Prog ® B(R) ® B(R?) ® B(S?)-measurable map,' called generator, and denote

fiw,y,2):=F(0,y,2,6(Ww), 0,2 el0,T]xQ2xRxR.

By freezing the pair (y, z) to 0, we set f,o = f;(0,0).

I'We denote by Prog the o -algebra generated by progressively measurable processes.
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Assumption 3.1. The coefficient F is uniformly Lipschitz in (y, z) in the following sense: there exist constants L,
L, >0, such that for all (y1,2z1), (y2,22) € R x R? and o € §¢,

|Fs(v1.21,0) = Fy(32,22,0)| < Lyly1 — y2| + L: |0 T(z1 —22)|, ds ® dP-ass.

Remark 3.2. Without loss of generality, we may assume that F is nonincreasing in y. Indeed, we may always reduce to
this context by using the standard change of variable (Y;, Z;) := % (Y;, Z;) for sufficiently large a.

3.1. L!-Solution of backward SDE

For a probability measure P € Py, consider the following backward stochastic differential equation (BSDE):
T T
Y, =&+ fx(YS,ZS)ds—/ Zs-dBs, tel0,T] P-as. (3.1)
t t

Here, Y is a cadlag adapted R-valued process and Z is a progressively measurable R?-valued process. Recall that d By =
Gy dWE, P-as. for some P-Brownian motion W¥.

We shall use the Lipschitz constant L, of Assumption 3.1 as the bound of the coefficients of the Girsanov transforma-
tions introduced in Section 2.3(ii). In particular, we denote

E¥lEl:= sup EV£L
QeQy, (P)

Assumption 3.3. Suppose that

T
. P 0
A& ['5”“52"} + /0 |13 [ 012 ds} =0,
where £ is defined above with some Lipschitz constant for F in z.

Remark 3.4. Note that for the linear expectation, the integrability of a random variable & is equivalent to
lim,,_, o0 E[|§]1{¢>4)] = 0. However, this equivalence does not hold true any more for nonlinear expectations, see Propo-
sition A.1, where we need the condition (b) in order to get the equivalence. Such an assumption is usual in the nonlinear
expectation framework.

Remark 3.5 (Comparison with Hu and Tang [14] and Buckdahn, Hu and Tang [5]). Under the previous Lipschitz

condition, and for p > Lzﬁ, let ¥ (x) := x exp(4/21og(1 + x)) for x € [0, 00), and assume that ¥ (|€| —i—fOT |fso| ds) e
L' (P). Then, [14] and [5] proved that the BSDE (3.1) has a unique solution with {/(|Y;]),0 <t < T} € D(P). They
show in [14, Remark 1.2] that the v/ -integrability is stronger than L!, weaker than IL” for any p > 1. We now show our
integrability assumption is weaker than their, i.e., ¥ (|&]) € L' (P) implies lim,_ o EF[|€ [L{jg;=n1 =0.

x2
To see this, let Q* € Q; (P) be arbitrary. By the inequality, e*y < ew? 4 ez’*zw(y) with x, y > 0, see [14, Lemma 2.4],
we obtain

E [[11g12n)] = E [|€|1{\5\>N}€f hod W= 'M'st]S]E[IS|1{|s|zN}ef°T“dW‘]
<E[1{\5|>N}€2“2 Uy 2 d? 1+ E[Le=n v (161)]-

The second term is independent of Q* and converges to 0 as N — oo, by the v/ -integrabiliy of &. For the first term,
following the proof of [14, Lemma 2.6, Theorem 2.7], we obtain that

L s dW) _ B
E[1(j>n)e2? a 1{|s|>1v}euf° RodWele= 7 gy

J_

1 y T 1
EE[gpﬁfo )‘f'dW‘]Pe_)T dy

= —J— [e1=m]
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1] © LpSn2r 2
= E[1g1>ny ] / e’ e T dy

S|

=Ellyz=n]? —,

which converges to 0 as N — oo, with some p > 1 close enough to 1 so that ;& > pL.+/T. The assertion follows from
the fact that the both terms on the right-hand side are independent of Q”.

We would also like to point out that Assumption 3.3 is closed to the condition (A4) in [1] and the one in [10, Proposi-
tion 6.1] which are used to establish the existence result of solutions to quadratic BSDEs.

Theorem 3.6. Let Assumptions 3.1 and 3.3 hold true. Then, the BSDE (3.1) has a unique solution (Y, Z) € (SP(P) N
D(P)) x HP(P) for all B € (0, 1), with

T
IY lpe) < sp[m 0 fo }fs°|dS}, (3.2)

T B
||Y||Sﬂ(p>+||Z||Hﬁ(u»)scﬂ,L,T<5“’[|5|]“+SPUO IfSOIdS} ) 3.3)

for some constant Cg | 1.

We also have the following comparison and stability results, which are direct consequences of the forthcoming Theo-
rem 3.10 and the estimates (3.2)—(3.3) of Theorem 3.6.

Theorem 3.7. Let (f, ) and (f', &') satisfy the assumptions of Theorem 3.6, and (Y, Z) and (Y', Z") be the correspond-
ing solutions.

(i) Stability: Denoting 8Y :=Y' —Y,8Y :=7Z' — Z and §& :=&' —&,8f := f' — f, we have for all B € (0, 1), and some
constant Cg 1 T:

T
|I5Y|ID<P)§5P[I5§|+/O i‘sfv(YSaZs)|dSi|»

T B
||8Y||$ﬁ(IP)+||‘SZ||7-M(]P’)EC;S,L,T<5P[|5§|]/3+5P|:/O !rst(Ys,Zs)\ds} )

(ii) Comparison: Suppose that € < &', P-a.s., and f(y,z) < f'(v,z), dt @ P-a.e., forall (y,z) € R x R¢. Then, Y, < Y.,
P-a.s., forall t € To.r.

3.2. L!-Solution of reflected backward SDE

Consider the following reflected backward stochastic differential equation (RBSDE)

T T T
Y,:é—i—/ fS(YS,ZS)ds—/ ZS-dBS—i—/ dKg, tel0,T], P-as. (3.4)
t t t

where Z is a progressively measurable R?-valued process, K is a nondecreasing process starting from Ko =0, and Y is
a scalar cadlag adapted process satisfying the following Skorokhod condition with cadlag obstacle (S;)o<;<7:

T
Yt > Sl‘a 1t e [O, T], and / (Yt— — St—)th = O, P-a.s.
0

Our second wellposedness result is the following.

Theorem 3.8. Let Assumptions 3.1 and 3.3 hold true. Assume that ST € D(P). Then, the RBSDE (3.4) has a unique
solution (Y, Z, K) € (SP(P) N D(P)) x HP (P) x TP (P) for all B € (0, 1).
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Remark 3.9. Unlike BSDEs in Section 3.1, we are only able to provide a partial a priori estimate, without an estimate
for Y, due to the presence of the term K and the exponent 8 < 1, see Proposition 4.5. We also note that a complete a
priori estimate with Y is possible if the generator f does not depend on z and the barrier is continuous, see e.g. [26,
Proposition 5.1].

We also have the following stability and comparison results.

Theorem 3.10. Let (f,£,S) and (f',&',S’) satisfy the assumptions of Theorem 3.8 with corresponding solutions
(Y,Z,K)and (Y',Z', K").

(i) Stability: Let S=S8". With8Y :=Y' —Y,8Z2:=272'—Z,8K =K' — K, 8§ :=& — & and 8f := f' — f, we have

T
18Y D) < 5P[I5€I +/0 |8£5 (Ys, Zs)|dS},

and for all B € (0, 1), there exists a constant C = Cg 1 T such that

T B
18Y |56y + 18Z 1138y + 18K lls5 @) sc(sﬂ”[wa]ﬁ +5“”U0 |afs(Ys,zs)|ds} )

(ii) Comparison: Suppose that £ <&',P-a.s.; f(y,2) < f'(y,2), dt @P-a.e.,forall y,z e Rx R%; and S < §', dt @ P-
a.e. Then, Y, <Y, forallt € Tor.

3.3. L!-Solution of second-order backward SDE

Following Soner, Touzi and Zhang [27], we introduce second-order backward SDE as a family of backward SDEs defined
on the supports of a convenient family of singular probability measures. We are given a fixed family {P (¢, w)} 1, w)e[0,T]x 2
of sets of probability measures on (€2, Fr), where P(t, w) € Ps. Inorder to apply the classic measurable selection results,
we need the following properties of the probability families {P (¢, @)}, w)e[0,T1x2-

Assumption 3.11. The family of probability measures P = {P (¢, )}, 0)c[0,T1x Verifies the following properties:

(i) For every (t,w) € [0, T] x 2, one has P(t, w) = P(t, w.A¢) and P(QY) = 1 whenever P € P(t, w). The graph [P]
of P, defined by [P] := {(t, w,P) | P € P(z, w)}, is analytic in [0, T] x 2 x M.
(i) P is stable under conditioning: i.e., for every (¢, w) € [0, T] x € and every P € P(t, ) together with an F-stopping
time 7 taking values in [¢, T] and 6 := t"® —t, one has for P-a.e. o’ € Q, Poe’ ¢ Pr(o® ), 0w Qo).
(iii) P is stable under concatenation, i.e., let P € P(¢, w), o and 6 be defined as above, and let v : 2 —> M be an
Fp-measurable kernel with v(w') € P(0, w ®; o’) for P-a.e. o' € , then the measure P := P ® v defined by

P(A) = f / 107 (0" )v(do"; o )P(do'), A€ F, 3.5)
is an element of P (¢, w).
Clearly, P(0, w) is independent of w, and therefore Py := P (0, 0) = P(0, w).

Remark 3.12. It is proved in [20, Theorem 2.4, Corollary 2.5], that Assumption 3.11 holds in the context of the two
following important situations (see also [25, Remark 1.3]):

e the family {55 (t, w)} is defined as a natural dynamic version of Ps, .
e the family {Py (¢, w)} defined for some closed convex subset U of S;' (R) by Py (t,w) :={P € Ps(t,w):0 € U}.

Our general 2BSDE takes the following form:
T
Y, =¢& +/ fs(Ys, Zg)ds — Zs - dBs +dKs, Po-q.s. (3.6)
t

for some nondecreasing process K satisfying Ko = 0 and together with an appropriate minimality condition. We recall
that a property is said to hold Py-quasi surely, abbreviated as Py-q.s., if it holds P-a.s. for all P € Py.
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Definition 3.13. For 8 € (0, 1), the process (Y, Z) € D(Po, ]FJ“PO) x HE (P, FPU) is a supersolution of the 2BSDE
(3.6), if for all IP € Py, the process

t
K}“‘::YO—Y,—/ Fy(Yy, Zs,Gy)ds + Zs -dBy, 1€[0,T],P-as.
0

is a predictable nondecreasing process in Z# (P) with Ko = 0.

The dependence of KT on PP is inherited from the dependence of the stochastic integral fo Zs - d B on the underlying
local martingale measure IP.> Because of this the 2BSDE representation (3.6) should be rather written under each P € P,
as:

T
Y, =§ +/ Fy(Ys, Zs,05)ds — Zs - d By +dK£P» P-as. 3.7
t
Assumption 3.14. The terminal condition £ and the generator F satisfy the integrability:

=0 forall (f,w)€[0,T] x 2,
LI(P(t,w)

T—t
. t, 0,1,
nIlFéOHE w|1{|sw|zn}+/0 1751y sy

where
fso’l’w(w/) = Fiyg (a) ®; 0, 0,0,0 (a)/)).

For all P € Py, we denote by OF, ZP) the unique solution of the backward SDE (3.1). By (H1), there exist two random
fields a® (v, z) and b¥(y, z) bounded by L such that

L0 = £ 20 =a] (y = D) + b -5u(z— 27).
We also define for all stopping times t € 7p,7:

P(.P):={P ePy:P=PonF;} and Py(z.P):=|JP((t+h)AT,P).
h>0

We now introduce our notion of second order backward SDE by means of a minimality condition involving the last
function b .

Definition 3.15. For 8 € (0, 1), the process (Y, Z) € D(Py, ]F+’770) x HP(Py, IFPO) is a solution to 2BSDE (3.6) if it is a
supersolution in the sense of Definition 3.13, and it satisfies the minimality condition:

P ’ , ,
KT]P> = essinf EQE’ [K?> |}'T+’P ] P-a.s. forall P € Py, t € To.T, (3.8)
PeP,(t,P)

P - . do¥ G[}P/(Y’Z)
where Q7 € Qp_ () is defined by the density —5- := prr
T

Note that QIE” | = 7| = P| i and the process W; — f ; bgw ds is a Brownian motion starting from W-.
Our next main result is the following wellposedness of second order backward SDEs, we emphasize again that As-
sumption 3.1 holds true in typical situations, see Remark 3.12.

Theorem 3.16. Under Assumptions 3.1, 3.11 and 3.14, the 2BSDE (3.6) has a unique solution (Y, Z) € D(Py, F+.Poy x
HP (Po, FP0), for all B € (0, 1).

2By Theorem 2.2 in Nutz [22], the family { fO Zs - dBs}pep, can be aggregated as a medial limit fO Zs - d Bs under the acceptance of Zermelo—Fraenkel
set theory with axiom of choice together with the continuum hypothesis into our framework. In this case, fo Zy -d By can be chosen as an F+P0 -adapted
process, and the family {KP}PEPO can be aggregated into the resulting medial limit K, i.e., K = KT P-as. forallP e Po.
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Similar to Soner, Touzi and Zhang [27], the following comparison result for second order backward SDEs is a by-
product of our construction; the proof is provided in Theorem 5.1.

Proposition 3.17. Let (Y, Z) and (Y', Z') be solutions of 2BSDEs with parameters (F,&) and (F’, &), respectively,

which satisfy Assumptions 3.1 and 3.14. Suppose further that & < &' and F,(y, z,0,) < F/(y,z,0;) forall (y,z) e RxR?,
dt ® Po-q.s. Then, we have Y <Y', dt ® Py-q.s.

4. Wellposedness of reflected BSDEs

Throughout this section, we fix a probability measure P € Py, and we omit the dependence on PP in all of our notations
(e.g. D(P) denoted as D). It is clear from Girsanov’s Theorem that under a measure Q* € Q;.., the process W .=
W — fo As ds is a Brownian motion under Q*.

Remark 4.1. We note that under a measure Qk €9 L, defined as above, the RBSDE satisfies

dYy = —(fi(Yt, Z) =& Z; - &) dt + Z; - d B} — dK,,

where the process B,A = B; — fot OyAsds is a local martingale under Q*, and the generator f;(y,z) — G,Tz - A; satisfies
the Assumption 3.1 with Lipschitz coefficients Ly and 2L,.

4.1. Some useful inequalities
First of all, we provide an estimation of a running supremum process.

Lemma 4.2. Let X be a nonnegative cadlag process, and X} := maxs<; Xs. Then,

1
sup E[X.1?, forall B €(0,1).
1— ﬂ teTor

B[(x7)"] <

Proof. For x > 0, define 7, := inf{r > 0 : X; > x}, with the usual convention that inf & = co. We have that X jx =X,
and
E[X,]

Plr, < T]=P[X;, >x]< ——21 <<
- X X

’

with ¢ := SUPreTy E[X ], which implies that P[t, < T] < )‘—C A 1. Then, for g € (0, 1)

o o
E[(x%)"] :E[/ I{X;Zx}ﬂxﬁ_ldx} :/ P[X5 > x]pxP " dx
0 0
oo /- cﬂ
=/ IP’[IXST]ﬁxﬂ_lde/ A1 )BxP N dx = ——.
0 0o \x 1-p 0
Lemma 4.3. Let ¢ be a nonnegative Fr-measurable ramdon variable and Y a nonnegative process such that
sup (¥, —EQ[¢ | FFF]} <0, forsome Qe Qy.. 4.1)
‘[676]

Then, sup, .7, €' [Y-]1 < EF[¢].
Proof. Fix Q € Q;, and 7 € T 7. Notice that Q ®; @ € Qy, forall Q € Qp,. Then, it follows from (4.1) that
EQ[Y,] < E9[EQ[¢ | FHF]] = B2 01 < €721,
The required inequality follows by taking supremum over all stopping times and Q € Q.. . ]

Now, we show a Doob-type inequality under the nonlinear expectation £, which turns out to be crucial for our
analysis.
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Lemma 4.4. Let (M;)o<:<1 be a nonnegative submartingale under some @ € Qy,. Then,

IMllss < ﬁsﬂ’[MT]ﬁ forall0<pB < 1.

Proof. Let x > 0and Q € QLz be arbitrary. Define t, := inf{r > O|M; > x}, with the usual convention that inf & = co.
From the optional sampling theorem and the definition of concatenation, we obtain that

EQ[MTXAT] < EQ[]E@[MT | FH P ]] EQ@TXATQ[MT]

AT

foreach Qe Qy,. As Q ®¢ AT @ € Qy,, this provides that IEQ[MTXAT] <EPMr]=:c.
Let us denote M, := supg,; <y M;. It follows that

xQIM, > x] = xQlty < T1 <EY[M; 17, <1yl < EQM, 7] <c.

Then,

o 00 ﬂ
EQ[ME]=/O QM. zx]ﬂxﬂ_ldxffo <1/\§>,3xﬁ_1dx= lc—,B’

As Q € Qy , is arbitrary, the assertion follows. O

4.2. A priori estimates for reflected backward SDEs

We will construct a solution of the RBSDE (3.4), using a sequence of L?-solutions to the related RBSDEs. The following
a priori estimation is crucial for the existence result.

Proposition 4.5. Let (Y, Z, K) be a solution of RBSDE (3.4). For all B € (0, 1), there exists a constant Cg 1,7 > 0 such
that

T B
||Z||Hﬁ+||1<||3ﬁscﬁ,L,T(nYnsﬁ+||Y||%+8P[/O IfSOIds} )

Proof. Step 1. We first derive the following estimate of K:

T B
||K||SﬁsC§L,T(||Y||%+8““’UO \fsolds} ) (4.2)

where CX .7 1s a positive constant depending on g, Ly, L and T
Indeed it follows from (3.4) and Assumption 3.1 that

t t t t
K,5|Y0|+|Y,|+/ |f;)yds+Ly/ |Y5|ds+LZ/ |6‘STZS}ds+/ Gl Zs - dWy.
0 0 0 0

Define

oT Z d@k T 1 T )
hoim e Sz and S imexpi— | A dWo— 5 | Pds (43)

Let {tx }xen be a localizing sequence of stopping times, such that the stochastic integral is a martingale. We have
T T Tk
Ky <1|Yol| + Y| +f |fs0|ds +Ly/ |Ys|ds +/ oY Zs - (dWs + s ds).
0 0
Taking expectation with respect to Q* we obtain

EY (K, 1< @+L,T) sup EQ[|Y,|]+EY [/ |f0}ds]

TG%T
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It follows by monotone convergence theorem that
(4.4)

EY[K7]1< @+ L,T) sup EF[|Ye| +5P[/ A ds} < 0.
1676 T
Now take any ||A||coc < L;. By the Girsanov transformation and the Holder inequality with L—1— B, we have

. X e A —1 X e A AT N
wan-e [ (2) o (5 () )
dP dP dP dP

A r q r A
=E? [exp(/ q(xs—xg)dws—Ef (I = 25]) )} EY (k7]
0 0
T 1 T
—E“”[exp(/ ((q—l))xs—q)»;)-dWs—E/(; (@ = DIasl> —qla5]") s)} EY[K7]
T 1 T
_E]P|:exp</ ((q—l)ks—qki,)-dWs—E/ |(q — Dy — g} ds)
0

0
’ 712 LT 2 / Q* B
/ |(g — Dis — g} ds—E/O ((q — Dxs|* — g| 2y )d5>] E¥'[Kr]

<2qL2<24?L2

1
. ex i
P\2
<4q?L?
<exp(3¢L2T)EY [K71P.
As )/ is arbitrary, together with (4.4) we obtain (4.2)
Step 2. We next estimate the stochastic integral fo Y,— (04 Zs -dW? — dKy). Using Burkholder-Davis-Gundy inequality

and Young’s inequality, we obtain

T 5
e[| [ verzeaw: —ax)||
0
N u § T g
SEQ[SHP / Yol Zs-dW}| + f Y, dK; ]
0<u<TI1J0 0
g B
sup |Y,|% K7 |

B
T 1
scﬁE@‘[(/ xf_;agzsfds) }HE@*[
0 0<s<T
g B
sup 1Y, 7K7 ]

ﬁ
50,31[41@[ sup |Y|2</ 57 2| ds) ]—HEQ [
0<s<T 0<s<T
Cﬁ +1 Cge e
1Y llse@ry + —5— 1 Zllms@ry + EHK”Hﬂ(QA)-

Step 3. We now show that

||Z||Hﬁ<c§,T,,3(||Y||Sﬂ+||Y||%+6P[fo !f?|ds} )

Under a measure Q* Q... the RBSDE (3.4) satisfies
dY, =—(fi(Y;,Z) =62, - ) dt +5,Z, - dW} —dK,, Q*-as.

4.5)

(4.6)
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Applying It6’s formula on Y2, we obtain

T T
~ 2 ~
f |USTZS| ds + Z (AKS)z = §2 - Y()2 +f 2YS—(fS‘(YS7 Zy) — U‘JZS : )\s) ds
0 0

O0<s<T
T
- [ vz aw? -ax,)
0

Therefore, by Assumption 3.1 and Young’s inequality, we obtain

T T 2 T
%f 672> ds < (3+2L,T +8L2T) sup Y3+</ |fso|ds> +2‘/ Y, (67 Zy - dW} — dKy)|.
0 0 0

0<s<T

Together with (4.5), we have for 8 € (0, 1)
x LA p \
1Z e gy < CL,T,,s(nYnS,s(QA) +EC [(/0 I |ds> } L EQ [

Cg+1 A r p
ch‘T,ﬂ< ﬁzg +1>||Y||Sﬁ(Qx)+CL,T,/3EQ |:</ |f.90’ds) :|
0

Crr,Cge
2

B

)

T
[ v-@rz,-awi —ax,)
0

Crr.g¢
2

+ 1Z s iy + 1K s g

Choosing ¢ = , we get

1
Cr.rpCp

A T ﬂ
1 Z gy < ci‘r,ﬂ(nYnSﬂ(Qx) +E¢ [(/0 |fso|dS> }+ ||K||Hﬂ(QA>>.
Together with (4.2) we obtain (4.6). O

4.3. Existence and uniqueness

We apply the existing well-posedness result of I.? solutions of reflected BSDEs to establish the well-posedness result
of our IL! solutions of reflected BSDEs. In the first step, we show the well-posedness of RBSDEs with a 1.2 barrier
and L' generator f and terminal data & by an approximation with solutions of RBSDEs with f” and £” satisfying L
condition. In the second step, we prove our existence and uniqueness of I.! solutions with ! barrier by an approximation
with solutions of RBSDEs with I.? barriers and I.! generator and terminal data obtained from step 1. As a special case
S = —oo we obtain the existence and uniqueness result of L!-solutions of reflected BSDEs.

4.3.1. Square integrable obstacle
Theorem 4.6. Let Assumption 3.1 hold true. Assume that ST € S2, then Theorem 3.8 holds true.

Proof. Existence: For each n € N, we denote §" := g, (§) and f/(y,2) := fi(y,2) — fto +qn (fto), where g, (x) := 22

— |x|vn*
As ST € 82, by [3, Theorem 3.1], RBSDE( £, £", §) has a unique solution (Y”, Z", K") € S* x H? x I?, and Y” belongs
to class D(Q) foreach Q € Oy .

Step 1: We are going to show that {Y"},cn is a Cauchy sequence in S# and D. Let m,n € N and n > m. Set §Y :=
Y"—Y" §Z:=272"-72",5K :=K"—K™and§f := f" — f™. Clearly, the process (Y, §Z, § K) satisfies the following
equation

T T T
8Y,:8§+/ gs(SYS,(SZS)ds—/ SZS-dBmL/ dsKs, 4.7
t t t

where

gs(8Y,8Zy) = fI (Y] + 8Ys, Z1' +8Zs) — fI' (Y, ZV").
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It follows by Proposition 4.2 in [19] that

T
|6Y:| < |8Y7| —/ sgn(8Y;_) dsY;
T

T T
=|3§|+/ sen(8Y){gs (Y5, 8Z,) ds — 378 Z, ~dWS}+/ sgn(8Y,_) dS K.
T T

By Assumption 3.1 and Remark 3.2 we obtain
sgn(8Yy)gs(8Ys, 8Zy) = sgn(8Yy) (fi1 (Y{" +8Yy, Z)' +8Zy) — fI (Y, Z)' + 8Zy))
+sen(8Yy) (fI1 (Y, Z) +8Zs) — £ (Y], ZT))
+sgn@Y) (fH (Y, Z0) — fr (Y, ZT)
< Lo[GT0Z| +[8£(V]", Z0')| < La[GT8Zs | + | 171 joyzmy-
We note that by Skorokhod condition,

8Ys_dSK, = (Y] — Ss_)dK} — (Y. — Ss—)dK]" — (Y* — Ss—)dK] + (Y* — S;—)dK]"

N

=—(Y]_ — S;_)dK]' — (Y*. — S,_)dK] <0, (4.8)
and
5Y,_
sen(8Y,_) dS K, = Sgl;(yinays_ dsK, <O0. (4.9)
—

Therefore, we obtain

T T
|8Y,| < |s|1{,§,zn}+/ (LZ\EST(SZS\+\ﬂ9]1{molznl)ds—/ sgn(8Y5)o 8 Zs - dWy
T T

T T
=|g|1{|g|zn}+/ }fxo|1{|fbp‘2n}ds—/ sen(8Y)GT8Z, - (AW — A ds),
T T

where A := L ;. sgn(8Y; ) V57570 As 8Z € H? and N € N2, we deduce from Burkholder-Davis—Gundy in-

*Taz |
equality that the last term is a uniformly integrable martingale under the measure Q € 9y, such that fl(% = G)‘ Taking
conditional expectation with respect to F. P under the equivalent measure Q, we obtain that

~ T
|8Yz| < ]E@[|5|1{|ézn} + /0 [0 o1 s | fi'ﬂ”]

We deduce immediately from Lemma 4.3 that

T
I8Yllp < 5P[|§|1{|§zn} +/0 |fs°|1{fp|zn}ds], (4.10)
and from Lemma 4.4 that for any g8 € (0, 1),
" T B
18Y |lgs < ﬂg [|5|1{$Zn}+/0 |fS0|1{f;p|>n}ds:| . 4.11)

This shows that {Y"},cy is a Cauchy sequence in D and SP. By completeness of D and SP, there exists a limit ¥ €
DNSP.
Step 2: We prove that {Z"},cn is a Cauchy sequence in HE. By Itd’s formula, we have

T T
8Y7)* — (8Y0)2=—2/ 8Ys,gs(8Ys,8Z3)ds+2/ 8Ys_GT8Z; - dW,
0 0

T T
—2/ SYs_chKs—i—/ 676Z,|" ds + [8K 17,
0 0
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and therefore by Assumption 3.1, Skorokhod condition (4.8) and Young’s inequality

T T T
/O 6782, |* ds < supT(éYs)z—i-Z/O |8YS||fS0|1{‘f$p|Zn}ds+2LZ/0 1815782, ds

0<s<

T
- 2/ 8Y,6T8Z - dW,
0

T T
< sup (8Ys)2+2/0 |8xvl|f?|1{‘f9|2n}ds+4LZ/O |8Y;|[0T8Z,| ds

0<s<T

+2 sup

0<u<T

u
/ 8YGT8Zs - dWh
0

T 2 1 T
5(2+8L§T) sup (8Ys)2+</(; |f?|1{|f92n}ds) +§[) |3STSZS|2dS

0<s<T

+2 sup

0<u<T

9

u
/ 8YGT8Zs - dWh
0

which implies that

T T 2
/0|a;azs}2dsg2(2+8L§T)OE?ET(5YS)2+2</O |fs()|1{mp|>n}ds>

u
+4 sup /aysaTazS-dWS*. (4.12)
0<u<T|J0O
Taking expectation we obtain
’ & r 0 P
18 Z N3 @) < Cﬁ,L,T(HaYllsm@») +E [(/0 /s |1{f§’|>n}ds> }
g
A u —~ NE
+EC [ sup /SYSGSTSZS-dWS D
0<u<T|JO
By Burkholder-Davis—Gundy inequality, we have
Q* RN )\g I mQ* ! 2|~ 2 i
E sup / 8Ys08Zs -dW]| | <ChE f 18Y, 1|57 8Z|” ds
0<u<TI|J0 0
/ / e
< L1 lgs gy + o 18 Z s -
=5 @)t @)
Choosing & := ———, we obtain by Jensen’s inequality for 8 € (0, 1) that
CpL.rC
’ 1\2 ’ A g 0 P
18Z 1) = Chr.r(2+ (Ch) Chr.r) 1Y sy +2Ch, . 7B [(/O |fs |1{|f§’>n}ds)} :
Therefore,
z P T o f
||8Z||Hﬁfcﬂ’L’T(||5Y||$ﬂ +& [(/0 | £ |1{fso>n}ds)i| ) (4.13)

As the right-hand side converges to 0 for m, n — 00, {Z"},eny € HP is a Cauchy sequence. By completeness of ##, there
exists a limit Z € HP.

Step 3: We next show that {K"}, is a Cauchy sequence in S?. By (4.7), we have

t t
8K,=—8Y,+8Yo—/ (gS(SYX,BZS)—I—aJSZS~As)ds+/ GI8Zs -dW}k,
0 0
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and therefore, together with Assumption 3.1

sup [5K]
0<s<T

T
<2 sup |8Y|+/ (Ly18Y,| 4+ 2L |68 Zy| + |85 (Y]", ZT')|) ds 4+ sup
0<s<T O<u<T

u
/ GI8Zs-dW?
0

u
/ GI8Zs-dW?|.
0

Applying Cauchy—Schwarz inequality and Burkholder—Davis—Gundy inequality, we obtain that for g € (0, 1)

<(@2+TLy) sup |8Y|+/ (2L [678Zs|ds + | £ 1) f0j5y) ds + sup
0<s<T 0<u<T

B
I8K llgsgry < @+ TL)PISY llgsr) + (RLDPT T + CH)I8Z s (@

8 T B
+EQ [(/0 |fs°|1{|.f;°|zn}ds> }

) T B
5C§LT(”‘3Y”SW@%>+||5Z||Hﬂ<@A>+]EQ [(/0 |fso|1{m°>n}ds> ])

and hence
K P g 0 P
||8K||3ﬁscﬁ,L,T<||8Y||sﬂ+||SZ||Hﬂ+5 [(fo | f |1{f;9zn}ds) D (4.14)

Since the right-hand side converges to 0, we obtain lim,;, ,— Sp[supofssT K" — K |#1=0, and that by completeness
of S# there exists a limit K € SP. Clearly, the process K is nondecreasing and predictable.

Step 4: We now show that the limiting process (Y, Z, K) solves the RBSDE (3.4). Indeed, for t € [0, T'] and ¢ > 0, by
Markov’s inequality and Burkholder—Davis—Gundy inequality, we have
]

u u 1 u
/ z;’-st—/ Z - d B >8]§—E[ sup / T(z! - Zy)-
0 0 ef Lo<u=ilJo

(o
<L)z 2]

IE”|: sup

O<u<t

which implies that fOT Z? - d B converges to f(; Zs - dBg in ucp (uniform convergence on compacts in probability). We
may extract a subsequence such that fOT Z{ - d By converges to fOT Z - d By almost surely. By Assumption 3.1, we have

f (Y Z7) = £, Z5) | ds
T T
5/0 \ﬁ°|1{|f;°\2”}dS+Ly/O }Yf—Yslds+Lz/0 67 (2" - )| ds

T . )
5/ |7 Ly gorzm ds + LyT sup |Ys"—Ys|+LzTé</ |3ST(Z?—ZS)|2dS>2—>O,
0 T O0<s<T 0

as n — 00, and hence (Y, Z, K) solves the correct RBSDE.
Step 5: We now apply Snell envelop approach to optimal stopping in order to show the Skorokhod condition. Define

t
/ Zy - dB; Zm}.
0

Up to time t,,, It integrals are true martingales which disappear after taking conditional expectation, and Lebesgue
integals are uniformly bounded which allows us to apply the dominated convergence theorem easily. By Step 4 we have

u
/ Z¢ -dBg| <00
0

rmzz{t>0:sup/ | (Y, Z3)| ds + sup
neN neN

sup sup
neNO<u<T

and sup sup / | n Y” Z” }ds<oo, a.s.,
neNO<u<T
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which implies that the sequence of stopping times {t;, };,en converges almost surely to co. By following the proof of [18,
Proposition 3.1], we may show the following representation for each n € N

r T
Ytnm,,, = esssup E / i (st ZZ’) ds + Sz <Trg,) + YIT,,/\rml{T=T/\Tm} ) ]7,";\’5,:|.

reﬂ/\rm,T/\rm LJ AT,

By triangle inequality, we have

r rt
Y;’j\fm = cssup K Js (Y5, Zg) ds + Se 1o <7 ay) + YT Az, Lp=T Ar) }—;—;E«]
767;/\1',,1_7‘/\-[,” LS AT,
T ATy, .
+ E[\/ |fSn (Y;l’ Z;l) B fS(Ys’ Zé)’ds + ‘Y¥Af1n - YT/\fm ‘ ‘/—-'t/\’rm].
0

It follows from Y/ — YT Aq, and fOTM’” | frYE, ZY) — fs(Ys, Zs)|ds — O in L! that

n
tATy, - Yt/\Tm’ YT

N

T
Ying, < esssup E|: fs(Ys, Zg)ds + Srl{r<TArm} + YTAr,,,l{r=T/\rm} «E—"/_\’El]

TE'F/\rm,T/\rm AT,

ATy

On the other hand, it is clear that Y;az, > Siaz, Lir<T Az, + YT Az, Le=T Az} SINCE Ying, + fo fs(Ys, Zs)ds is a
supermartingale, we have

ATy
YtArm +/ fS(YS’ Zg)ds
0

T
P
T e E[/ fs(Ys, Z) ds + Seliz<r ) + Y1 s, Ye=Trna) | Fin r]
T€T ntm, T At 0
and therefore,
T
v = E|: JsUs, Zs)ds + St o<1 nny) + YT Az, Liz=T At} ]:tJ/r\g;l] (4.15)
teﬂ/\rm,T/\rm ATy

Define

t T Aty
7’/;" = / fs(Ys, Zs)ds + Stl{t<TArm} + YT/\rml{t:T/\rm} - ]E|:/ fs(Ys, Zs)ds + YT/\rm
0 0

]—TL’P}.
Clearly, n’?mm = 0. Note that n™ = (n}")o<t<T rz, is Of class D(P). Let J;" be the Snell envelope of n™
J":= esssup E[n'rn |f;\’i],
TEWATm,TATm

which is a cadlag process of class D(P) and is the smallest supermartingale dominating the process 1. Hence, by the
Doob-Meyer decomposition, there exist a martingale M" and a predictable nondecreasing process A™ such that J;" =
Jy' + M" — A}". By the definition of J™ and the representation (4.15), we obtain

T Aty
" =Ying, — ]E[/ Jfs(Ys, Zs)ds + Y1 g,
t

AT

Fhe ] (4.16)
‘We have that

T Aty
Jtm +E|:/0 fS(YS’ ZS)ds+ YT/\rm

AT
}725,} = th:m +/ fS(st Zs)ds
0

is a supermartingale. Therefore, by the uniqueness of the Doob—Meyer decomposition, A" = K, . Decompose A™
(and the same for K) in continuous part A™¢ (K¢) and pure-jumps part Am-d (gdy, By [17, Proposition B.11], see also
[8, Proposition 2.34], we obtain

T Aty
/ (Jm =" dA =0 and AA)! = AA;"’dl{Jtrgﬂ,;»L}, a.s. fort < 1,.
0
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By noticing that J/"* — n* = Yiaz,, — Staz, lii<TArn) — YT Aty Lt=T Az}, WE Obtain that

T Aty T Aty
/ (Yt—_St—)th:/ (J[nl_n;n_)th:O, a.s.
0 0

Letting m — oo, the Skorokhod condition holds true for K.

Uniqueness: Let (Y, Z, K) and (Y’, Z’, K') be two solutions to RBSDE(f, &, S). Set Y =Y —Y',8Z =7 — Z' and
3K = K — K'. Using the similar computation as above, we have
Tm

18Yr Az, | <1875, —/ sgn(8Y,)GT8Z - (AW, — Ay ds),

TATy

here L. — CARYA 1
where Ay ;=L sgn(SYs)m (16782, 1£0} and

t
T ::inf{t 30:/ |Zs? + ]z;|2ds zm} AT.
0

Taking the conditional expectation with respect to J; under the equivalent measure @ ~ P, defined by % = G%, we
obtain that

18Yepe, | < EQ[I8Ys, | | FiF].

Again, since 8Y belongs to D(Q), it follows that 8Y;, — 0 in L!(Q), therefore [8Y;| = 0. It follows by the section
theorem that Y and Y’ are indistinguishable. By (4.13) and (4.14), (6Z,5K) = (0, 0). O

4.3.2. General obstacles

Before proving the wellposedness result, we state the following comparison result for the general cadlag solution in the
IL2-setting, which is a generalization of [26, Proposition 3.2]. The proof is omitted as it follows the same argument as in
the classical one.

Proposition 4.7. Let (f,&,S) and (f', &', S") be such that f and f’ satisfy Assumption 3.1 and E[fOT 1 £012ds] < oo,

IE[fOT |fs/0|2ds] <00, €8 €l? and S, S €S?, and let (Y, Z,K) and (Y', Z', K') be the corresponding solutions.
Assume that § <&, S; < 8], and (Y], Z)) < f] (Y], Z}), P-as.,t € [0, T]. Then Yy <Y.,forallt € To .

Proposition 4.8. Let (f,&,S) and (f', &', S') satisfy the assumptions of Theorem 4.6. Let (Y, Z, K) and (Y', Z', K') be
solutions of corresponding RBSDEs. Suppose that ¢ <&',P-a.s.; f(y,2) < f'(y,2), dt ® P-a.e., for each y,z € R x R?;
and S < §', dt @ P-a.e. Then, Y; <Y/ foreach v € To.r.

Proof. Let (Y",Z",K") and (Y, Z"™, K™) be the approximation sequences of the solutions of RBSDE with (f, &, S)
and (f, &', "), respectively. By the comparison result, Proposition 4.7, we have Y < Y", therefore ¥; <Y, for each
TE 76]. O

Now we are ready to prove the main theorem.

Proof of Theorem 3.8. Define S} := S; A n. Clearly, S > §™ for n > m. By Theorem 4.6, RBSDE with (f, £, S") has
a unique solution (Y", Z", K™). Define (8Y,8Z,8K) == (Y" — Y™, Z" — Z™, K" — K™). By Proposition 4.8 we have
§Y >0.

Step 1: We are going to show that {¥"},cy is a Cauchy sequence in D and S#. Let o € To 7 be arbitrary. Define
[ :=inf{t >0 Y] SS,"+8}/\T,
t
Ty = inf{t >0: / (|’0\STZ;,"}2 + |6\STZ:,‘|2) ds > k} ATV AT.
0
It follows from the definition of tZ that K" is flat on [o, tZ], hence

sgn(8Y;_)dSKs = sgn(Ys’l - Ys”i)dK;’ — sgn(Ys"f - Y;’l)szm <0
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on [o, Z]. Again by Proposition 4.2 in [19] and Assumption 3.1, we obtain

TE ATk
[8Yo nge| < 18Y7enz, ] —/ sgn(8Y;—) ddYs
ONT|
TE AT
=¥zl + [ sV (A1 2) ~ £ (120 ds
N7
TEATk 5 ATk
—/ sen(8Y,)6 T8 Z - dW, +/ sgn(8Ys_) dSK;
O ATk O AT

& AT R
< |8Yt§/\tk| _/ Sgn(‘SYs)a?SZs - (dWs — Agds),
o

ATy

~ =T -~
where Ay := L, sgn(§ YS)%I“ET §Z4]£0}- Conditioning with respect to ff under the equivalent measure Q € Qp .
~ —~ s s s S “

defined by % = G%, and then, as §Y is of class D, letting k — oo, we deduce from the above inequality that
18Y,| <EQ[I8Y, || FF] < E@[S;EI{S; oy | FEE] e,

where the last inequality follows from
0<8Yy =Sy +6— Yy <Sf+e—Spi < ngl{s;zm} +e.

Let Q € 9, be arbitrary. We obtain that

EQ[|5Y,] < EQ[]E@[S;EI{St o | FEF] e < sup EF[SHgrop] +6.

TE%.T

Since the above inequality holds for all ¢ > 0,0 € To,r and Q € Q L,» we obtain that

sup EF[16Y(] < sup EF[ST 1 5ro,]-

(767617‘ ‘L’E'ﬁ)]

Together with Lemma 4.2, we obtain that for any 8 € (0, 1)

1 1
187 lsn < =5 1Y < = sup E7[5/Tygea ]
167617‘

As the spaces D and S? are complete, we may find a limit ¥ € D N SP.
Step 2: We will show that {Z"}, < is a Cauchy sequence in P . Similar to (4.12), we have

T T
/ 6782, ds <2(2+8L2T) sup (5n)2+4f 8Y,_dSK, +4 sup
0 0

O0<s<T 0<u<T

u
/ 8YGT8Zy - dWE|. (4.17)
0

Comparing to (4.12), the extra term § Y _d3 K ; is due to the different obstacles S” £ S . Note that by Skorokhod condition
and Y" > §™ Y" > §"

t t t
/ 8Y,—dSK; =/ (Y] — Sy )dK; +/ (Sp_—Y")dK}
0 0 0

t t
- [ —smyaxy [ - smyaxy

t t t t
:/ sg_ng—/ y;"_ng—/ Ys"_dK§”+/ s™ dK™
0 0 0 0

t t
5/ ass_ng—/ 58, dK"
0 0

< sup [8SI(K} + K}).

0<s<T
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Plugging this inequality in (4.17), we obtain

T
/ ‘61T8ZS‘2ds§2(2+8L§T) sup (8Yy)> +4 sup 18Ss|(KT + K7)
0 0<s<T 0<s<T

+4 sup

0<u<T

u

/ 8YsGT8Zs -dWr|. (4.18)
0

Taking expectation and using Young and Cauchy—Schwarz inequality, we obtain that

1 1 1
18 Zlge @y < Cpo. (I8 lspom + HSS”éﬁ(QA)(” K™ ”]Izﬁ(Qk) +[ k" H]Izﬁ((@k)))'

Since 0 <485, < Sf+1{S,+Zm} for 7 € [0, T'], we have O < supy_,-7 [6Ss| < supg<,<r S;"I{S;er} and by Lemma 4.2

A B 1 A
188 llgp gy < EQ [( sup S‘jl{sjzm}) ]5 —— sup (EC [SF 155 m])’

0<s<T —PreTor

As in the proof of Theorem 4.6, by the convergence of {Y"},cn and Proposition 4.5 we have sup, .y | K" || g8 < oo.
Therefore, we obtain

g]P’ +1 g
162130 < Cp.rry (18Y s + sup EX[SH1 g ]7).

‘[67617‘

As the right-hand side converges to 0, {Z"},cny € H” is a Cauchy sequence. Again by completeness, there exists a limit
ZeHP.

Step 3: Using the same argument as in Step 3 of the proof of Theorem 4.6, we show that { K"}, cn is a Cauchy sequence
in SP. Hence, there exists a limit K € SP. It is clear that K is a nondecreasing predictable process starting from zero.
Clearly Y > §. In the same way, we show the Skorokhod condition and that (Y, Z, K) solves the correct RBSDE with

(f.§.9).

The uniqueness follows by the same argument as in the proof of Theorem 4.6. ]
Proof of Theorem 3.10(ii). We denote by (Y", Z", K") and (Y, Z'", K') the approximation sequences of the solutions
of RBSDEs with (f,&,S) and (f/, &, S"), respectively. By the comparison result, Proposition 4.8, we have Y < Yr’",
therefore Y, < Y/ for each . O

4.4. Stability of reflected BSDE

Proof of Theorem 3.10(i). Obviously, the process (8Y, 5Z, §K) satisfies
T T T
8Yt=8$+f gS(SYS,(SZS)ds—/ SZS-dXS—i—/ d§Kg, P-as.,
t t t

where g,(8Y;,8Zy) := f{(Ys + 85, Zy + 8Zy) — fy(¥s. Zy). Define 7, :=inf{t = 0: [§1Z* + |Z(|*ds =m} A T.
Following the same argument as in Step I of the proof of Theorem 4.6, we obtain that

T Aty

T
|8Yr/\r,,,| =< |8YT/\rm| +/ ‘(st(Ys, Zs)’ds _/ Sgn(Sst)EST(SZs -(dW; — Agds),
0 T

AT

where Ay 1= L, Sgn(aYS)%l{WSZA#O}' Define d@x = GXTdIP’. Since §Y € D, it follows that §Y;, — &£ in £, and
therefore

~ T
A
6, | <EC [|65|+f0 |8ff<n,zs>|ds\f,+’ﬂj’]

We deduce immediately from Lemma 4.3 that

T
I18YlIp < 5P[|6$| +/O |8f5 (Y5, Z)| ds}, (4.19)
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and from Lemma 4.4 that for any 8 € (0, 1),

T B
16Y s < W5P[|8§I+/ |8fs(YSaZs)|dS:| . (4.20)

Further, following Step 2 and Step 3 in Theorem 4.6, we obtain that

N———"

T B
18Z 11346 + 18K Il g6 < C,é,L,T(naYnsﬂ +£P[<f |85 (Y. zs>|ds) }
0
The assertion follows from (4.20). (]
4.5. A priori estimates and stability of BSDE

For § = —o0, we have the existence and uniqueness result of the BSDE. As we have seen in Proposition 4.5, there is no
a priori estimate for Y for reflected BSDE. However, for the BSDE (3.1) without reflection we may find a priori estimate
for Y.

Proof of Theorem 3.6: estimates (3.2)-(3.3). Let 7, :=inf{r > 0: fé CAVA |2 ds >n} AT. Applying Tanaka’s formula,
by Assumption 3.1 and Remark 3.2, we obtain that

Tn
Yone | < |Ya | - / sen(Y,_)dY,
T

ATy

Tn

Tn
=Yyl —+—/ sgn(Yy) f5(Ys, Zg)ds — / sgn(Ys)Zs - d By
T

ATy TAT,

T T
5|Y1,1|+f }f50|ds—/ sen(Y)o T Zs dWA
0 TAT,

with ks = L 2 sgn(¥s ) ~1(57 7 1 20)- Taking conditional expectation with respect to F7 +P under the measure Q* de-

IETZ |
fined by = GAT, we obtain |Yzaq, | < EQAHanl +f0 |f0|ds | FiF PlLAsY eD, letting n — oo, we obtain that
|Yr|sE@*[|s|+/ mﬂds)fjf], (4.21)
0
and (3.2) follows immediately from Lemma 4.3. By Lemma 4.4, (4.21) implies that
T B
1Ylgs < m5]Pj|:|é§| —I—f !ff)‘ ds] for all B € (0, 1). (4.22)

Further, by applying Itd’s formula on Y2, we see that

T T
/|Tz| ds =Y} — Y02+2/ YS(fS(YS,ZS)—ESTZS-As)ds—Z/O YsZ -dB;
0

u
/ Y,Zs - dB}
0

T T 2
< (242L*T) sup m|2+%f |ans|2ds+</ |f?|ds>
0 0

0<s<T

u
/ Y Zs -dBL|.
0

Finally, by Burkholder—Davis—Gundy inequality and Young’s inequality, we obtain

A r p

Taking supremum over all Q*eQ L.» (3.3) follows from the above inequality and (4.22). U

< sup Y2+2/ \Ys|(L: 6T Zs| + | f2|) ds +2 sup

0<s<T 0<u<T

+2 sup

0<u<T
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As in the proof of Theorem 4.6 and that of the estimates (3.2)—(3.3) of Theorem 3.6, we may estimate the difference
of two solutions of two BSDEs. Let (Y, Z") be the solution of the approximating BSDE with (f",£") as in previous
section. Define (8Y,8Z) := (Y —Y",Z — Z").

Proposition 4.9. Under Assumptions 3.1 and 3.3, we have
P r 0

T B
18Y | g6 + 18Z |45 scﬂ,L,T<5“’[|s|1{|g|>n}]ﬁ+£ﬂ”[/0 If?llufgzn}ds} )

Corollary 4.10. Forany s > 0and A € .7-'? such that EF[14] < § we have

T
1
sup SP[|YT|1A]55“’[|g|1{|g|2,,}+/0 |f50|1{|fsozn}ds:|+cn52,

‘L'E'ﬁ)j

where C,, is a constant dependent on n.

Proof. It is clear that for any n € N

sup EX[1Yz14] < sup EF[I8Y:11a] + sup EF[|Y7|14]

1676‘7 'L'€76‘T 1676,]"

T 1
55P[|s|1{|g|z,,}+/o |f50|1{|fsoz,1}ds}+ sup 5“”’[|Y;’|2]25ﬂ"[1A]%

TE 0.7
P r 0 1
=¢ [|€|1{|s|zn}+/0 | fy |1{|fs°zn}d5:|+cn52'

The second inequality is due to Proposition 4.9, and the last inequality is due to the classical estimate on > solution of
BSDE. O

5. Second-order backward SDE: Representation and uniqueness

We now prove the following representation theorem for the solution of the 2BSDE (3.6). Note that this representation
implies the uniqueness of the process Y, and further that of the process Z as d(Y, B) = Zd(B).

Theorem 5.1. Let Assumption 3.14 hold true and (Y, Z) be a solution to the 2BSDE (3.6) satisfying the minimality
condition (3.8). For each P € Py, let (VF, ZP) be the solution of the corresponding BSDE (3.1). Then, for any P € Py
andt €Ty,

P y
Y; = esssup yf", P-a.s. 5.1
P eP4(1,P)

In particular, the 2BSDE has at most one solution in D(Py, F+Poy x HE(Py, FPo) for all B € (0, 1) satisfying the
minimality condition (3.8), and the comparison result of Proposition 3.17 holds true.

Proof. The uniqueness of Y is an immediate consequence of (5.1), and implies the uniqueness of Z, a; dt ® Py-q.s. by
the fact that (Y, B), = { fo Zs - Bg, B); = fo ayZsds, P-a.s. This representation also implies the comparison result as an
immediate consequence of the corresponding comparison result of the BSDEs )F.

This proof of the respresentation is similar to the one in [27]. The only difference is due to the different minimality
condition (3.8). Let P € Py and P’ € P (z, P) be arbitrary. Since (3.7) holds P’-a.s., we can consider Y as a supersolution
of the BSDE on [z, T] under ’’. By comparison result, Proposition 3.10(ii), we obtain that ¥; > yE" " P-as. As J}? " (or
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]_'4’:730

a P’-version of it) is ;" -measurable and Y; is F; '~ ’-measurable, we deduce that the inequality also holds P-a.s., since

P =Pon ]-"j‘ for each P’ € P, (t, P). Therefore,

P ’
Y; > esssup yf", P-a.s. 5.2)
P'ePy(z,P)

by arbitrariness of .
We now show the reverse inequality. Define Y :=Y — JF "and 87 :=7Z — 2V By Assumption 3.14, there exist two
bounded processes a¥ and b* such that

T T T
5Y, =/ (a5 8Ys + by -aJazs)ds—/ CARYA -dWs+/ dK?
T T T

T T T
=/ a%ys—/ GT8Zs - (dWs — b ds)+/ dKY, P.as.
T T T

! IP, !
Under the measure Qlf , the process WSQ F=W— : b,]f du is a Brownian motion on [z, T] beginning with W;. Apply-

. . . s 7
ing It0’s formula with 8Yyelt @ du,

T s P P T s P /
8Y, =—/ el a duztsz  aw +/ elral degg® Pl

T T

Taking conditional expectation with respect to @]f/ and localization procedure if necessary, we obtain that
P (7 et au P LyT Q¥ [P _ pP
8y, =E% / ele @ du gk’ ‘]-"j <ebTEY [k — KT | FF)
T
By minimality condition (3.8)

P P 4 /
0<Y;— esssup 6Y; < eLYT< essinf EQ]E [K? |]-'T+] — KED) =0, P-as.
P ePy (z,P) P'ePy(z,P)

Together with (5.2) the assertion follows. |

6. Second-order backward SDE: Existence

To prove the existence, we first define a value function V' by means of the solutions of BSDEs on shifted spaces, then we
show that V satisfies the dynamic programming principle, and introduce the corresponding pathwise right limit V*. By
combining the standard Doob-Meyer decomposition with our results on reflected BSDEs, we obtain that VT satisfies the
required 2BSDE.

6.1. Backward SDEs on the shifted spaces

For every (¢, w) € [0, T] x 2 and IP € P(t, w), we consider the following BSDE
T—t
ypol =g +/ Frerer, zboF ) dr — 207 . dB,, P-ae. (6.1)
S

with s € [0, T — ¢]. By Theorem 3.6 we have a unique solution ("®F, zt-@F) ¢ S?_I(P) X ’H?_I(]P’) and Y'o-F ¢
DY (P).
In this section, we will prove the following measurability result, which is important for the dynamic programming.

Proposition 6.1. Under Assumption 3.1, the mapping (t, w,P) — e Pre T1is B([0, T1) ® Fr @ B(M)-measurable.
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Proof. Let £” and f" be defined as in Section 2. Following Steps 1—4 in the proof of [19, Lemma 4.2], we may construct
the solution (V0@ F, zmt- P Amt.oBy o the following BSDE

T—t

y;z,t,w,P Z%.n,t,a) +/

N

T—t
)1, o, P 1o, P~ o, P
Frte(ymheP gnte ,o,)dr—/ zmtoP gp,
N

in a measurable way, such that (¢, w, s, ", P) > y;’”"“’P(w’) is B0, T) ® Fr ® B([0, T]) ® Fr ® B(Ps)-measurable.
By Proposition 4.9 and (H2) we have that

EPI: sup ’y‘i"l,l,w,]}) _ ygt,(l),P|ﬂ:| N 0’

0<s<T—t

where )"®F is the solution associated with (F®, £1%), Then, it follows from [21, Lemma 3.2] that there exists an

increasing sequence {nf }een € N such that P +— nf is measurable for each k € N and

. nf 1o, P
lim sup |Vi* —yteFl=o.

k—000<s<T—1
Therefore, (t, w, s, o', P) = V¥ (') is B(0, T]) ® Fr ® B([0, T]) ® Fr ® B(Ps)-measurable, and the mapping
t, w,P)— Yl»w’ﬂ)[g’ T]= EIP’[y(t),w,IP’]

is B([0, T]) ® Fr ® B(Ps)-measurable. Since Pg € B(M ), the mapping (¢, w, P) — Y"®F[&, T1is B([0, T]) @ Fr ®
B(M)-measurable. O

Lemma 6.2. Let Assumptions 3.1 and 3.14 hold true. Then, for all Tt € To,r and IP € Pg:

(i) BSDE (3.1) and shifted version (6.1): EF[VE|F, 1(w) = YO “[&, T1, for P-a.e. v € Q;
(i1) Tower property of BSDE: Y;[§,T]=Y:[Yy,0] = VH[E[Ys [, T]| Fol,01.

We omit the proof as the assertion (i) is a direct result of the uniqueness of the solution to BSDE and the assertion (ii)
is similar to [25, Lemma 2.7].

6.2. Dynamic programming

We define the value function

Viw):i= sup YoF[g, 7], with Y Fg, T1:=EF [V F].
PeP(t,w)

Now, we show the dynamic programming result by the measurable selection theorem. We first prove the following
class D(PP) integrability result for the process V.

Lemma 6.3. Let Assumption 3.11 and Assumption 3.14 hold true. Then, the mapping o +— V (w) is ]-"TU -measurable for
each [0, T]-valued F-stopping time t. For any (t,w) € [0, T] x Q,

lim sup sup  sup E2[|(VO) |1y, y0pzm] =0,
"= reTor PeP(t,0) QeQy, (P)

Proof. By the measurability result proved in Proposition 6.1 and the measurable selection theorem (see, e.g., [2, Propo-
sition 7.50]), for each & > 0, there exists an ]-'TU -measurable kernal v¢ : w — v¥(w) € P(t(w), w), such that for all w € Q

V() <Y @Lg, T +e. 6.2)
This implies that w > Vi (w) is .7-"TU -measurable. Further it follows from Lemma 6.2(i) that

Yoo @pg 7] = EF®:* [yT@P@)fvE | Fz](w), P-as. for each P € . (6.3)
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Together with (6.2) we have for Q € 9, _(IP)

EQ[|V,|] < EQ[EF® [|yFer*

| Fe]l+e < eF[[37%

]+£
T T

SEP[ISI +/ !fs"\ds] +e 557’°[|5| +/ |fs°|dS] +e.
0 0

The second last inequality is due to the estimate (3.2) on the BSDE solution. So we have

T
sup 573[|v,|]557’[|s|+/ |fso|ds}+e<oo. (6.4)
0

'L’€7?),T
Further, fix any § > 0 and A € .FTU such that EP0[14] < §. It follows again from (6.2) and (6.3) that for Q € 9, (P)

EQ[|V, [14] < EQ[EF®[

S R (E P
T
< 8P|:|§|1{|S|Zm} +/ |fsp’1{f;°|2m}dsi| + Cmcg% +e, forallmeN.
0 )

The last inequality is due to Corollary 4.10. Now let m be large enough such that

T
e [|5|1{Iélzm} +/ |15 M go1zmy ds} <e
0
and § be small enough such that C,,§ 3 < &. Then we obtain ]EQ[| V:114] < 3e. Further note that the choice of m and § is

independent from PP and t, so we have

sup 5P°[|V,|1A] < 3e.

TE%,T

Finally, since

1
sup EPO[1yy,zapl < — sup EVO[IVe],

‘[676,7' TE%VT
for n big enough, SUPreTp , 57)0[1{IVT|2n}] <4 and thus sup, .7 . 5P°[|Vr|1{|Vflzn}] < 3e. O
Using the last integrability result, we now show the following results using the same argument as in [25] and [19].

Proposition 6.4. Under Assumption 3.14, we have

Vi(w) = sup Yt""‘P[Vr, 7] forall (t,w)e[0,T] x Q2,andt €T, 1. (6.5)
PeP(t,w)

Moreover, we have for all P € Py and t € To,r:

P e

Vi = esssup EF [V [V, 7] | F], Pas. (6.6)
PeP(t,P)

Proof. See [19, Theorem 6.7]. (]

Based on the previous result we can define the right limit of the value function, and the next result shows that VT is
actually a semimartingale under any P € Py, and gives its decomposition.

Lemma 6.5. Let Assumptions 3.1, 3.11 and 3.14 hold true. The right limit

Vi(w):= lim V,(0) (6.7)
reQ,rlt

exists Py-q.s. and the process VT is cadlag Po-q.s. Also we have:
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(i) The process VT € D(Py).
(ii) For any F*-stopping times0 <t <1 <T

P v
VTT = esssup yf; [V{;,‘L’z], P-a.s. (6.8)
PPy (11,P)

Further, for any P € Py and B € (0, 1), there is (Z¥, K¥) € HP (P, FT) x Z8 (P, FY), such that
T T T
vi=¢ +/ Fy(V,H, 28 ,5,) ds — f Z¥ . dB; +/ dKE, P-as.
t t t

Moreover, there is some FF0-progressively measurable process Z which aggregates the family {ZP}PEPO.
Proof. See [19, Proposition 6.8] and the step 1 in the proof of the existence part of [19, Theorem 3.12]. ]
6.3. Existence through dynamic programming

Lemma 6.5 above provides us a candidate (Y, Z) = (V*, Z) of the solution of the 2BSDE (3.6). Then, it sufficies to
verify that the family {K P}pe'po satisfies the minimality condition (3.8).

Proof. Let P € Py, v € 7o, and P’ € P4 (t, P) be arbitrary. Let (yIP”, Z]PJ,) be the solution of
! T 7 / T !
Vi =¢ +/ F(V", 25 ,5,)ds —/ ZY .dB;, P-as.
13 t
Define 8Y := V*+ — Y% and 6Z := Z — Z¥. Then,
T ) ) T T )
8Y; :/ (Fy(V,", 2,,3) — Fs(OF, 27 ,5y)) ds —/ 8Z - d By +/ dK¥
T T T
T ) T T )
=/ (a) 8Y, +b. -GT8Z)ds — / CARVARAIA +/ dKY, P-as.,
T T T
where a¥ and bF are two bounded processes bounded by L. Under the measure QIE ', we have
T T oF T ,
8Y; :/ af)cSYs ds —/ 0J8Zs - dWT —1—/ dKED , P-as.
T T T
We next get rid of the linear term in §Y by introducing §Y, = SYseer a d“, T <s < T sothat
T - P T - ,
8Y, = —/ el dugTsz  aw +/ elral dugg® P,
T

T

Taking conditional expectation with respect to (@If, and localization procedure if necessary, we obtain that
o[ [T [fa¥ du ;P | o+ —L,TQF 1 P P+
8Y, =B | [ el duak T | Fr | = e B TR (KT - KT FH,
T
therefore,

0<EY [KE | FH] - KF < b Tsy,.

Then, the result follows immediately thanks to (6.8). U
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Appendix
A.1. Uniform integrability under Q (IP)

Here, we show that the space of progressive measurable cadlag processes which belong to class D(IP) is complete under
the norm

IYlp@) == sup EF[1Y:].

1676,7"

First of all, we proof an equivalent characterization of the concept of uniform integrability.

Proposition A.1. A family {X;},cT of random variables, where T is an arbitrary index set, is uniformly integrable under
QL (]P)’ i'e"

lim sup EX[1X/11qx, >3] =0, (A.1)

N—00 ;e
if and only if the following two conditions are satisfied:
(a) sup,eTSP[|X,|] < 00.

(b) For every e > 0, there exists § > 0 such that for any A € F with supgcg, p) QLA] < § we have

supEX[I1X,14] <e.
teT

Proof. Clearly, (A.1) implies (a). Next, let A € F and write A; := {|X,;| > N}. Then, we have

supEX[1X,11a] = sup EX[1X:1(Xana, + 1ava,)]
teT teT

< supSP[|Xt|1A,] + NsupEP14]

teT teT
<supEF[IX,|14, ]+ N sup QIA]L
€T QeQr(P)

Given ¢ > 0, by (A.1), we may find N such that sup, €P[|Xt 14,1 < % Therefore, (b) follows by setting § = ﬁ
Conversely, suppose that (a) and (b) hold. Then, by Markov inequality, we obtain that

1 M
sup sup QX = N] < sup—&°[1Xi]] < .
1eT QeQy (P) reT N N

where M is the bound indicated in (a). Hence, if N > %, then SUPQeQ, () Q[A;] < 8, for each t € T. By (b), we have for
each t € T that E¥[|X,|14,] < . Thus, (A.1) follows. O

Now, we show the completeness of D(PP).
Theorem A.2. The space D(P) is complete with respect to the norm || - | pp)-

Proof. Let {X"},en € D(P) be a Cauchy sequence with respect to || - || pp). In particular, this is a Cauchy sequence with
respect to || - [[p). By [7, VI Theorem 22, page 83], there exists a cadlag process X such that

lim sup (Xt —Xf) =0, P-as.,

n—=>0te10,T]

and || X |Ipep) < 0o. Since Q ~ IP for each Q € Q; (IP), the above convergence holds also for each Q € Q; (P). As {X"},en
is a Cauchy with respect to || - [ pep), for each & > 0 there exists a N € N, such that || X — XNllp(]p) < g, and by triangle
inequality we obtain

IXllpe) < | X — XNHD(IP) + [ x¥ “D(P) < oc
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To show the uniform integrability, it suffices to show (b) in Proposition A.1. For each ¢ > 0, there exist N € N such that
SUP. 75 1 <5'IP)[|Xt — Xﬁv|] < %, and § > O such that SUP. 75 1 EP[|X£V|1A] < %, for each SUpPQeQ, (P) Q[A] < §. Therefore,
by triangle inequality, we obtain that

sup EP[|X,|1A] < sup 5PHX1- - X?’H + sup 5P[’X¢]|1A] <e,

TE%,T Te/o,T Te/o,T

and the assertion follows. ]
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