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Abstract

The aim of this paper is to address the effect of the carbon emis-
sion market on the production policy of the emitting production firms.
We investigate this effect in the cases where there is no large carbon
producer, where there is a large producer who can not affect the risk
premia, and where there is a large producer who can change the risk
premia by its production. We ignore any possible investment of the
production firm in pollution reducing technologies. We formulate op-
timal production policy by a stochastic optimization problem. Then,
we show that the market reduces the optimal production policy of the
small producer and the large producer who does not affect the risk
premia of the market. However, dependent on the way the large pro-
ducer activities change the market risk premia, the large producer can
optimally produce more than what she used to do before the existence
of the emission market.
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1 Introduction

The long term costs of global warming is believed to be significantly more
than the cost of controlling it by reducing the pollution due to greenhouse
gases (see [§]). One direct way to reduce the emission is to impose the
taxation on the installations whose production increases the pollution. One
can propose the standard taxation system which imposes a limitation level
on the production of each installation over a time period and any amount
of production above this level will be penalized. This taxation method has
some significant disadvantages. First, there is no change in the production
of the installations whose current optimal production policy does not reach
the level. Second, there is no benefit for those who are below their level to
keep their position. This effect also creates incentive to merge with other
installation who needs to produce above their level.

The Kyoto protocol in 1997 concerns with the reduction of the green-
house gases including CO2 and is accepted by several countries e.g. Euro-
pean Union members. In 2000, the European Commission launch European
Climate Change Program (ECCP) to implement Kyoto protocol in Europe.
As an alternative to standard taxation, ECCP proposed European Union
Emission Trading Scheme (EU ETS) which provides a way to control the
emission of COy within carbon polluters through trading the papers which
allows them extra emission. More precisely, ETS imposes a cap over the total
carbon emission. Within ETS, certain industrial installations with intensive
carbon pollution are given free allowances. If any installation wants to pro-
duce more than her initial allowance, she should buy allowance through EU
ETS. However, the allowances will be needed if the total carbon emission
per member state violates imposed cap. On the other hand, if such in-
stallations, are far away from their production limit, they could sell their
allowance through the market.

First phase of the program was run from January 2005 to the end of
2007. All the included installations who violate their limits, were supposed
to provide enough allowances, if the cap on total emission is reached. The
cap for the second phase (2008-2012) has been revised after the collapse in
the first phase in April 2006 due to the release of the information about the
unreachability to total carbon emission cap. Moreover in the second phase,
ECCP proposed to relevant installations to put off execution of the first



phase emission allowance to the second phase by paying 40 euros per tone.
The same mechanism is determined for second phase and third phase by the
cost of 100 euros per tone. This mechanism, which is referred to as banking,
proposes an option for the allowance holder to execute the allowance to offset
the excess production or to keep it for the next phase. For more details see
21, B, [, [5] 6] and [l

Nowadays, there are other regional markets implementing similar schemes
as EU ETS, e.g. the US REgenial CLean Air Incentive Market (RECLAIM)
or Regional Greenhouse Gas Incentive (RGGI). Throughout this paper, by
emission market we mean the emission trading scheme EU ETS.

In this paper, we analyze the effect of emission market in reducing the
carbon emission through the change on production policy of the relevant
firms. The firm’s objective is to maximize her utility on her wealth which
is made of both the profit of her production and the value of her carbon
allowance portfolio over her production and her portfolio strategy. We solve
the utility maximization problem on portfolio strategy by the duality argu-
ment and then on the production by the use of Hamilton—Jacobi-Bellman
(HJB) equations.

We observe that the market always reduces the optimal production pol-
icy of the small producers and large producers who can not affect the risk
premia. However, under certain cases, the large producer can have a larger
optimal production in the market. The comparison is based on the fact that
negative of the derivative of the value function with respect to the total
emission imposed by the firm is equal to the price of the carbon allowance,
under some assumptions.

2 Small producer with one-period carbon emission
market

Let (Q, F,P) be a complete probability space endowed with a one-dimensional
Brownian motion W. We denote by F = {F;,¢ > 0} the completed canonical
filtration of the Brownian motion W, and by E; := E[-|F;] the conditional
expectation operator given F;.

We consider a production firm with preferences described by the utility
function U : R — R U {oco} assumed to be strictly increasing, strictly
concave and C! over {U < oo}. We denote by m;(w, q) the (random) time ¢



rate of profit of the firm for a production rate ¢g. Here 7 : Ry x 2 xRy = R
is an F—progressively measurable map. As usual we shall omit w from the
notations. For fixed (t,w), we assume that the function m(-) := 7(¢,-) is
strictly concave, C' in ¢ and satisfies

m(0+) >0 and m}(00) < 0.

Let us denote by e4(q) the rate of carbon emissions generated by a produc-
tion rate ¢. Here, e (.) : Q x [0,T] x Ry is an F—progressively measurable
map and C' in ¢ € R,. Then the total quantity of carbon emissions induced
by a production policy {q:,t € [0,T]} is given by

T
Ef ::/0 er(qe)dt. (2.1)

The aim of the carbon emission market is to incur this cost to the producer
so as to obtain an overall reduction of the carbon emissions.

From now on, we analyze the effect of the presence of the carbon emission
market within the cap-and-trade scheme.

In order to model the carbon emission market, we introduce an (unob-
servable) state variable Y defined by the dynamics:

dY;g = utdt—i—’ytth, (22)

where p and v are two bounded F—adapted processes and v > 0.

We assume that there is one single period [0, 7] during which the carbon
emission market is in place. The case of multiple successive periods will be
analyzed later. At each time ¢ > 0, the random variable Y; indicates the
market view of the cumulated carbon emissions. At time T, Y7 > k (resp.
Yr < k) means that the cumulated total emission have (resp. not) exceeded
the cap k, fixed by the trading scheme. Let a be the penalty per unit of
carbon emission. Then, the value of the carbon emission contract at time T’
is:

ST = O‘]l{YTZN}'

The carbon emission allowance can be viewed as a derivative security de-
fined by the above payoff. The carbon emission market allows for trading
this contract in continuous-time throughout the time period [0,7]. Assum-
ing that the market is frictionless, it follows from the classical no-arbitrage



valuation theory that the price of the carbon emission contract at each time
t is given by

S; = E2[Sy] = aQq[Yr > ], (2.3)

where Q is a probability measure equivalent to P, the so-called equivalent
martingale measure, E? and Q; denote the conditional expectation and
probability given F;. Given market prices of the carbon allowances, the
risk-neutral measure may be inferred from the market prices. Since the
market is frictionless, the value of the initial holdings in (free) allowances,
E™2X can be expressed equivalently in terms of their value in cash SoE™.

In the present context, and in contrast with an otherwise standard taxa-
tion based regulation (Remark , production firms have a clear incentive
to reduce emissions as they have the possibility to sell their allowances on
the emission market. Hence, the financial market induces a mutualization
of carbon emissions. In particular, there is no incentive to merge for the
single objective of avoiding the carbon taxes. We will see however that large
producers can have a negative impact.

We now formulate the objective function of the firm in the presence of
the emission market. The primary activity of the firm is the production
modeled by the rate ¢, at time ¢. This generates a gain m;(g;). The resulting
carbon emissions are given by e;(q;). Given that the price of the externality
is available on the market, the profit on the time interval [0, 7] is given by:

T T
/0 Wt(qt)dt — ST/O et(qt)dt. (24)

In addition to the production activity, the company trades continuously on
the carbon emissions market. Let {6;,¢ > 0} be an F—adapted process
which is S—integrable. For every ¢ > 0, 6, indicates the number of contracts
of carbon emissions held by the company at time ¢t. Under the self-financing
condition, the wealth accumulated by trading on the emission market is:

T
0

where z is the initial capital of the company, including the market value of
its free emission allowances contracts. By (2.4) and (2.5]), together with an
integration by parts, the total wealth of the firm at time 7T is

X% + BL (2.6)



where

T T T
ng =+ / 0:dSy, B% = / (ﬂ't(qt) — Stet(qt)) dt — / thdSt,
0 0 0

and
t
E} ::/ eu(qu)du, forall ¢e€0,T].
0

We assume that the firm is allowed to trade without any constraint. Then,
the objective of the manager is:

v = sup {E [U (Xg n B%)} LA qe Q} , (2.7)

where A is the collection of all F—progressively measurable processes such
that the process X is bounded from below by a martingle, and Q is the
collection of all non-negative F—progressivey measurable processes.

Notice that the stochastic integrals with respect to .S can be collected
together in the expression of X%—i—B%. since A is a linear subspace, it follows
that the maximization with respect to g and 8 are completely decoupled, this
problem is easily solved by optimizing successively with respect to ¢ and 6.
The partial maximization with respect to ¢ provides an optimal production
level ¢V defined by the first order condition:

87rt (1) 86,5 (1)
-t = — . 2.

Because of the assumptions on 7(.) and e;(.), we deduce immediately that
qt(l) is less than the business-as-usual optimal production qbaLS of the firm
in the absence of any restriction on the emission, which is determined by
trhe first order condition (O7;/ 0q)(anS) = 0. In other words, the emission
market leads to a reduction of the production, and therefore a reduction of
the carbon emissions.

We next turn to the optimal trading strategy by solving:

z,0—Ea" M T
supE |U [ X7 + B where BY:= (me(qe) — Seer(qr)) dt.
0 0

In the present context of a complete market, the solution is given by:

T
1) g® o _ gt (0 dQ
x+/0 (at Ef )dSt+B = (U <y T



where the Lagrange multiplier y(*) is defined by:

i ()] - i)

Let us sum up the present context of a small firm:

e the trading activity of the company has no impact on its optimal
production policy,

e the firm’s optimal production ¢! is smaller than that of the business-
as-usual situation, so that the emission market is indeed a good tool
for the reduction of carbon emissions,

e the emission market assigns a price to the externality that the firm
manager can use in order to optimize his production scheme.

Remark 2.1. Let us examine the case where there is no possibility to trade
the carbon emission allowances. This is the standard taxation system where
« is the amount of tax to be paid at the end of period per unit of carbon
emission. Assuming again that the firm’s horizon coincides with this end of
period, its objective is:

Vo = supE [U (/OT i)t — o (B Emaxﬁﬂ

q.€Q

where E™2% ig the free allowances of the market. Direct calculation leads to
the following characterization of the optimal production level:

ome () _  Oet [ (0) o ¢”  max
94 (qt ) = a@q (qt )Et Iz, (Ef —FE (2.9)

f (0) dt <eq(0) Emax) "
7t (q —al|Ef —
dQ” "

= = . (2.10)

(¢)d @ e
fo (g —a(Epy —Em

The natural interpretation of (2.9) and(2.10) is that the production firm

assigns an individual price to its emissions:

(0)
S, = oEY” {]hg+ <E§ —Ema")] : (2.11)

where

7



i.e. the expected value of the amount of tax to be paid under the measure
Q© defined by her marginal utility as a density. The probability measure
QO is the so-called risk-neutral measure in financial mathematics, or the
stochastic discount factor of the firm. Given this evaluation, the firm opti-
mizes her adjusted profit function, m:(q) — e:(q)St;

Om
dq

Oe
Oy — ZZ,O0hg,

(™) B4 (") St

We continue by commenting on the optimal production policy defined

by 2.9)-2.10):

e assuming that the firms know the nature of their utility functions,
the system of equations ([2.9)-(2.10) is still a nontrivial nonlinear fixed
point problem.

e This problem would be considerably simplified if the manager were to
know the market price for carbon emissions . But of course, in
the present context, this is an individual subjective price which is not
quoted on any financial market.

e The present situation, based on a classical taxation policy, offers no
incentive to reduce emissions beyond E™?#*. Indeed, if the optimal
production in the absence of taxes produces carbon emissions below
the level E™#*  then it is indeed the same as the business-as-usual
situation. So, the taxation does not contribute to reduce the carbon
emissions. As a consequence, the only way to benefit from having
carbon emissions below the level E™#* is to merge with another firm
whose emissions are above its given free emissions allowances. Hence,
such a policy puts a clear incentive to mergers. O

The emission market provides an evaluation of the externality of carbon
emissions by firms. Given this information there is no more need to know
precisely the utility function of the firm in order to solve the nonlinear system
—. The quoted price of the externality is then very valuable for
the managers as it allows them to better optimize their production scheme.



3 Large producer with one-period carbon emis-
sion market

In this section, we consider the case of a large carbon emitting production
firm. We shall see that this leads to different considerations as the trading
activity will have an impact on the production policy of the company.

‘We model this situation by assuming that the state variable Y is affected
by the production policy of the firm:

dYf = (e + Ber(qr)) dt + vdWy (3.1)

where 8 > 0 is a given impact coefficient. The price process S of the carbon
emission allowances is, as in the previous section, given by the no-arbitrage
valuation principle:

St = aQf [V > +], (3.2)

and is also affected by the production policy ¢. The equivalent martingale
measure Q7 is characterized by its Radon-Nykodim density which can be
represented as a Doléans-Dade exponential martingale generated by some
risk premium process A. In general, the risk premium process A may depend
on the path of the control process ¢. For technical reasons, we shall restrict
our anaysis to those risk-neutral probability measures with risk premium
process depending on the current value of the control process:

T T
qufT ~ exp (- /0 )\t(qt)th—% /0 )\t(qt)zdt> (3.3)

dpP
where A : Ry x Q x Ry — R is an F—progressively measurable map. The

dynamics of the price process S are given by

dsy
where the volatility function o} is progressively measurable and depends on
the control process {gs,0 < s < T'}. As in the previous section, the wealth

process of the company is given by:

T T T
X%’o = —{—/ 0,dS} and B := / 7 (q)dt — S%/ er(qy)dt
0 0 0



3.1 Large Carbon emission with no impact on risk premia

In this subsection, we restrict our attention to the case of large emitting

firm with no impact on the risk premia, i.e.
At(q) is independent of g for any t > 0. (3.5)
The objective of the large emitting firm is:

V0<2) = sup E [U (X;CJG + B%)} .
q.€Q, cA

Proposition 3.1. Assume (3.5)), and that the market is complete with
unique risk-neutral measure Q. Then, the optimal production policy is inde-
pendent of the utility function of the producer U, and obtained by solving:

sup EV [BY] . (3.6)
q.€Q

Moreover, if ¢ is an optimal production scheme, then the optimal invest-

ment strategy 02 is characterized by

2.02 @) _ dQ ©) _ dQ
X204 Bl = ) 1<y<2>dp>, ++E2 [B{"| = EC [(U’) 1(y<2>dp)]

(3.7)

Proof. We first fix some production strategy ¢. Since the market is com-
plete, the partial maximization with respect to # can be performed by the
classical duality method:

X3 4+ BL. = (U')™ (chjl%) ; (3.8)

where the Lagrange multiplier y? is defined by
d
EQ [(U’)‘l (yqd%ﬂ = 2z +EY[BY]. (3.9)

This reduces the problem to:

sup E [U o (U™ <yq2§>] : (3.10)

q.20

10



Notice that U o (U’)~! is decreasing and the density % > 0. Then 1|
reduces to

inf {y?: ¢ >0}.
Since (U’)~! is also decreasing, (3.9) converts the problem into
sup {EQ [BL]: q. € Q}.

Finally, given the optimal strategy ¢?, the optimal investment policy is
characterized by (3.8). O

In order to push further the characterization of the optimal production
policy ¢@, we specialize the discussion to the Markov case by assuming
that m(q) = 7(t,q), er(q) = e(t,q), and A\ (q) = A(t) for some deterministic
functions 7,e : Ry x Ry — Rin C%'(Ry xRy), A: Ry xR, — R in
C°(Ry), and

AV = (u(t, Y1) + Be(t, ar)) dt + (£, Y1) AW,

for some continuous deterministic functions u,y : Ry x R — R.
The state variable F is now defined by the dynamics

dE} = e(t,q)dt (3.11)

which records the cumulated carbon emissions of the company. The dynamic
version of the producer planning problem (3.6)) is given by:

T
VO(tey) = sup Eg&y [/ m(t, q)dt — aE%]l{ng>0}] . (3.12)
€9 t

q.

Then, V) is a viscsity solution of the dynamic programming equation:

oV @) 1
(2) (2)
+max {W(t, q) +e(t, ) V.~ + Be(t, q)V, } , (3.13)

together with the terminal condition

V(T e,y) = —ael gy~ (3.14)

11



For the moment assume that the value function V@ is smooth. Then, the
optimal strategy is given by

ZZ (t4?) = —gz (£.4?) (V& + 8V 2) (t.e.p).
By the definition of the value function V() in , we expect that
— VOt B, Yy) = Si. (3.15)
Then

gg (t’q§2)> = gz (t,q§2)) (St - VZJ(Q)(t,Ef@,Y;q@)) (3.16)

Also, it is clear that V) is non-increasing in y. Then, comparing the
previous expression with (2.8)), it follows from the assumption on 7 and e
that:

In other words, the impact of the production firm on the prices of carbon
emission allowances increases the cost of the externality for the firm. This
immediately affects the profit function of the firm and leads to a decrease of
the level of optimal production. Hence, the presence of the emission market
is playing a positive role in terms of reducing the carbon emissions.

The following result shows that under certain assumptions, the above
formal calculation is valid in our model.

Theorem 3.1. Suppose that u; is continuous and deterministic, vy is con-
stant, A(q) = Ao, and e(q) = e1q + ey where Ao, e1 and ey are non—negative
constants. Assume that 7 is C%1([0,T] x Ry.), strictly concave in q and

on om
8—q(t,0—|—) >0 and a—q(t,oo) < 0.

Then Ve@) exists and 1) holds true. In addition, if problem 1)1}

has a bounded solution in C2([0,T) xR, xR), then there exists an optimal
production strategy satisfying (3.16]).

12



Proof. Since V is concave in e, it has left and right partial derivatives
with respect to e everywhere, and the partial gradient V, exists almost ev-
erywhere. Under our conditions, the additional differentiabiity property
together with the remaining characterizations of the theorem follow from
Proposition and Lemma

For the last assertion of the Theorem, notice that by Lemma , 1%
is the unique bounded viscosity solution of —. Therefore, by the
assumption of the Theorem, V € C112([0,T) x Ry x R) and one can use
the dynamic programming principle to deduce ¢ obtained from is
an optimal strategy. O

3.2 Large Carbon emission Impacting the Risk-Neutral Mea-
sure

We now consider the general case where the risk premium process is im-
pacted by the emissions of the production firm:

dQ1 B T I R
. = exp (—/0 )\(qt)th—2/O AMat) dt).

dp
The partial maximization with respect to 6, as in the proof of Proposition

B.1] is still valid in this context, and reduces the production firm’s problem

to
q
sup E [U o (U)! <yq d@ﬂ (3.17)
q.€Q dP
where y? is defined by
q
EY [(U’)‘1 (yq d(%)] = z+EY [BL]. (3.18)

We also assume that the preferences of the production firm are defined by
an exponential utility function

U(x) = —e ™, zeR.

Then U o (U")"Y(y) = —y/n, and (3.17) reduces to

. dQ? .
q — q
qlg%E [y dP } qlgfo v (3.19)

13



Finally, the budget constraint (3.18)) is in the present case:

-1 y? dQ?
EY [BL] = —EY |In(*> —
T+ [ T] n n n dIP

= ()= b G

so that the optimization problem (3.19)) is equivalent to:
A1
g [ e ()
q. EQ d]P)

. T )\2 T
= sup EC [/ <7r + 2) (t,q)dt — S%/ et(qt)dt] . (3.20)
4.€Q 0 n 0

Notice the difference between the above optimization problem, which deter-
mines the optimal production policy of the production firm, and the problem
. In the present situation where the risk premium process is impacted
by the carbon emissions of the firm, the firm’s optimization criterion is
penalized by the entropy of the risk-neutral measure with respect to the
statistical measure.

The firm’s optimal production problem is a standard stochastic
control problem. We continue our discussion by considering the Markov
case, and introducing the dynamic version of :

T 2
A
VO(t ey) = qsggIE(t ew) {/t (7r + 277) (t,q)dt — E%oz]l{ngzo} , (3.21)
where the controlled state dynamics is given by:

dvy = (u(t,Yy") + Be(t,q) — (£, V)AL, qr)) dt + (8, Y,")dWY,

dE] = e(t,q)dt,
W4 is a Brownian motion under Q9, and p and ~ are C'12 functions in (¢, ),
and p, e and A are C12 functions in (¢, q).

By classical arguments, we then see that V) solves the dynamic pro-
gramming equation:

oV e

= S+ uv® 4 Vzv(?)) (3.22)
2 3 3 3
+ max {w(t, q) + %A(t, 9)° +e(t, ) (V) + BVP) = 3A(t, )V )}

14



together with the terminal condition
V(T e,y) = —ael g~y (3.23)

In terms of the value function V), the optimal production policy is obtained
as the maximizer in the above equation. Under the technical Assumption
1) below, an interior maximum occurs, and if V®) is regular enough,
then the first order condition is:
om 1, 0\ Oe
(a®) +

il S Rt YR ) AR M CIAYE P ) (3)
50 (@) g™ + 5 ) + )

- vgg(q(?’))Vf’) =0,
(3.24)
where the dependence with respect to (t, e, y) has been omitted for simplicity.
As before, we expect that the value function is regular enough and
that the price of the carbon emissions allowance contract, as observed on

the emission market, is given by:
S, = —VO(, ELY). (3.25)

Then, it follows that the optimal production policy of the firm is defined by:

on Oe
5,0 = 5 (t:a®) (8- BV By)
N 3 3) Ly @

The latter expression is the main formula for our financial interpretation and
our subsequent numerical experiments. In contrast with the previous case
where the risk-premium process was not impacted by the carbon emissions
of the large firm, we can not conclude from the above formula that ¢®) is
smaller than ¢™); recall that the optimal production policy in the absence
of a financial market defined by

or Oe
Z(t 1y = “& t 1) S, .
aq ( » 4 ) aq( ,q ) t
This is due to the fact that the difference term
Oe

o\ 1
3 3 3 3 3
—%(t,q< NV (Y, Ey) + %(t7q< )) <7V; )(t, Y, By) — HA(tvq( >))

has no known sign, and there is no economic argument supporting that
it should have some specific sign. The economic intuition hidden in this

15



term is that the large producer may take advantage of his impact on the
emission market by manipulating the prices so as to achieve a profit from its
trading activity which compensates a higher production activity inducing
larger carbon emissions. In the present situation, we see that the emission
market has a negative effect on the carbon emissions: the large firm may
optimally choose to increase its carbon emissions thus increasing its profit
by means of its ability to manipulate the financial market.

The next result shows that for some choice of the coefficients,
holds true and we have the relation .

Theorem 3.2. Suppose that y; is continuous and deterministic, v is con-

2
stant, e(q) = e1q + ey and N(q) = Mg+ o, and 74(q) := m(q) + —)‘(227) 18
deterministic and strictly concave in q with

7,(0) > 0 and 7, (—o00) < 0.

Then Ve(g) exists and {i holds true. In addition, if problem 1)1|

has a solution in CY12([0,T) x Ry x R), then there exists an optimal pro-
duction strategy satisfying (i3.26)).

Proof. The proof follows the same line of argument as the proof of Theorem
B.1 O
4 Multiperiod model with banking

The analysis of the previous sections are restricted to the case where the
carbon allowances market is organized over one single period. In this section,
we discuss how to extend our results to a multiperiod model with banking.
We then assume that there are n maturities for the carbon allowances market

h<..<T,

instead of a single one. According to the banking rule, the carbon emission
allowance can serve for the next periods if not used for the current one.
Then, the allowance can be viewed as a derivative security with payoft:

ST, =@ (11{1/;512%} v <y >y -+ Ly < ¢<n}]l{ygnzﬁ}) :

16



Following the same argument as in the previous section, the no-arbitrage
market price at each time ¢t < T, is given by

Sy :=E2[Sp,] forall t<T,, (4.1)

where Q is the risk-neutral measure. Now it is clear that all the analysis of
the previous sections apply by just replacing the price formula ({2.3|) by the
above market price (4.1]).

5 Numerical results

5.1 A linear-quadratic example

The main goal of the numerical results is to understand the behavior of the
optimal strategy

0 Oe
g, 1) = 5 (6. (8- BV B)

o\ 1
+3fq(t,q<3>> (Wﬁ(t,n,ﬂ) - ;A(t, q<3>)> (5.1)

and more precisely find an example where ¢® > ¢,
We consider the Dynamic Programming Equation

Vi + uVy + %%vyy +max 0(q,Ve,V,) =0 (5.2)
where 6 is defined by
0(q, Ve, Vy) = m(t, q) + 2177>\(t7 0)* +e(t, ) (V) + BVP) =3\t )V,
and with the terminal boundary condition
V(T e,y) = —ael >0
Here, we consider a simple case where

m(q) =q(1—q), e(q) =Aq)=¢q, B=1,and a=1.

Note that this example satisfies the assumption of Theorem So, Ve =
—S, and therefore one can compare ¢(1), ¢@ and ¢®. It follows that

1
e@%wwz—Q—m)f+u+n+a—w%m

17



We next assume that n > % so that the function @ is strictly concave in the
q variable. Then, it follows from the first order condition that the optimal
production policy is given by:

1
0¥ = 5 4Vt 1=V

with p = (1 — ﬁ), and
1 2
V)= —(1+Vo+(1— .
3gﬂmV%J 4p(+V+( Y)Vy)

Then, the Dynamic Programming Equation (5.2]) reduces to:

1
Vit uVy+ 57 Vg + - (L4 Ve + (1=7)V,)* = 0. (5.3)

1
4p
Note that, in order to to compare with ¢(*), optimal strategy (5.1)) could be

written as:
(1) = ()5

where the correction term 7(e,y) is defined by

2n(1 —7)
2n—1

7(e,y) Vy + (1+ Vo).

2n—1
The main objective of our numerical implementation is to exhibit examples
of parameters which induce 7(e,y) < 0, or equivalently in terms of the
optimal strategy ¢(®) > ¢,

5.2 Numerical scheme

The first step is to set a computational bounded domain [0, L¢] x [—Ly, L]
for the (e,y) space domain and discretize the computational domain by
the grid {(e;,y;)}i;. Since we deal with non-linear advection and diffusion
phenomena, it is natural to consider Neumann boundary conditions.

Let At be the time step and t*) = kA¢, for k = 0,--- ,n := L%J We
set the discrete terminal data VZ-?(") = —eil gy >0)-

The main difficulty in solving the equation is the semi-linear terms.
In order to overcome this difficulty, we used a time-splitting discretization
which divides our scheme into two steps:

18



e Step 1: we use an implicit finite-differences scheme to solve the diffu-
sion part of the model. This means that on a time step [t(”),t(”+1)],
we solve

1
Vit 57"V = 0. (5.4)

e Step 2: we solve the coupling between the advection part with the
non-linear effects

1
v;+m+4fp<1+ve+<1—v>vy>2=0- (5.5)

In this important part, we used a relaxation scheme introduced by C.

Besse [I]. The scheme is constructed as follow: We rewrite (5.5)) as
the system of two equations:
1

%+Wy+@(1+%+(1—7)%)¢:0, (5.6)

e =14Vt (1=, (5.7)

which are solved using a leap-frog scheme in time.

Compared to the Crank-Nicholson scheme, which is also based on a time-
centering method, this scheme allows us to avoid a costly numerical treat-
ment of the nonlinearity and to preserve the flexibility of spatial discretiza-
tion choice.

5.3 Results

For parameters = 0.1, v = 0.65, n = 5 and the final time is T = 10 we
produced the following results.
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Donnée final

Figure 2: The solution of the dynamic programming equation V3(e,y) at
time ¢t = 0.2
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Figure 3: The difference term 7(e,y) at time ¢t = 0.2

The blue region shows the couples (e,y) for which we have ¢® > ¢®@
and therefore within this region the large producer optimally increases her
production.

A Uniqueness and verification

Let

T
V(t,e,y) = sup Etey [/ 7(s,qs)ds — aE%’e]l{YIq,b,{}] , (A0
q.€Q t -

where

dy? = (u(t, V) + Be(t, qr) + (8, Yo A(t, qt))dt +(8 Y, )dWr,
dE} = ei(q)dt

with m,e : Ry x Ry — R in C%'(Ry x Ry), A : Ry x Ry — R are in
Co(Ry), p,7 : Ry x R — R are continuous in ¢ and Lipschitz in y, and
v = 0.

Notice that V = V® or VO when 7 := 7 or 7 + %, respectively. Also
for simplicity, the dependency of martingale measure with respect to ¢ in
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the definition of V) or V(3 is absorbed in the dynamic of Y. Therefore
in the current Appendix the reference expectation E is with respect to the
measure P under which the dynamic of Y, is as in the above.

Throughout the Appendix, we suppose

(i) 7, e, and A are in C%1([0,T] x Ry),

(ii) eis convex and, A and e are increasing in ¢, (A.2)

o

dq
The following Lemma, is needed for the proof of Theorems and

0
(797) 7 is strictly concave in ¢ , (t,04) >0 and a—ﬂ(t, 00) < 0.
q

Lemma A.1. There exists some q such that:

T
V(t,e,y) = sup Etey {/ 7(t, q)dt — E%Oé]l{yjqzo} , (A.3)
q.€Q t

where Q is the collection of all q. € Q with 0 < q < .

Proof. By (A.2)(i), we can introduce g such that 7(q) < 0 and 7 is decreas-
ing in q € [, 00). Therefore, if § := g Aq, then E%¢ < E%€ and 7(§) > 7(q).
On the other hand, by Theorem 1.1 in [7], ¥ < Y'Y a.s.. Therefore,

J(q) > J(q) as.,

where J(q) := ftTfT(ta qe)dt — E:(/I“a]l{yq‘izo}- -

The next result states that V' can be characterized by the PDE Therefore,
V solves the dynamic programming equation:

ov 1
0 = F nVy + 572%3/ (A-4)

+ max {7 (t,q) + e(t, ) (Ve + BVy) —7AE, )Vy}
0<q<g
together with the terminal condition
V(T,e,y) = —aelgq- (A.5)

Theorem A.1. Let ((A.2)) hold true. ThenV is the unique bounded viscosity
solution of (A.4)-(A.5) on [0,T] x Ry x R.
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Proof. Notice that one can write (A.4) as

oV
0=—- +H(t7y7%7‘/eavyy)

Ot

where
1
H(t,y,v1,v2,v11) = p(t,y)v1 + 572(@ Y)vi1
+ max {7(t,q) + e(t, q)(v2 + Bv1) — v(t, y)A(t, @)v1}
q>q>0

By continuity of H, one can apply Theorem 7.4 in [10] to obtain that V'
satisfies (A.4]) in viscosity sense on [0,7) x Ry x R.

On the other hand, for any ¢ € Q and Eél(q’e) converges to

; ]l{yiy(qﬁy)>n}
T -
Ly >x) and e a.s. ast — T, respectively. Therefore, by Lebesgue dominated

convergence Theorem
im V(t.e,y) = —aelgyzy =V(T,ey).

Consequently, we can deduce that V' is the bounded viscosity solution of the
boundary value problem (A.4)—(A.5]).

The uniqueness follows from the comparison principle for viscosity solutions
in [10]. O

B Existence of optimal production policy

We first show that the existence of an optimal production policyallows to
relate the value function V' to the market price of carbon allowance S;.

Lemma B.1. Let the assumption (A.2)) hold true. If there exists an optimal

control ¢* for any (t,e,y) then %—‘e/(t, e,y) = —aE[]l{Y%,y,q*ZH}].

Remark B.1. Lemma is crucial for the comparison between ¢ and

q? or ¢V, Notice that S; = a1 1s market price which is observ-

v om)

able and (7r + é\;) s concave in q. Therefore, one can replace V. by —S; in
(3-24) and examine the sign of V, to establish comparison.

Proof. Notice that by the concavity of V' in e, 5 exists almost everywhere.

Suppose that e > ¢/. Then, by direct calculations one can write

ov
0

V(ta ¢, y) - V(t7 6/7 y) + (e - e')aE |:]1 Oa

(i a] S
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where ¢* is an optimal strategy for V (¢, e,y). This implys that

V(t,e,y) —V(t, e, y)
e—e E [H{YTt’y’q*Zn}} < 0

By passing to the limite as ¢’ — e,

e < B[]

For the other side inequality use €’ > e. a

We next provide a sufficient condition for the existence of an optimal
production policy.

Proposition B.1. Let i be deterministic, v be constant and
e(ta Q) '=e19+eg and A(ta Q) = )\lq + )‘Oa q > Oa (Bl)

where eg, Ag, €1, A1 are nonnegative constants. Then the control problem

(A.1)) has an optimal control ¢* in Q.
In particular, in this setting we have V(t, B} | Y,' )= —8;.

Proof. If e; = A\y = 0, the result is trivial. Therefore we suppose that at
least one of them is non—zero. Notice that when p and ~ are deterministic,
one can write

¢ t
V=Y + / (Be(qs) +v\(gs))dt  with Y =y + / (sds +yWs).
0 0

By Girsanov theorem, we notice that, for every ¢ € Q, the random variable
Y7 has a Gaussian distribution under the equivalent probability measure
% = &(— (Be(qr) + yYAqe + pe)y~'dWy). Here € is the Doleans-Dade expo-
nential. Then, the distribution of Yrﬁ is absolutely continuous with respect
to the Lebesgue measure on [0, 7] for all ¢ € Q.

In other words, the distribution of ¥} has no atoms, and the cumulative
distribution function of the random variable Y is continuous.
Let (¢")n>1 be a maximizing sequence of Vjp, i.e.

"€ Q foralln>1and J(¢")— V.
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Step 1. Since the processes ¢" are uniformly bounded, we deduce from
weak convergence and Mazur’s lemma that, after possibly passing to a sub-
sequence, there exists a convex combination ¢ of (¢7,j > n) such that:

q" = Z )\?qj — ¢inLYQx[0,T]) and m@P —as. (B.2)

i>n

where m is the Lebesgue measure on [0, T]. Here A7 > 0 and >, AT = 1.
Clearly ¢* € Q. Since Y? is linear in ¢, this implies that

V=S v v as. (B.3)

j=n

Step 2. By direct estimation and use of Hoélder inequality, Yq'fn is tight
under P and therefore under any equivalent probability measure P with
density in L?(P). Hence after passing to a subsequence, it should converge
in distribution to a Fr random variable Y which must be equal to Y;f*;

V¥ — Y% in distribution under P.

Since the convergence in distribution is equivalent to convergence of the cor-
responding cumulative density functions at all points of continuity, because
the probability distribution of Y7} is absolutely continuous with respect to
Lebesgue measure, it follows that for any positive random variable Z with
E[Z] = 1 and E[Z?] < oo,

B2t yysn] = BV 24

— P [Yg* > R} - E [Zn{ng*m]. (B.4)

Step 3. Notice that because e and A are affine, One can write:

/OT e(gs)ds =9 (Yﬁj —-YP - c) ,

where 6 := (Be; + A1)~ and ¢ := Beg + y\o. By the concavity condition

(A.2)), we see that:

T T
S NT(¢) < E /0 ﬁ(t,é?)dt—az)‘?ﬂ{ygjzn}/o e(g;)ds |,
j>n jzn

T )
_ ~ AN o n q’ _ v0 )
= E /0 A(t, 47 )dt —a Y A6 (YT 21 c) L

j=>n
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Observe that ng] Y2 —c= (Y;f] - /{) +Zt —Z" on {ng] > Kk} where
ZF=Y2+c—r)F+1.

S0@) < B[ [ rtai—a T (7 )]

jzn jzn
n + ) n — )
+ad y AR [Z Ly ZK}] —ady ME [Z Ly ZH}] :
jzn jzn
By the convexity of the function y — y™
, T o +
ST (¢) < E[/O (t,G0)dt — ad (Y;z - m) ]
j=>n

+ad Y AR [zﬂl

Jjzn

{Y;ﬂ'>n}]
—ad Y MR [Z]l v Zﬁ}] ,
j=>n
Finally, by applying Step 2 successively to Z := Z+ and Z~, one can
write
. T *
Vite,y) = nli_}n;OZ)\?J (qj) <E [/0 7(t,q")dt — aY} ]]-{Y,I(Z*ZK,}:|
jzn

by dominated convergence. Since ¢* € Q, we deduce that J(q*) = Vj. O

Remark B.2. Proposition (B.1)) is also valid if we replace Condition (B.1))
by M(q) = a + be(q) and 7(t,e ' (q)) is convex on q. The modification is
straightforward.
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