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Chapter 1

CONDITIONAL EXPECTATION
AND LINEAR PARABOLIC
PDES

Throughout this chapter, (2, F,F, P) is a filtered probability space with filtra-
tion F = {F;, t > 0} satisfying the usual conditions. Let W = {W;, ¢ > 0} be
a Brownian motion valued in R%, defined on (Q, F,F, P).

Throughout this chapter, a maturity 7' > 0 will be fixed. By H?, we denote
the collection of all progressively measurble processes ¢ with appropriate (finite)

dimension such that E {fOT |¢t|2dt} < 0.

1.1 Stochastic differential equations with ran-
dom coefficients
In this section, we recall the basic tools from stochastic differential equations
dXt = bt(Xt)dt —+ O't(Xt)th, te [0, T], (11)
where T' > 0 is a given maturity date. Here, b and o are F® B(R™)-progressively
measurable functions from [0,7] x Q x R™ to R™ and Mg(n,d), respectively.
In particular, for every fixed x € R™, the processes {b;(z),0¢(x),t € [0,T]} are

F—progressively measurable.

Definition 1.1. A strong solution of (1.1) is an F—progressively measurable
process X such that fOT(|bt(Xt)| + )04 (Xy)|?)dt < 0, a.s. and

t t
X, - XO+/ bs(Xs)ds+/ oo (X,)dW,, t€[0,T).
0 0

7



8 CHAPTER 1. CONDITIONAL EXPECTATION AND LINEAR PDEs

Let us mention that there is a notion of weak solutions which relaxes some
conditions from the above definition in order to allow for more general stochas-
tic differential equations. Weak solutions, as opposed to strong solutions, are
defined on some probabilistic structure (which becomes part of the solution),
and not necessarily on (Q, F,F, P, ). Thus, for a weak solution we search for a
probability structure (Q, F , I@‘, ]f”, W) and a process X such that the requirement
of the above definition holds true. Obviously, any strong solution is a weak
solution, but the opposite claim is false.

The main existence and uniqueness result is the following.

Theorem 1.2. Let Xy € L2 be a r.v. independent of W. Assume that the
processes b (0) and o (0) are in H2, and that for some K > 0:

[b+(x) = be(y)| + o(x) — oe(y)| < Klx —y| forall te€[0,T], x,y € R
Then, for all T > 0, there exists a unique strong solution of (1.1) in H2. More-

over,

E [sup |Xt|2} < C(1+E[X]?) e, (1.2)

t<T
for some constant C = C(T, K) depending on T and K.

Proof. We first establish the existence and uniqueness result, then we prove the
estimate (1.2).
Step 1 For a constant ¢ > 0, to be fixed later, we introduce the norm

. 1/2
[9llez == E / eCt|¢>t|2dt] for every ¢ € HZ.
0

Clearly , the norms |[|.|lz> and |.|lz> on the Hilbert space H? are equivalent.
Consider the map U on H? by:

¢ t
UX); = Xo+/ bs(Xs)der/ 0s(Xs)dWy, 0<t<T.
0 0

By the Lipschitz property of b and o in the xz—variable and the fact that
b(0),0.(0) € H?, it follows that this map is well defined on H?. In order
to prove existence and uniqueness of a solution for (1.1), we shall prove that
U(X) € H? for all X € H? and that U is a contracting mapping with respect to
the norm ||.||g2 for a convenient choice of the constant ¢ > 0.

1- We first prove that U(X) € H? for all X € H2. To see this, we decompose:

[ /O@(XS)djdt]
/OT /Otas(xs)dWSth]

VX < 3T|Xo|E2 + 3TE

+3E
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By the Lipschitz-continuity of b and o in x, uniformly in ¢, we have |b;(2)|? <
K (1 + [b:(0)]? + |z|?) for some constant K. We then estimate the second term

by:

2

t T
E /bs(Xs)ds dt| < KTE / (1 4+ 16:(0)]? + | Xs|?)ds| < o0,
0 0

/

since X € H?, and b(.,0) € L2([0,T]).

As, for the third term, we use the Doob maximal inequality together with
the fact that |o;(z)]? < K(1 + |04(0)|? + |z|?), a consequence of the Lipschitz
property on o:

T pt 2 t 2
El/ /JS(XS)dWS dt} < TE |max / 05(Xs)dWy dt}
o IJo t<T |Jo
T
< 4TE / los(X,)|?ds
0
< 4TKE

/T(l + ‘Us(o)\z + Xs|2)d5‘| < 0.
0

2- To see that U is a contracting mapping for the norm ||.|[gz2, for some convenient
choice of ¢ > 0, we consider two process X,Y € H? with Xy = Yp, and we
estimate that:

E|U(X), = U(Y)[*

< 21EM Yg))d52+2E t( (X)—GS(YS))dWS2
— o (b (X,) = ba(Y2)) ds +2E/ 0u(X.) — 0u (Vo) ds
- QtE/ |bs (X |ds+2]E/ 04(X,) — 04(Ys)|* ds

<

2T + 1)K / E|X, — Y| ds.
0

2K(T+1
Hence, |U(X) - U ()], < XD
ing mapping for sufficiently large c.

Step 2 We next prove the estimate (1.2). We shall alleviate the notation writ-

| X — Y., and therefore U is a contract-
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ing bs := bs(Xs) and o, := 04(Xs). We directly estimate:

u u 2
]E{sup|Xu2} = E |sup X0+/ bsds—i—/ osdWy 1
u<t u<t 0 0
t u 2
< 3| E|[Xo|? +tE [/ |bs|2ds}+IE Sup/ o5 dW,
0 u<lt |JO
<

t t
3<E|X0|2+tE [/ |bs|2ds]+4IE U |as|2dsD
0 0

where we used the Doob’s maximal inequality. Since b and o are Lipschitz-
continuous in z, uniformly in ¢ and w, this provides:

t
E{supxuﬂ < C(K,T) (1+IEX0|2+/ E[Sup|Xu2} ds)
0

u<t u<s

and we conclude by using the Gronwall lemma. O

The following exercise shows that the Lipschitz-continuity condition on the
coefficients b and o can be relaxed. We observe that further relaxation of this

assumption is possible in the one-dimensional case, see e.g. Karatzas and Shreve
[8].

Exercise 1.3. In the context of this section, assume that the coefficients p
and o are locally Lipschitz and linearly growing in x, uniformly in (t,w). By a
localization argument, prove that strong existence and uniqueness holds for the
stochastic differential equation (1.1).

In addition to the estimate (1.2) of Theorem 1.2, we have the following flow
continuity results of the solution of the SDE.

Theorem 1.4. Let the conditions of Theorem 1.2 hold true, and consider some
(t,x) €[0,T) x R™ with t <t' <T.
(i) There is a constant C such that:

E [ sup
t<s<t’

X;vm—xzv-”f’lﬂ] < Ol (1.3)

(ii) Assume further that B := sup,_y<p(t' —t)7'E ftt/ (|6:-(0)2 + |- (0)[?)dr <
0o. Then for allt' € [t,T):

E [ sup |Xb7 - Xt 2@ < CETBA A -t (14)
' <s<T

Proof. (i) To simplify the notations, we set X, := X% and X/ := X*' for all

s € [t,T]. We also denote dz :=z — 2/, 6X =X — X', 0b:=b(X) — b(X') and
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do :=0(X) — o(X'). We first decompose:

s 2 s 2
3<|6a:|2+‘/ S +\/ 50, d1V, )
t t
3<|(5;y|2+(s—t)/ {5bu|2du+/ 5o, dW, 2).
t t

Then, it follows from the Doob maximal inequality and the Lipschitz property
of the coefficients b and o that:

|6 X, |2

IN

IN

% ::E{sup |6X3|2] < 3<|6x|2+(s—t)/ E|6bu|2du+4/ ]E|6oru|2du)
t<s<t’/ t t
< 3<|6x|2+K2(t’+4)/ EéXu|2du>
t
<

3 <|§x|2 + K2(t +4) /t h(u)du> .

Then the required estimate follows from the Gronwall inequality.

2. We next prove (1.4). We again simplify the notation by setting X := X5%
se[t,T],and X/ := X!'* s e [t/,T]. We also denote &t :=t/ —t, 6X := X — X,
0b :=b(X)—b(X’) and do := 0(X)—0o(X"’). Then following the same arguments
as in the previous step, we obtain for all v € [¢/,T:

h(uw) :E{ sup |6X5|2} < 3<]E|Xt/x2+K2(T+4)/ E|5X,,|2dr>

t'<s<u t!

IN

3 (n«:|xt/ o+ KT+ 4) /tu h(r)dr) (1.5)

( dr —HE‘/ o (X )dr‘)
2( /t Elb, (X )zdr—i—/tt E|0T(XT)2dr>

t/
6(T + 1)/ (K®EIX, — af? + [2]> + EJb,(0)]?)dr
t

Observe that

IN

E| Xy — x|

IN

IN

< 6(T+ 1)<(t’ —#)(|z2 + B) + K? /t E|X, — x\zdr).

t
By the Gronwall inequality, this shows that

E|Xy —z> < C(z]>+ B)|t/ — t]eCF 1),

Plugging this estimate in (1.5), we see that:

u

hu) < 3<C(|az2+B)|t't|ec(t’t)+K2(T+4)/l h(r)dr),(l.G)

and the required estimate follows from the Gronwall inequality. &



12 CHAPTER 1. CONDITIONAL EXPECTATION AND LINEAR PDEs

1.2 Markov solutions of SDEs

In this section, we restrict the coefficients b and o to be deterministic functions
of (¢,z). In this context, we write

be(z) = b(t, ), ou(z) =0o(t,z) for t€[0,T], v €R",
where b and o are continuous functions, Lipschitz in x uniformly in ¢. Let X®
denote the solution of the stochastic differential equation

Xhe =x+/ b(u,Xi’x)du—F/ o(u, X,")dW, s>t
¢ ¢

The two following properties are obvious:

e Clearly, X1* = F (t,x,s, (W — W;)i<u<s) for some deterministic function
F.

t,x

o Fort <u<s XH¥= XE’X“ . This follows from the pathwise uniqueness,
and holds also when u is a stopping time.

With these observations, we have the following Markov property for the solutions
of stochastic differential equations.

Proposition 1.5. (Markov property) For all 0 <t < s:
E®(Xy,t<u<s)|F] = E[®(X,t<u<s)|Xy
for all bounded function ® : C([t,s]) — R.

1.3 Connection with linear partial differential
equations

1.3.1 Generator

Let {X5® s >t} be the unique strong solution of
s S
Xbr = g —|—/ w(u, XE%)du +/ o(u, X5YdW,, s > t,
¢ ¢

where u and o satisfy the required condition for existence and uniqueness of a
strong solution.
For a function f : R™ — R, we define the function Af by

Af(toz) = tim PH G~ 1)

h—0 h

if the limit exists.

Clearly, Af is well-defined for all bounded C?— function with bounded deriva-
tives and

(1.7)

2
Aft,z) = plt,z)- f(t,x)+ %Tr |:JCTT(t,x)afaJ;F:| ,
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(Exercise !). The linear differential operator A is called the generator of X. It
turns out that the process X can be completely characterized by its generator or,
more precisely, by the generator and the corresponding domain of definition...
As the following result shows, the generator provides an intimate connection
between conditional expectations and linear partial differential equations.

Proposition 1.6. Assume that the function (t,x) — v(t,z) := E [g(X;%z] is
C12([0,T) x R™). Then v solves the partial differential equation:

v
— = T, .)=g.
e +Av=0 and o(T,.)=g

Proof. Given (t,z), let 7, := T Ainf{s > t : |[X® — 2| > 1}. By the law of
iterated expectation together with the Markov property of the process X, it
follows that

o(t,z) = Efv(sAm,X50)].
Since v € C12([0,T),R™), we may apply Ito’s formula, and we obtain by taking

expectations:
SATY
0 = E [/ (31} + Av) (u,Xf;””)du]
¢ ot

SAT1 81]
+E [/ — (u, X&) ~U(u,X;’”’)qu}
¢ Ox

SATY 81) .
= E[/t ((%JrAv) (u, X, )du] )

where the last equality follows from the boundedness of (u, X%*) on [t, sATi]. We
now send s \, t, and the required result follows from the dominated convergence
theorem. &

1.3.2 Cauchy problem and the Feynman-Kac representa-
tion

In this section, we consider the following linear partial differential equation

% 4 Av—k(t,z)o+ f(t,2) =0, (t,x)€[0,T) x RY

o(T,)=g (1.8)

where A is the generator (1.7), g is a given function from R to R, k and f are
functions from [0,7] x R? to R, b and o are functions from [0, 7] x R? to R¢
and and Mg(d, d), respectively. This is the so-called Cauchy problem.

For example, when k = f =0, b = 0, and ¢ is the identity matrix, the above
partial differential equation reduces to the heat equation.

Our objective is to provide a representation of this purely deterministic prob-
lem by means of stochastic differential equations. We then assume that p and
o satisfy the conditions of Theorem 1.2, namely that

T
p, o  Lipschitz in z uniformly in ¢, / (|u(t, 0)]* + |o(t,0)[%) dt < 0o(1.9)
0
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Theorem 1.7. Let the coefficients p, o be continuous and satisfy (1.9). Assume
further that the function k is uniformly bounded from below, and f has quadratic
growth in x uniformly int. Letv be a C*2 ([0,T),RY)NC ([0,T) x R?) solution
of (1.8) with quadratic growth in x uniformly in t. Then

T
v(t,z) = E / BT f(s, XE")ds + Bp"g (X5*)|,  t<T, z€R?,
t

where X5 = o+ [ p(u, X57)dut [} o (u, X57)dW, and Bt = e~ i KXo )du
fort<s<T.

Proof. We first introduce the sequence of stopping times
1
Tp = (Tf 7) /\/\inf{5>t : |X§’xf:1:| zn} ,
n

and we oberve that 7, — T P—a.s. Since v is smooth, it follows from It0’s
formula that for t < s < T:

v

4 (8o (s, X07)) = gbe (—kv+ o

+ Av) (s, X0%) ds

187 5 (5, X1) o (5, XL7) W,

ov

= Bt <f(S,X§"'”)ds +o (5, X0%) o (s,X07) dWs> ,

by the PDE satisfied by v in (1.8). Then:
E [B5%v (10, XE7)] — v(t, 2)
- E Uj B (—f(s,Xs)ds + % (5, X57) - o (5, X17) dWsﬂ .
Now observe that the integrands in the stochastic integral is bounded by def-

inition of the stopping time 7,,, the smoothness of v, and the continuity of o.
Then the stochastic integral has zero mean, and we deduce that

v(t,z) = E uf BLTf (s, X5™) ds + BhTv (Tn,Xf.f):| . (L.10)

Since 7, — T and the Brownian motion has continuous sample paths P—a.s.
it follows from the continuity of v that, P—a.s.

[ (s x0) s+ B0 (7, XE)
t
T
[ X ds e B (1Y) )

t
T
:/ B (s, X07) ds + BT g (X57)
t
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by the terminal condition satisfied by v in (1.8). Moreover, since k is bounded
from below and the functions f and v have quadratic growth in z uniformly in
t, we have

[ s xey s i ()
t

< C <1—|—max|Xt|2> .
t<T

By the estimate stated in the existence and uniqueness theorem 1.2, the latter
bound is integrable, and we deduce from the dominated convergence theorem
that the convergence in (1.11) holds in L!(PP), proving the required result by
taking limits in (1.10). O

The above Feynman-Kac representation formula has an important numerical
implication. Indeed it opens the door to the use of Monte Carlo methods in order
to obtain a numerical approximation of the solution of the partial differential
equation (1.8). For sake of simplicity, we provide the main idea in the case
f=k=0. Let (X(l), e ,X(k)) be an iid sample drawn in the distribution of

X7*, and compute the mean:

1 :
Op(t,x) = Eg g(X(’)>.
i=1

By the Law of Large Numbers, it follows that 0 (¢, ) — v(t, ) P—a.s. More-
over the error estimate is provided by the Central Limit Theorem:

VE (0 (t, ) — v(t, z)) o N (0,Var [g (XtTT)]) in distribution,

and is remarkably independent of the dimension d of the variable X !

1.3.3 Representation of the Dirichlet problem

Let D be an open bounded subset of R¢. The Dirichlet problem is to find a
function u solving:

Au—ku+f=0onD and u=gon 0D, (1.12)

where 0D denotes the boundary of D, f and k are continuous functions from
R? to R, and A is the generator of the process X%*0 defined as the unique
strong solution of the homogeneous (time independent coefficients) stochastic
differential equation

t

t t
x2% = x, +/ (X 0X0)ds +/ o(X0X0)dw,, t > 0.
0 0

Similarly to the the representation result of the Cauchy problem obtained in
Theorem 1.7, we have the following representation result for the Dirichlet prob-
lem.
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Theorem 1.8. Let u be a C%—solution of the Dirichlet problem (1.12). Assume
that k is nonnegative, and

E[r5] < 00, x € R?,  where 7H := inf {t >0: X?,x ¢ D} .

Then, we have the representation:

u(z) = E

p (XSI”) o JTB k(X,)ds L /TD f (Xf"'”) e Jo k(Xa)ds gy |
b 0

Exercise 1.9. Provide a proof of Theorem 1.8 by imitating the arguments in
the proof of Theorem 1.7.

1.4 The stochastic control approach to the Black-
Scholes model

1.4.1 The continuous-time financial market

Let T be a finite horizon, and (€2, F,P) be a complete probability space sup-
porting a Brownian motion W = {(W},..., W), 0 < t < T} with values in R%.
We denote by F = FW = {F;, 0 <t < T} the canonical augmented filtration of
W, i.e. the canonical filtration augmented by zero measure sets of Frp.

We consider a financial market consisting of d 4+ 1 assets :

(i) The first asset S° is non-risky, and is defined by

t
S?:exp(/rudu>, 0<t<T,
0

where {r;,t € [0,T]} is a non-negative adapted processes with fOT ridt < 0o a.s.,
and represents the instantaneous interest rate.

(ii) The d remaining assets S% i = 1,...,d, are risky assets with price
processes defined by the dynamics

d
= pdt+Y opldWi, t€(0,T],

j=1

ds;
S

for 1 < < d, where u, o are F—adapted processes with fOT |,uﬂdt+fOT oy [2dt <
oo foralli,j =1,...,d. It is convenient to use the matrix notations to represent
the dynamics of the price vector S = (S!,..., S9):

ds; = St*(utdt+atth), te [O,T],

where, for two vectors x,y € R?, we denote x x y the vector of R? with compo-
nents (x*y); = x;y;, ¢ = 1,...,d, and p,o are the R?%—vector with components
p*’s, and the Mg(d, d)—matrix with entries o*7.
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We assume that the Mg(d, d)—matrix o, is invertible for every t € [0,7]
a.s., and we introduce the process

)\tZ:O';l(,U/t—T’t].), OStST,

called the risk premium process. Here 1 is the vector of ones in R?. We shall
frequently make use of the discounted processes

- A t
S = g = Spexp —/ rodu |,
Sy 0

Using the above matrix notations, the dynamics of the process S are given by

dSy = Six ((ue —rel)dt + 0 dWy) = Spx oy (\edt + dWy) .

1.4.2 Portfolio and wealth process

A portfolio strategy is an F—adapted process m = {m,0 < ¢t < T} with values
inRY For1<i<nand0<t<T, 7l is the amount (in Euros) invested in
the risky asset S*.

We next recall the self-financing condition in the present framework. Let X[
denote the portfolio value, or wealth, process at time ¢ induced by the portfolio
strategy m. Then, the amount invested in the non-risky asset is X[ — Z?:l e
= XtTr — Tt - 1.

Under the self-financing condition, the dynamics of the wealth process is
given by

“ql o XF—m-1
dXT = Zg—%dSZ—k%de.

i=1

Let X™ be the discounted wealth process

t
X[ = X[ exp <—/ r(u)du) , 0<t<T.
0
Then, by an immediate application of It6’s formula, we see that

dX;, = 7 o0 (Ndt +dWy), 0<t<T, (1.13)
where 71; ;= e "im;. We still need to place further technical conditions on T,
at least in order for the above wealth process to be well-defined as a stochastic
integral.
Before this, let us observe that, assuming that the risk premium process
satisfies the Novikov condition:

E[e%foﬂ’\”zdt] < o0,
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it follows from the Girsanov theorem that the process
t
0

is a Brownian motion under the equivalent probability measure

T T
1
Q:=Zr-Pon Fr where Zr :=exp <—/ Ay - dW,, — 5/ |/\u|2du> .
0 0

In terms of the Q Brownian motion B, the discounted price process satisfies
dS; = S;*xo0udBy, tel0,T],

and the discounted wealth process induced by an initial capital Xy and a port-
folio strategy 7 can be written in

t
X = X0+/ Ty - 0udB,, for 0<t<T. (1.15)
0

Definition 1.10. An admissible portfolio process m = {60:,t € [0,T]} is an

F—progressively measurable process such that fOT lofm|2dt < oo, a.s. and the
corresponding discounted wealth process is bounded from below by a Q—martingale

X;r >MT, 0<t<T, forsomeQ—martingale MT".

The collection of all admissible portfolio processes will be denoted by A.

The lower bound M™, which may depend on the portfolio 7, has the interpre-
tation of a finite credit line imposed on the investor. This natural generalization
of the more usual constant credit line corresponds to the situation where the
total credit available to an investor is indexed by some financial holding, such as
the physical assets of the company or the personal home of the investor, used as
collateral. From the mathematical viewpoint, this condition is needed in order
to exclude any arbitrage opportunity, and will be justified in the subsequent
subsection.

1.4.3 Admissible portfolios and no-arbitrage
We first define precisely the notion of no-arbitrage.

Definition 1.11. We say that the financial market contains no arbitrage op-
portunities if for any admissible portfolio process 6 € A,

Xo=0and X% >0P —a.s. implies X% = 0P — a.s.

The purpose of this section is to show that the financial market described
above contains no arbitrage opportunities. Our first observation is that, by the
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very definition of the probability measure Q, the discounted price process S
satisfies:

the process {S’t, 0<t< T} is a Q — local martingale. (1.16)

For this reason, Q is called a risk neutral measure, or an equivalent local mar-
tingale measure, for the price process S.
We also observe that the discounted wealth process satisfies:

X7 is a Q—local martingale for every = € A, (1.17)
as a stochastic integral with respect to the Q—Brownian motion B.

Theorem 1.12. The continuous-time financial market described above contains
no arbitrage opportunities, i.e. for every m € A:

Xo=0and X7 >0P—-as. = X;=0P-—a.s.

Proof. For m € A, the discounted wealth process f( ™ is a Q—local martingale
bounded from below by a Q—martingale. Then X™ is a Q—super-martingale.

In particular, EQ [f(ﬂ < Xy = Xo. Recall that Q is equivalent to P and S°

is strictly positive. Then, this inequality shows that, whenever X§ = 0 and
X7 > 0P—-a.s. (or equivalently Q—a.s.), we have X7 = 0 Q—a.s. and therefore
X7 =0P-as. ¢

1.4.4 Super-hedging and no-arbitrage bounds

Let G be an Fr—measurable random variable representing the payoff of a deriva-
tive security with given maturity T' > 0. The super-hedging problem consists in
finding the minimal initial cost so as to be able to face the payment G without
risk at the maturity of the contract T

V(G) = inf{XoeR : X7 >GP—as. for some w € A} .

Remark 1.13. Notice that V(G) depends on the reference measure P only by
means of the corresponding null sets. Therefore, the super-hedging problem is
not changed if P is replaced by any equivalent probability measure.

We now show that, under the no-arbitrage condition, the super-hedging
problem provides no-arbitrage bounds on the market price of the derivative se-
curity.

Assume that the buyer of the contingent claim G has the same access to
the financial market than the seller. Then V(G) is the mazimal amount that
the buyer of the contingent claim contract is willing to pay. Indeed, if the seller
requires a premium of V(G) + 2¢, for some € > 0, then the buyer would not
accept to pay this amount as he can obtain at least G by trading on the financial
market with initial capital V(G) + .

Now, since selling of the contingent claim G is the same as buying the con-
tingent claim —G, we deduce from the previous argument that

—V(—=G) < market price of G < V(G). (1.18)
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1.4.5 The no-arbitrage valuation formula
We denote by p(G) the market price of a derivative security G.

Theorem 1.14. Let G be an Fr—measurabel random variable representing the
payoff of a derivative security at the maturity T > 0, and recall the notation

G = Gexp (— fOT Ttdt). Assume that EQ[|G|] < co. Then

p(G) = V(G) = E9G]

Moreover, there exists a portfolio 7* € A such that Xg* =p(G) and X%* =G,
a.s., that is ™ is a perfect replication strategy.

Proof. 1- We first prove that V(G) > E2[G]. Let X, and m € A be such that
X7 > G, as. or, equivalently, X{; > G a.s. Notice that X7 is a Q—super-
martingale, as a QQ—local martingale bounded from below by a QQ—martingale.
Then X, = Xy > EQ[X7] > EQG].

2- We next prove that V(G) < EQ|G]. Define the Q—martingale Y; := E2[G|F}]
and observe that FW = FB. Then, it follows from the martingale representa-
tion theorem that Y; = Yy + |, OT ¢y - dBy for some F—adapted process ¢ with

fOT |p¢|?dt < 0o a.s. Setting 7* := (0 7) "¢, we see that

T
e A and YO+/ 7. 0,dB; = G P — as.
0

which implies that Yy > V(G) and 7* is a perfect hedging stratgey for G,
starting from the initial capital Yj.

3- From the previous steps, we have V(G) = E2[G]. Applying this result to —G,
we see that V(—G) = —V(G), so that the no-arbitrage bounds (1.18) imply that
the no-arbitrage market price of G is given by V(G).

1.4.6 PDE characterization of the Black-Scholes price

In this subsection, we specialize further the model to the case where the risky
securities price processes are Markov diffusions defined by the stochastic differ-
ential equations:

dSt = St * (T(t, St)dt + O’(t, St)dBt) .

Here (t,s) — sxr(t,s) and (¢,s) —> s*o(t, s) are Lipschitz-continuous func-
tions from R, x [0,00)¢ to R? and Sy, successively. We also consider a Vanilla
derivative security defined by the payoff

G = g(S7),

where g : [0,00)% — R is a measurable function bounded from below. From the
previous subsection, the no-arbitrage price at time ¢ of this derivative security
is given by

V(LS) = EQfem K rSadig(gp) 7] = Qe I rnSadug(5y)s,],
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where the last equality follows from the Markov property of the process S.
Assuming further that g has linear growth, it follows that V' has linear growth
in s uniformly in ¢. Since V is defined by a conditional expectation, it is expected
to satisfy the linear PDE:

—0,V —rsx DV — %Tr [(sx0)’D*V] —rV = 0. (1.19)

More precisely, if V € C12(Ry,RY), the V is a classical solution of (1.19) and
satisfies the final condition V(T),.) = g. Coversely, if the PDE (1.19) combined
with the final condition v(7T',.) = g has a classical solution v with linear growth,
then v coincides with the derivative security price V.
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Chapter 2

STOCHASTIC CONTROL
AND DYNAMIC PROGRAMMING

In this chapter, we assume that the filtration F is the P—augmentation of the
canonical filtration of the Brownian motion W. This restriction is only needed
in order to simplify the presentation of the proof of the dynamic programming
principle. We will also denote by

S := [0,T) xR"® where T €]0,00].
The set S is called the parabolic interior of the state space. We will denote by
S := cl(8S) its closure, i.e. S =1[0,T] x R™ for finite T, and S = S for T = occ.
2.1 Stochastic control problems in standard form
Control processes. Given a subset U of R, we denote by U the set of all pro-

gressively measurable processes v = {1, t < T} valued in U. The elements of
U are called control processes.

Controlled Process. Let

b: (tyz,u) e SxU — b(t,x,u) € R”
and
o (t,z,u) eSxU — o(t,z,u) € Mg(n,d)
be two continuous functions satisfying the conditions

[b(t, z,u) — b(t,y,u)| + |o(t,z,u) —o(t,y,u)| < K |x—y|, (2.1)
ot )| + oty 0)| < K (14 Ja] + Jul). (2.2)

23
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for some constant K independent of (¢, x,y,u). For each control process v € U,
we consider the controlled stochastic differential equation :

dXt = b(t,Xt,Vt)dt+O'(t7Xt,Vt)th. (23)

If the above equation has a unique solution X, for a given initial data, then
the process X is called the controlled process, as its dynamics is driven by the
action of the control process v.

We shall be working with the following subclass of control processes :

Uy = UNH?, (2.4)

where H? is the collection of all progressively measurable processes with finite
L2(Q x [0,7))—norm. Then, for every finite maturity 77 < T it follows from
the above uniform Lipschitz condition on the coefficients b and o that

T/
IE/ (|b] + |o|?) (s, z,v5)ds| < oo forall vely, zeR",
0

which guarantees the existence of a controlled process on the time interval [0, 7”]
for each given initial condition and control. The following result is an immediate
consequence of Theorem 1.2.

Theorem 2.1. Letv € Uy be a control process, and & € L2(IP) be an Fo—measurable
random variable. Then, there exists a unique F—adapted process XV satisfying
(6.3) together with the initial condition X§ = £. Moreover for every T > 0,
there is a constant C' > 0 such that

E [ sup |XS”2} < C(A+E[€[*)eCt  forall tecl([0,T)). (2.5)
0<s<t

Cost functional. Let
ik [0,T)xR*"xU — R and g : R — R

be given functions. We assume that f, k are continuous and ||k~ |l < oo (i.e.
max(—k,0) is uniformly bounded). Moreover, we assume that f and g satisfy
the quadratic growth condition :

[f(tzu)| +lg(x)] < K(L+ |ul +[zf),

for some constant K independent of (¢, z,u). We define the cost function J on
[0,T] x R™ x U by :

T
J(ta,v) = E / B7(t,5) f (s, X" vy )ds + BY (1, T)g (X5 1peoo |,
t

when this expression is meaningful, where

Bt s) = e JiRXIT
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and {X’*" s > t} is the solution of (6.3) with control process v and initial

condition X/ = z.
Admissible control processes. In the finite horizon case T' < oo, the quadratic
growth condition on f and g together with the bound on k™ ensure that J(t, z, v)
is well-defined for all control process v € Uy. We then define the set of admissible
controls in this case by Up.

More attention is needed for the infinite horizon case. In particular, the
discount term & needs to play a role to ensure the finiteness of the integral. In
this setting the largest set of admissible control processes is given by

Uy = {1/ eu: IE[/ BY(t, s) (14+| XL 2 +|vs)|)ds] < oo for all:c} when T’ = oo.
0

The stochastic control problem. The purpose of this section is to study the min-
imization problem

V(t,z) .= sup J(t,z,v) for (t,z)€S.
vEUp

Our main concern is to describe the local behavior of the value function V
by means of the so-called dynamic programming equation, or Hamilton-Jacobi-
Bellman equation. We continue with some remarks.

Remark 2.2. (i) If V(t,x) = J(t, 2,0 5), we call Iy an optimal control for
the problem V' (¢, x).
(ii) The following are some interesting subsets of controls :

- a process v € Uy which is adapted to the natural filtration FX of the
associated state process is called feedback control,

- a process v € Uy which can be written in the form vy = (s, X,) for some
measurable map @ from [0,7] x R™ into U, is called Markovian control;
notice that any Markovian control is a feedback control,

- the deterministic processes of Uy are called open loop controls.

(iii) Suppose that T' < oo, and let (Y, Z) be the controlled processes defined
by

dYs = Zsf(s,Xs,vs)ds and dZs = —Zsk(s, Xs,vs)ds

and define the augmented state process X := (X,Y,Z). Then, the above
value function V' can be written in the form :

V(t,z) = V(tx,0,1),
where T = (z,v, 2) is some initial data for the augmented state process X,
V(t,z) = Bz [6(Xr)] and g(z,y,2) = y+g(z)z.

Hence the stochastic control problem V can be reduced without loss of
generality to the case where f = k = 0. We shall appeal to this reduced
form whenever convenient for the exposition.
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(iv) For notational simplicity we consider the case T' < oo and f = k = 0. The
previous remark shows how to immediately adapt the following argument
so that the present remark holds true without the restriction f = k = 0.
The extension to the infinite horizon case is also immediate.

Consider the value function

V(t,z) = VSSLI,)E[Q(X;W)]’ (2.6)

differing from V by the restriction of the control processes to
U; = {v €Uy :v independent of F;}. (2.7)
Since U; C Uy, it is obvious that V < V. We claim that
vV =Y, (2.8)

so that both problems are indeed equivalent. To see this, fix (¢,z) € S and
v € Up. Then, v can be written as a measurable function of the canonical
process v((ws)o<s<t, (Ws —wi)i<s<T), Where, for fixed (ws)o<s<t, the map
V(ws)ocozr (ws —wi)t<s<r > V((Ws)o<s<t, (Ws —wi)i<s<T) can be viewed
as a control independent on F;. Using the independence of the increments
of the Brownian motion, together with Fubini’s Lemma, it thus follows
that

t,x,

Heww) = [B[g0"" )] dB(@osas)

/ V(t,2)dP((ws)ocact) = V(t,2).

IN

By arbitrariness of v € Uy, this implies that V (¢, z) > V (¢, z).

2.2 The dynamic programming principle

2.2.1 A weak dynamic programming principle

The dynamic programming principle is the main tool in the theory of stochastic
control. In these notes, we shall prove rigorously a weak version of the dy-
namic programming which will be sufficient for the derivation of the dynamic
programming equation. We denote:

Vi(t,z) := liminf V(#,2") and V*(t,z):= limsup V(¢ '),
(t"x")—=(t,x) (¢ ,x")—(t,x)

for all (t,2) € S. We also recall the subset of controls U; introduced in (2.7)
above.
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Theorem 2.3. Assume that V' is locally bounded and fix (t,xz) € S. Let {6”, v €
U} be a family of finite stopping times independent of Fy with values in [t,T).
Then:

V(t,z) > supE
vEU,

/ BY (1, 5) (5, XU w)ds + B (1, 67) V. (67, X5
t

Assume further that g is lower-semicontinuous and Xy ,1(;¢v) is L°°—bounded
for allv € Uy. Then

Vit,z) < SHPEV 5V(f,s)f(s,X§’$’V,vs)ds+By(t,9V)V*(9”,ng’”)].
t

veEU,

We shall provide an intuitive justification of this result after the following
comments. A rigorous proof is reported in Section 2.2.2 below.

(i) If V is continuous, then V =V, = V*, and the above weak dynamic pro-
gramming principle reduces to the classical dynamic programming princi-
ple:

V(t,z) = sup E;,
veu

]
/t B(t,s)f(s, Xs,vs)ds + B(t,0)V (6, X‘g)](Q.Q)

(ii) In the discrete-time framework, the dynamic programming principle (2.9)
can be stated as follows :

V(t,z) = sup E;, [f(t,Xt,u) + e FFLX ey (g 4 l,Xt_H)} .
uclU

Observe that the supremum is now taken over the subset U of the finite
dimensional space R*. Hence, the dynamic programming principle allows
to reduce the initial maximization problem, over the subset U of the in-
finite dimensional set of R¥—valued processes, into a finite dimensional
maximization problem. However, we are still facing an infinite dimen-
sional problem since the dynamic programming principle relates the value
function at time ¢ to the value function at time ¢t + 1.

(iii) In the context of the above discrete-time framework with finite horizon
T < oo, notice that the dynamic programming principle suggests the fol-
lowing backward algorithm to compute V" as well as the associated optimal
strategy (when it exists). Since V(T,-) = g is known, the above dynamic
programming principle can be applied recursively in order to deduce the
value function V (¢, z) for every t.

(iv) In the continuous time setting, there is no obvious counterpart to the
above backward algorithm. But, as the stopping time 6 approaches t,
the above dynamic programming principle implies a special local behavior
for the value function V. When V is known to be smooth, this will be
obtained by means of It6’s formula.
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(v) It is usually very difficult to determine a priori the regularity of V. The
situation is even worse since there are many counter-examples showing
that the value function V' can not be expected to be smooth in general;
see Section 2.4. This problem is solved by appealing to the notion of
viscosity solutions, which provides a weak local characterization of the
value function V.

(vi) Once the local behavior of the value function is characterized, we are
faced to the important uniqueness issue, which implies that V is com-
pletely characterized by its local behavior together with some convenient
boundary condition.

Intuitive justification of (2.9). Let us assume that V is continuous. In
particular, V is measurable and V =V, = V*. Let V(t,w) denote the right
hand-side of (2.9).

By the tower Property of the conditional expectation operator, it is easily
checked that

0
J(tew) = B, /1Bwsﬁ®w&w@Ms+ﬁ@ﬁ%N&me
t

Since J(#, Xg,v) < V (0, Xg), this proves that V < V. To prove the reverse
inequality, let u € U and € > 0 be fixed, and consider an e—optimal control v*
for the problem V (6, Xy), i.e.

J(0,Xp,v°) > V(0,Xp) —e.

Clearly, one can choose v® = 1 on the stochastic interval [¢,0]. Then

v

V(t,.T) J(t,’l,’,l/s) = Et,m

0
/t B(t,5)[f (s, Xs, ps)ds + B(t,0)J (6, Xo, VE)]

Y

0
Eml/ﬂmﬁﬂ&&wm®+5@@V@Xw-fEmWQWL

This provides the required inequality by the arbitrariness of p € U and € > 0.
¢

Exercise. Where is the gap in the above sketch of the proof ?

2.2.2 Dynamic programming without measurable selec-
tion

In this section, we provide a rigorous proof of Theorem 2.3. Notice that, we
have no information on whether V is measurable or not. Because of this, the
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right-hand side of the classical dynamic programming principle (2.9) is not even
known to be well-defined.

The formulation of Theorem 2.3 avoids this measurability problem since
V. and V* are lower- and upper-semicontinuous, respectively, and therefore
measurable. In addition, it allows to avoid the typically heavy technicalities
related to measurable selection arguments needed for the proof of the classical
(2.9) after a convenient relaxation of the control problem, see e.g. El Karoui
and Jeanblanc [5].

Proof of Theorem 2.3 For simplicity, we consider the finite horizon case
T < o0, so that, without loss of generality, we assume f = k = 0, See Remark
2.2 (iii). The extension to the infinite horizon framework is immediate.

1. Let v € U; be arbitrary and set 6 := 6”. Then:

E [g (X3™") | F] (w) = J(O(w), Xg™" (w); 1),

where 7, is obtained from v by freezing its trajectory up to the stopping time
0. Since, by definition, J(0(w), X5™" (w); ,) < V*(O(w), Xy™" (w)), it follows
from the tower property of conditional expectations that

Elg(xXz™)] = E[E[g(Xp"") | Fo]] < E[V(0,X"")],

which provides the second inequality of Theorem 2.3 by the arbitrariness of
IS Ut.
2. Let € > 0 be given, and consider an arbitrary function

¢:S — R such that ¢ upper-semicontinuous and V' > ¢.

2.a. There is a family (V(S’y)’a)(s,y)es C Uy such that:
vvE e Y and J(s,y; v5YF) > V(s,y) —e, forevery (s,y) € S(2.10)

Since g is lower-semicontinuous and has quadratic growth, it follows from Theo-
rem 2.1 that the function (¢, ') + J(t', z'; v(*¥):¢) is lower-semicontinuous, for
fixed (s,y) € S. Together with the upper-semicontinuity of ¢, this implies that
we may find a family (r(s,y))(s,)es of positive scalars so that, for any (s,y) € S,

@(s,y) — p(t',2') > — and J(s,y; V) — J(, 2/; 00 €) < ¢

for (¢/,2') € B(s,: 7(s.)): (2.11)

where, for » > 0 and (s,y) € S,
B(s,y;r):={(t',2') €S : t' e (s—r,s), [/ —y| <r} .

Clearly, {B(s,y;r) s (s,y) €8, 0<r< r(syy)} forms an open covering of
[0,7) x R% Tt then follows from the Lindeléf covering Theorem, see e.g. [4]
Theorem 6.3 Chap. VIII, that we can find a countable sequence (¢;,%;,7;)i>1
of elements of S x R, with 0 < 7; < 7, 4, for all @ > 1, such that S C
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{T} x RYU (U1 B(ts, 457)). Set Ag := {T} x RY, C_y := (), and define the
sequence

Aip1 = B(ti+17$i+1;’l"i+1) \ C; where C;:=C;_1UA;, i>0.

With this construction, it follows from (2.10), (2.11), together with the fact that
V > ¢, that the countable family (A;);>o satisfies

(G’Xé,m,u) € U120A7 P — a.s., AN Aj = () for i #_] €N,

and J(+; ’/i’e) >@p—3con A; fori>1, (2.12)

where %€ 1= p(ti:@i)e for § > 1.
2.b.  We now prove the first inequality in Theorem 2.3. We fix v € U; and
0c 7'[;5 - Set A" i=Up<i<n Ay, n > 1. Given v € Uy, we define for s € [t,T):

I/s’n = l[t,O] (S)Vs + 1(9,T] (S) (I/S]_(An)c(g, Xg,:c,u) + Z ]‘Ai (9, Xé’x’y)l/;’e) .
=1

Notice that {(0, X;*") € A;} € Fi. Then, it follows that v=" € U;. Then, it
follows from (2.12) that:

<

E {9 (X;wyn) \]:0} 1an (H,Xé’w”’) = (T7 XtTwV") 14, (97X;,w71/)

+ Y J0, X5 )1, (0, X5
1

.
I

>

M:

(p(0, Xg™" — 3¢) 14, (0, X5"")
1=0

= (p(0, X5™") = 3¢) 1an (0, X57"),

which, by definition of V' and the tower property of conditional expectations,
implies

Vt,z) > J(t,z,vo")
" ()]
> E[(p (0.X5) - ) Lan (0, X4%)

+E [g (X57) Leame (0, X5™)]
Since g (X4™") € L', it follows from the dominated convergence theorem that:
V(t,e) > —3¢+liminfE [p(6, Xg™")Lan (6, Xg™")]
= —3c+ lim E [0(0, X5 ) 1an (0, X5"Y)]
— Jim B [0, X5) Lae (6, X5°)]
= —3e+E[p6 X,"")],
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where the last equality follows from the left-hand side of (2.12) and from the
monotone convergence theorem, due to the fact that either E [@(9, X;’w’”)“‘] <
oo or E [@(Q,Xg’z’”)*] < 00. By the arbitrariness of v € Uy and € > 0, this
shows that:

V(t,z) > supE[p(0,X,™")]. (2.13)

vEU,

3. It remains to deduce the first inequality of Theorem 2.3 from (2.13). Fix
r > 0. It follows from standard arguments, see e.g. Lemma 3.5 in [12], that
we can find a sequence of continuous functions (¢, ), such that ¢, <V, <V
for all n > 1 and such that ¢, converges pointwise to Vi on [0,7] x B,(0).
Set ¢ := min,>ny ¢y, for N > 1 and observe that the sequence (¢n)n is non-
decreasing and converges pointwise to V. on [0,7] x B,(0). By (2.13) and the
monotone convergence Theorem, we then obtain:

V(te) > lim E[on (0", X/,(67)] = E[V.(6", X7,(6")]

2.3 The dynamic programming equation

The dynamic programming equation is the infinitesimal counterpart of the dy-
namic programming principle. It is also widely called the Hamilton-Jacobi-
Bellman equation. In this section, we shall derive it under strong smoothness
assumptions on the value function. Let S% be the set of all d x d symmetric
matrices with real coefficients, and define the map H : S x R x R” x S? by :

H(t3 :Z:, r7p7 PY)

1
‘= sup {—k(t,I,U)T + b(t,x,u) ‘p+ §TI'[O'O'T(t,,I,U)’Y] + f(t,x,u)} .
uelU

We also need to introduce the linear second order operator £* associated to the
controlled process {3(0,t) X}, t > 0} controlled by the constant control process
u

Ll%(tx) = =kt z,u)p(t,z) + bt z,u) - Do(t, )
+%Tr [oo™ (t,z,u)D%p(t, )],

where D and D? denote the gradient and the Hessian operators with respect to
the x variable. With this notation, we have by It6’s formula:

BY(0, 8)p(s, X¥) — B (0, )plt, XV) = / BY(0,7) (8 + L) o(r, X)dr
+/85V(O>T)D(p(r7 X;f) -U(’I", er VT)dWT
t

for every s > t and smooth function ¢ € C12([t,s],R") and each admissible
control process v € Uy.
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Proposition 2.4. Assume the value function V€ C%2([0,T),R™), and let the
coefficients k(-,-,u) and f(-,-,u) be continuous in (t,x) for all fized u € U.
Then, for all (t,x) € S:

—0V(t,x) — H (t,z,V(t,z), DV (t,z), D*V(t,z)) > 0. (2.14)

Proof. Let (t,z) € S and u € U be fixed and consider the constant control
process ¥ = u, together with the associated state process X with initial data
X; = . For all h > 0, Define the stopping time :

0, = inf{s>t: (s—t,X,—x)€&[0,h) xaB} ,

where a > 0 is some given constant, and B denotes the unit ball of R™. Notice
that 0, — t, P—a.s. when h \, 0, and 0}, = h for h < h(w) sufficiently small.
1. From the first inequality of the dynamic programming principle, it follows
that :

On

o
IN

]Et,a; [B(O,t)V(t, 33) — 5(0, eh)V(eh,Xeh) -

B, r) f(r, Xy, U)dT]
On
= _Et T

)

t

B0, )0V + LV + f)(r, X, u)dr]

On
_Et,z
t

B(0,7)DV (r, X,.) - o(r, XTW)dWT} ,

the last equality follows from It6’s formula and uses the crucial smoothness
assumption on V.

2. Observe that 8(0,7)DV(r, X,) - o(r, X;,u) is bounded on the stochastic
interval [t, 0;]. Therefore, the second expectation on the right hand-side of the
last inequality vanishes, and we obtain :

_Et T

)

On
l/i B0, m)(OV + LV + f)(r, Xr,u)dr] > 0
t

We now send h to zero. The a.s. convergence of the random value inside the
expectation is easily obtained by the mean value Theorem; recall that 8, = h
for sufficiently small A~ > 0. Since the random variable A1 fteh B0, 7)(LV +
F)(r, Xy, uw)dr is essentially bounded, uniformly in h, on the stochastic interval
[t, 0], it follows from the dominated convergence theorem that :

-0V (t,x)— LV (t,z) — f(t,z,u) > 0.

By the arbitrariness of v € U, this provides the required claim. &

We next wish to show that V satisfies the nonlinear partial differential equa-
tion (2.15) with equality. This is a more technical result which can be proved by
different methods. We shall report a proof, based on a contradiction argument,
which provides more intuition on this result, although it might be slightly longer
than the usual proof reported in standard textbooks.
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Proposition 2.5. Assume the value function V € CY2([0,T),R™), and let the
function H be upper semicontinuous, and |k™||cc < co. Then, for all (t,z) €

S:
—0V(t,x) — H (t,z,V(t,z), DV (t,z), D*V(t,z)) < 0. (2.15)
Proof. Let (to,x0) € [0,T) x R™ be fixed, assume to the contrary that
9V (to, z0) + H (to, 0, V(to, z0), DV (to, x0), D*V (to,z0)) < 0, (2.16)

and let us work towards a contradiction.
1. For a given parameter € > 0, define the smooth function ¢ > V by

pt,z) = V(t,z)+e ([t —to] + |z —mol*).
Then

(V — (p)(to, Io) = 0, (DV — Dgﬁ)(to,xo) = 0, (8tv — 8“0)(150,560) = O,
and (D?*V — D?p)(tg,z0) = 0,

and (2.16) says that:
h(to, o) = Orp(to,x0) + H (to,a:o,(p(to,xo),Dgo(to,a?o),thp(to,xo)) < 0.
2. By upper semicontinuity of H, we have:

h(t,x) <0 on N, :=(—n,n) xnB for n > 0 sufficiently small,

where B denotes the unit ball centered at z3. We next observe that the param-
eter v defined by the following is positive:

el max (V—¢p) < 0. (2.17)
n

3. Let v be an arbitrary control process, and denote by X and g the controlled
process and the discount factor defined by v and the initial data X;, = x¢.
Consider the stopping time

0 = inf{s>t : (s,X5) €Ny},
and observe that, by continuity of the state process, (6, Xy) € ON,), so that :
(V—9)(0,Xg) < —yeltl

by (2.17). Recalling that 5(to,%0) = 1, we now compute that:

0
B(th 0)V(97X9) - V(tO»xO) < -/t d[ﬁ(tO»T)w(rv XT)} - 7€n‘|k+‘|wﬂ(t0a 0)

0
< \ d[ﬁ(to,’l")ﬁp(?", XT)} -7
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By Ito’s formula, this provides :

6
V(tg,xo) > ’Y+Et07$0 |:5(t0,0)V(Q7X9) - / ﬂ(to,r)(atcerL”Tgo)(r, XT)dT:|7
to

where the "dW?” integral term has zero mean, as its integrand is bounded on the
stochastic interval [tg, 8]. Observe also that (O;p + L") (r, X))+ f(r, Xy, vp) <
h(r, X,) < 0 on the stochastic interval [tg, 8]. We therefore deduce that :

0
V(tOer) Z ’Y+Eto,xo|: 6(t0,7’)f(7", Xral/r)d’r+ﬁ(t079)v(97X9):|'
to

As « is a positive constant independent of v, this implies that:

0

V(to,z0) > v+ sup Eyy a0 [ Bto,r)f(r, Xy, vp)dr + B(to, 0)V (6, Xg):|7
veEU, to

which is the required contradiction of the second part of the dynamic program-

ming principle, and thus completes the proof. O

As a consequence of Propositions 2.4 and 2.5, we have the main result of
this section :

Theorem 2.6. Let the conditions of Propositions 2.5 and 2.4 hold. Then, the
value function V' solves the Hamilton-Jacobi-Bellman equation

-0,V —H(,V,DV,D*V) =0 on S. (2.18)

2.4 On the regularity of the value function

The purpose of this paragraph is to show that the value function should not be
expected to be smooth in general. We start by proving the continuity of the
value function under strong conditions; in particular, we require the set U in
which the controls take values to be bounded. We then give a simple example
in the deterministic framework where the value function is not smooth. Since
it is well known that stochastic problems are “more regular” than deterministic
ones, we also give an example of stochastic control problem whose value function
is not smooth.

2.4.1 Continuity of the value function for bounded con-
trols

For notational simplicity, we reduce the stochastic control problem to the case
f =k =0, see Remark 2.2 (iii). Our main concern, in this section, is to show the
standard argument for proving the continuity of the value function. Therefore,
the following results assume strong conditions on the coefficients of the model
in order to simplify the proofs. We first start by examining the value function
V(t,-) for fixed ¢ € [0, 7).
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Proposition 2.7. Let f = k =0, T < oo, and assume that g is Lipschitz
continuous. Then:

(i) V is Lipschitz in x, uniformly in t.

(ii)  Assume further that U is bounded. Then V is %—Hélder—continuous int,
and there is a constant C' > 0 such that:

V(t,z) = V(' z) < CO+z)/|t—t]; t,t' €[0,T), z€R"

Proof. (i) For z,2' € R™ and t € [0,T'), we first estimate that:

V(o) =Vt < suwp E g(X;x,y)_g(X;xgy)
vEUY

< Const sup E|X5™Y — XEoY
vEUp
< Const |z — 2|,

where we used the Lipschitz-continuity of g together with the flow estimates
of Theorem 1.4, and the fact that the coefficients b and o are Lipschitz in x
uniformly in (¢,u). This compltes the proof of the Lipschitz property of the
value function V.

(ii) To prove the Holder continuity in ¢, we shall use the dynamic programming
principle.

(ii-1) We first make the following important observation. A careful review
of the proof of Theorem 2.3 reveals that, whenever the stopping times 6" are
constant (i.e. deterministic), the dynamic programming principle holds true
with the semicontinuous envelopes taken only with respect to the x—variable.
Since V' was shown to be continuous in the first part of this proof, we deduce
that:

V(t,z) = sup E[V(¢,X/™")] (2.19)
vely
for all x e R™, t < t' € [0,T].
(i-2) Fix x € R", ¢t < ¢/ € [0,T]. By the dynamic programming principle
(2.19), we have :

V(t,z) - V(' z)| = |supE[V(,X;"")] -V(t 2)
veEUy

< sup E ’V(t',Xf;x’”) - V(t ).
vEUp

By the Lipschitz-continuity of V'(s,-) established in the first part of this proof,
we see that :

V(t,z) = V(¢ ,z)] < Const sup E|X/"" —z|. (2.20)
vEUp

We shall now prove that

supE [ X[ —z| < Const (1+ |z|)|t — t'|'/2, (2.21)
veld
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which provides the required (1/2)—Holder continuity in view of (2.20). By
definition of the process X, and assuming ¢ < t', we have

2

t t
E|Xf;x’u fx|2 = E / b(r, Xr,ur)dr+/ o(r, Xy, v.)dW,
t t

IN

tl
Const E [/ |h(r, Xr,l/r)|2 dr]
t

where h := [b%> + 02]*/2. Since h is Lipschitz-continuous in (t,z,u) and has
quadratic growth in x and u, this provides:

’

t/
E|X;™" — x’Q < Const (/ (1+ |z]® + v ?)dr +/ E|Xp=Y — x‘2dr> :
t t
Since the control process v is uniformly bounded, we obtain by the Gronwall
lemma the estimate:
E|X5% — o)’ < Const (1+ [z2)|t — ], (2.22)

where the constant does not depend on the control v. O

Remark 2.8. When f and/or k are non-zero, the conditions required on f and
k in order to obtain the (1/2)—Holder continuity of the value function can be
deduced from the reduction of Remark 2.2 (iii).

Remark 2.9. Further regularity results can be proved for the value function
under convenient conditions. Typically, one can prove that L*V exists in the
generalized sense, for all w € U. This implies immediately that the result of
Proposition 2.5 holds in the generalized sense. More technicalities are needed in
order to derive the result of Proposition 2.4 in the generalized sense. We refer
to [6], §IV.10, for a discussion of this issue.

2.4.2 A deterministic control problem with non-smooth
value function

Let 0 =0, b(z,u) = u, U = [-1,1], and n = 1. The controlled state is then the
one-dimensional deterministic process defined by :

Xs:Xt—l—/ ndt for 0<t<s<T.
t

Consider the deterministic control problem

V(t,z) = sup (Xr)2
vel

The value function of this problem is easily seen to be given by :

Vitz) — (x+T—1t)? forx >0 with optimal control & =1,
’ - (x —T+1t)? forx <0 with optimal control & = —1 .
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This function is continuous. However, a direct computation shows that it is not
differentiable at = = 0.

2.4.3 A stochastic control problem with non-smooth value
function

Let U = R, and the controlled process X be the scalar process defined by the
dynamics:

dXt = l/tth,

where W is a scalar Brownian motion. Let g be a lower semicontinuous mapping
on R, with —o/ —f'|z| < g(z) < a+ Bz, x € R, for some constants o, o’ 3, ' € R.
We consider the stochastic control problem

V(t,z) = sup Ey,[g(X7)].
velo

Let us assume that V' is smooth, and work towards a contradiction.

1. If V is C12([0,T),R), then it follows from Proposition 2.4 that V satisfies
L 22
—8tV—§u D“V >0 forall ueR,

and all (¢,2) € [0,T) x R. By sending w to infinity, it follows that
V(t,-) is concave for all t € [0,T). (2.23)
2. Notice that V(t,2) > E;, [g(X9)] = g(z). Then, it follows from (2.23) that:
V(t,z) > ¢g*°"(x) forall (t,z)€[0,T) xR, (2.24)

conc js the concave envelope of g, i.e. the smallest concave majorant of

eOn¢ < o0 as ¢ is bounded from above by a line.

where ¢
g. Notice that g

conc

3. Since g < g®°"°, we see that

V(t,x) = sup Ko [g(X7)] < sup B, [g°"(X7)] = ¢°"(),
veUy vely

by the martingale property of X”. In view of (2.24), we have then proved that

vV e CY*([0,T),R)
= V(t,z) = g°°"°(z) for all (t,z) € [0,T) x R.

Now recall that this implication holds for any arbitrary non-negative lower semi-
continuous function g. We then obtain a contradiction whenever the function
g% is not C?(R). Hence

g ¢ C*(R) = V ¢ CH*([0,7),R?).
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Chapter 3

OPTIMAL STOPPING AND
DYNAMIC PROGRAMMING

As in the previous chapter, we assume here that the filtration F is defined as the
P—augmentation of the canonical filtration of the Brownian motion W defined
on the probability space (2, F,P).

Our objective is to derive similar results, as those obtained in the previous
chapter for standard stochastic control problems, in the context of optimal stop-
ping problems. We will then first start by the formulation of optimal stopping
problems, then the corresponding dynamic programming principle, and dynamic
programming equation.

3.1 Optimal stopping problems

For 0 < ¢t < T < oo, we denote by T, 7} the collection of all F—stopping
times with values in [t,T]. We also recall the notation S := [0,7") x R™ for the
parabolic state space of the underlying state process X defined by the stochastic
differential equation:

dXt = M(t,Xt)dt+U(t,Xt)th, (31)

where 11 and o are defined on S and take values in R” and S,,, respectively. We
assume that g and o satisfies the usual Lipschitz and linear growth conditions
so that the above SDE has a unique strong solution satisfying the integrability
proved in Theorem 1.2.

The infinitesimal generator of the Markov diffusion process X is denoted by

1
Ap :=p- Do+ iTr [O’O’TD2<,0} .
Let g be a measurable function from R™ to R, and assume that:

E ngp g(Xt)] < oo, (3:2)

39
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For instance, if ¢ has polynomial growth, the latter integrability condition is
automatically satisfied. Under this condition, the following criterion:

J(t,z,7):=E[g (XE") 1rcoo] (3.3)

is well-defined for all (t,2) € S and 7 € T} 7). Here, X%* denotes the unique

strong solution of (3.1) with initial condition X" = .
The optimal stopping problem is now defined by:

V(t,x) = sup J(t,z,7) forall (t,x)€S. (3.4)
TETt,1)

A stopping time 7 € T g} is called an optimal stopping rule if V(t,z) =
J(t,x, 7).
The set

S = A{lt,x): V(t,z) =g(x)} (3.5)

is called the stopping region and is of particular interest: whenever the state is
in this region, it is optimal to stop immediately. Its complement S¢ is called
the continuation region.

Remark 3.1. As in the previous chapter, we could have considered an appear-
ently more general criterion

Viba) = sup E[Z‘ﬁ@wﬂf@rXQd8+B@wﬂg(X?ﬂ1¢<m ,
TE,T)

with
B(t,s) :=e” Jo ks X9ds gor <t<s<T.

However by introducing the additional state

Y,

t
%+/6J@&M&
0
t
7, = Z0+/ Zok(s, X, )ds,
0

we see immediately that we may reduce this problem to the context of (3.4).

Remark 3.2. Consider the subset of stopping rules:
7—[7;;,1] = {7 € Tyr : 7 independent of F;} . (3.6)

By a similar argument as in Remark 2.2 (iv), we can see that the maximization
in the optimal stopping problem (3.4) can be restricted to this subset, i.e.

V(t,z) = sup J(t,x,7) forall (¢t,z)€S. (3.7

€77
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3.2 The dynamic programming principle

In the context of optimal stopping problems, the proof of the dynamic pro-
gramming principle is easier than in the context of stochastic control problems
of the previous chapter. The reader may consult the excellent exposition in
the book of Karatzas and Shreve [9], Appendix D, where the following dynamic
programming principle is proved:

V(t7.%'> = S?P E [1{T<9}9(X?1) + l{TZG}V(97X£)I)] ) (38)
TE 1,77

for all (t,2) € S and 7 € Tp 7). In particular, the proof in the latter reference
does not require any heavy measurable selection, and is essentially based on the
supermartingale nature of the so-called Snell envelope process. Moreover, we
observe that it does not require any Markov property of the underlying state
process.

We report here a different proof in the sprit of the weak dynamic program-
ming principle for stochastic control problems proved in the previous chapter.
The subsequent argument is specific to our Markovian framework and, in this
sense, is weaker than the classical dynamic programming principle. However,
the combination of the arguments of this chapter with those of the previous
chapter allow to derive a dynamic programming principle for mixed stochastic
control and stopping problem.

The following claim will be making using of the subset ’7'[21,}, introduced
n (3.6), of all stopping times in 7p; 7 which are independent of F;, and the
notations:

Vi(t,z) ;== liminf V(¢',z') and V*(t,z):= limsup V(¢ z')
(t",2") = (t,x) (t,@")—(t,x)
for all (¢,2) € S. We recall that V. and V* are the lower and upper semicon-
tinuous envelopes of V', and that V, = V* = V whenever V is continuous.

Theorem 3.3. Assume that V is locally bounded. For (t,x) € S, let § € 77;11]
be a stopping time such that Xg‘z 18 bounded. Then:

V(t,l‘) < sup E [1{T<0}9(X7t'1z) + 1{7’2«9}‘/* (engm)] ) (39)

T€7—[;T]

V(t,l’) Z sup E [1{T<9}9(X$"I) + 1{729}V*(07X£’I))] . (310)

€T

Proof. Inequality (3.9) follows immediately from the tower property and the
fact that J < V*.
We next prove inequality (3.10) with Vi replaced by an arbitrary function

¢:S — R such ¢ is upper-semicontinuous and V > ¢,

which implies (3.10) by the same argument as in Step 3 of the proof of Theorem
2.3.
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Arguying as in Step 2 of the proof of Theorem 2.3, we first observe that, for

every € > 0, we can find a countable family A; C (¢; — 7, t;] X Ai_C S, together
with a sequence of stopping times 7%° in T[zl L i > 1, satisfying Ag = {T'} x R?
and

UZ-ZO/L:S, fliﬂflj = fori# 5 €N, j(';Ti’E) > ¢ — 3¢ on A; for i > 1.

(3.11)
Set A™ := U;<pA4;, n > 1. Given two stopping times 0,7 € T[f AL it is clear that

T =110y + Lirse) <T1<An)ﬂ (0.X57) + > _ 14, (0, Xg’z)>
i=1

defines a stopping time in ’T[E - We then deduce from the tower property and
(3.11) that

V(t,l’) J(t,l';’]'n’e)
E [g (X77) Lrcoy + Lrzay (900, Xg") = 32) 1an (6, X57")]
+E [1r20y 9(XE) L 1n)e (0, X577 -

(AVARAYS

By sending n — oo and arguing as in the end of Step 2 of the proof of Theorem
2.3, we deduce that

V(tax) > E [g (Xf—’w) 1{T<9} + 1{729}@(97X§’x>] — 3¢,

and the result follows from the arbitrariness of ¢ > 0 and 7 € ’T[i - &

3.3 The dynamic programming equation

In this section, we explore the infinitesimal counterpart of the dynamic program-
ming principle of Theorem 3.3, when the value function V' is a priori known to
be smooth. The smoothness that will be required in this chapter must be so
that we can apply It6’s formula to V. In particular, V is continuous, and the
dynamic programming principle of Theorem 3.3 reduces to the classical dynamic
programming principle (3.8).

Loosely speaking, the following dynamic programming equation says the
following:

e In the stopping region S defined in (3.5), continuation is sub-optimal, and
therefore the linear PDE must hold with inequality in such a way that the
value function is a submartingale.

e In the continuation region S¢, it is optimal to delay the stopping decision
after some small moment, and therefore the value function must solve a
linear PDE as in Chapter 1.
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Theorem 3.4. Assume that V. € C12([0,T),R"), and let g : R® — R be
continuous. Then V' solves the obstacle problem:

min{—(; + AV, V—-g} =0 on S. (3.12)

Proof. We organize the proof into two steps.
1. We first show that:

min{—(G +A)V ,V—-g} >0 on S (3.13)

The inequality V' — g > 0 is obvious as the constant stopping rule 7 =t € T, 1
is admissible. Next, for (to,zo) € S, consider the stopping times

On :=1inf {t > to: (£, X;>") & [to,to +h] x B} ,h >0,

where B is the unit ball of R™ centered at xy. Then 6} € 7'[§,T] for sufficiently
small h, and it follows from (3.10)that:

V(to,xo) > E[V (QhaXﬁh)]'

We next apply 1to’s formula, and observe that the expected value of the diffusion
term vanishes because (¢, X;) lies in the compact subset [to,to + h] x B for
te [to,eh]. Then:

_ On
-1 / O+ AV(E Xt > o,

E
h i,

Clearly, there exists hy > 0, depending on w, 6, = h for h < B Then, it
follows from the mean value theorem that the expression inside the expectation
converges P—a.s. to —(9; +.A)V (o, x0), and we conclude by dominated conver-
gence that —(9; + .A)V (to,x0) > 0.

2. In order to complete the proof, we use a contradiction argument, assuming
that

V(to,x0) > g(xo) and — (0r + A)V (tg, zo) > 0 at some (tg,zo) € S, (3.14)
and we work towards a contradiction of (3.9). Introduce the function
o(t,z) :=V(t,x) + %|x —x0]* for (t,z)€S.

Then, it follows from (3.14) that for a sufficiently small ¢ > 0, we may find
h >0 and § > 0 such that

V>g+dand — (0, +A)p >0 on N, :=[to,to +h] x hB. (3.15)
Moreover:

— = — . 1
v max(V — ) < 0 (3.16)
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Next, let
0 = inf{t>to: (t,X{"%)&Ny}.
For an arbitrary stopping rule 7 € 7'['§7T], we compute by [t6’s formula that:
EV(rA0, X ng) —Vto,zo)] = E[(V =) (T A0, X 00)]

+E o (T A0, X7p9) — @(to, 20)]
= E[(V—-¢)(TA0,X:n0)]

TAE
HE / (O + A)p(t, X, ")dt |

to

where the diffusion term has zero expectation because the process (¢, Xfo’wo) is
confined to the compact subset A}, on the stochastic interval [to, 7 A ]. Since
—Lo >0 on Ny, by (3.15), this provides:
EV(rA6, X p00) —V(to,z0)] < E[(V —¢)(TA0, X 00)]

< _’YP[T 2 9]7
by (3.16). Then, since V > g+ § on N}, by (3.15):

Vito,z0) > AP[r > 6]+ E[(9(X7"%) +0) Lircy + V (0, X57™) 120y
> (YA +E[g(X ") rcny +V (0, X5770) 1irzy]

By the arbitrariness of 7 € 7—[€ 7> this provides the desired contradiction of (3.9).

&

3.4 Regularity of the value function

3.4.1 Finite horizon optimal stopping

In this subsection, we consider the case T' < co. Similar to the continuity result
of Proposition 2.7 for the stochastic control framework, the following continuity
result is obtained as a consequence of the flow continuiy of Theorem 1.4 together
with the dynamic programming principle.

Proposition 3.5. Assume g is Lipschitz-continuous, and let T < oco. Then,
there is a constant C such that:

|V(t,z) = V(' ") < C(|x—m’\+\/|t—t’|) for all (t,x),(t',2") €S.

Proof. (i) Fort € [0,T] and z,z’ € R, it follows from the Lipschitz property
of g that:

\V(t,z) = V(t,a')] < Const sup E|XL" - X7

TE€T, 1)

< ConstE sup ’Xﬁ’m - Xb
t<s<T
< Const |z — 2|
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by the flow continuity result of Theorem 1.4.
ii) To rpove the H”older continuity result in ¢, we argue as in the proof of
Proposition 2.7 using the dynamic programming principle of Theorem 3.3.
(ii-1) We first observe that, whenever the stopping time 6 = t' > t is
constant (i.e. deterministic), the dynamic programming principle (3.9)-(3.10)
holds true if the semicontinuous envelopes are taken with respect to the variable
x, with fixed time variable. Since V' is continuous in z by the first part of this
proof, we deduce that

Vit,z) = sup E[1cng (XEY) + 150V (. X57)] (3.17)
TS e

(ii) We then estimate that

0 < V(t,a)—E[V (. X)) < sup E[lgm (9(XE%) -V (¢, X07))]

7'67—[;7-]

< swp B[l (9 (X57) -9 (X57)],

T€7—[;T]

where the last inequality follows from the fact that V' > g. Using the Lipschitz
property of g, this provides:

0 < V(ta)—E[V (¢, X;")] < ConstE| sup |XI" — X"
t<s<t!
< Const (14 |z|)VE —t

by the flow continuity result of Theorem 1.4. Using this estimate together with
the Lipschitz property proved in (i) above, this provides:

Vit,z) -Vt z)| < |[Vite)-E[V (X)) +[E[VE X5)]-V(E, )

< Const ((1+ [#)VE— T +E| X" —a])
< Const (1 +|z|)Vt —t,
by using again Theorem 1.4. o

3.4.2 Infinite horizon optimal stopping

In this section, the state process X is defined by a homogeneous scalar diffusion:
dXy = p(Xp)dt+ o(X)dW,. (3.18)
We introduce the hitting times:
Hp :==inf{t>0: X" =b},
and we assume that the process X is regular, i.e.

P[Hy <oo] >0 forall z,b€eR, (3.19)
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which means that there is no subinterval of R from which the process X can
not exit.
We consider the infinite horizon optimal stopping problem:

V(z) = supE [e*’BTg (X2) Lircoo}] s (3.20)
TET

where T := Tg,oc], and 8 > 0 is the discount rate parameter.
According to Theorem 3.3, the dynamic programming equation correspond-
ing to this optimal stopping problem is the obstacle problem:

min {fv — Av,v — g} = 0,

where the differential operator in the present homogeneous context is given by
the generator of the diffusion:

Av = w' + %sz”. (3.21)
The ordinary differential equation
Av—pv = 0 (3.22)
has two positive linearly independent solutions

,¢ >0 such that 4 strictly increasing, ¢ strictly decreasing. (3.23)

Clearly ¥ and ¢ are uniquely determined up to a positive constant, and all other
solution of (3.22) can be expressed as a linear combination of ¢ and ¢.
The following result follows from an immediate application of It6’s formula.

Lemma 3.6. For any by < by, we have:

—BHY _ p(x)g(b2) — Y(ba)p(x)
R Bl v BTN
o b)) — vle)obr)
8 Ml v v (T P

We now show that the value function V' is concave up to some change of vari-
able, and provides conditions under which V is C! across the exercise boundary,
i.e. the boundary between the exercise and the continuation regions. For the
next result, we observe that the fnction (¢/¢) is continuous and strictly increas-
ing by (3.23), and therefore invertible.

Theorem 3.7. (i) The function (V/¢)o (v/¢)~! is concave. In particular, V
1s continuous on R.

(ii) Let xo be such that V(xzo) = g(xo), and assume that g, ¥ and ¢ are differ-
entiable at xg. Then V is differentiable at xq, and V'(xg) = ¢'(x0).
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, it is sufficient to prove that:
(@ - %00 _ %) - 5w
(z) - %(bl) B %(bz) - %(SU)

For € > 0, consider the e—optimal stopping rules 71,7 € T for the problems
V(bl) and V(bg)

Ele g (X2")] > V(b)) —e for i=1,2.

Proof. For (i

~—

for all b1 < x < bo. (3.24)

sl el

We next define the stopping time
7'5 = (Hg;l+7100H£”1>1{H51<H1'f2}+<H[)IQ+T200H:2) 1{H52<Hgl}7

where 6 denotes the shift operator on the canonical space, i.e. 6;(w)(s) =
w(t + s). In words, the stopping rule 7¢ uses the e—optimal stopping rule 7 if
the level by is reached before the level by, and the e—optimal stopping rule
otherwise. Then, it follows from the strong Markov property that

V(z) > E[e“”sg(X?é”)}
" [e‘ﬁHflE [e=FTrg (X)) 1{H;:1<Hz;}]
+E [e*ﬁHlelE [e7Fm2g (X9P2)] 1{H§2<H:1}}
> (V(b) —e)E [e—ﬁHﬁi 1{H51<ng}]

F(V(b2) ) E [ 21y gy
Sending e \, 0, this provides
V() =z V()E GfﬁHgll{HngZQ}} +V(b2)E {eiﬁngl{Hffol}} '

By using the explicit expressions of Lemma 3.6 above, this provides:

V) _ V) 5023 s@ -3
o) = ob1) Y(b) = H(br) b)) L(ba) — L(b1)

which implies (3.24).

(ii) We next prove the smoothfit result. Let x¢ be such that V(zg) = g(x0).
Then, since V' > g, 1 is strictly increasing, ¢ > 0 is strictly decreasing, it follows
from (3.24) that:

$(xo+¢) — §(z0) %(xo +e) - %(xo)

ot o) - @) © Z(w+e)— (ao) 329
< %(xo—f;)—%(xo) < %(900—5)—35(900)
a %(%-5)—%@0) a %(%-5)—%(%0)
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for all e > 0, § > 0. Multiplying by ((v0/¢)(xo +¢€) — (¢/¢)(x0))/e, this implies
that:

Lo +e)— 4wo) _ Lwote)— L) _ A+(e) Hwo—0) - &)
€ - £ — A=(9) 5 ’

where

y(% +e)— ﬂ(Io) y(ﬂﬁo —6) — E(IO)
_ 9 é - )
At(e) = . and A™(0) := 5 ¢ )

We next consider two cases:

o If (¢/¢) (x9) # 0, then we may take e = § and send € \, 0 in (3.26) to

obtain:
dt (¥ /
d(;)(aco) - (i) (z0). (3.27)

o If (/@) (x9) = 0, then, we use the fact that for every sequence &, “\, 0,
there is a subsequence €,,, \, 0 and d; \, 0 such that AT (e,,) = A~ ().
Then (3.26) reduces to:

$@oten) —§l@) _ F@oten) = g@) _ §(@o— ) — §xo)

— — b
Eny, Eng Ok

and therefore

1% v
% (@o +en,) — 5 (o) a\
e — <¢> (l‘o)

By the arbitrariness of the sequence (e,,)y, this provides (3.27).

Similarly, multiplying (3.25) by ((¢/@)(xo) — (¥/¢)(xo — §))/0, and arguying as
above, we obtain:

thus completing the proof. &

3.4.3 An optimal stopping problem with nonsmooth value

We consider the example

X =g+ (W, —W,) for s>t
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Let g : R — R4 be a measurable nonnegative function with liminf, . g(z) =
0, and consider the infinite horizon optimal stopping problem:

V(ta fﬂ) = €S71’1p E [g (th-’z) 1{T<OO}]
TE€T(t,00]

= E XH™) .
S l9 (X27)]

Let us assume that V € C1%(S), and work towards a contradiction. We first
observe by the homogeneity of the problem that V (¢,2) = V() is independent
of t. Moreover, it follows from Theorem 3.4 that V' is concave in  and V' > g.
Then

V Z gCOHC7 (328)

where g°"¢ is the concave envelope of g. If g°°"°¢ = oo, then V = co. We then
continue in the more inetersting case where ¢g°"¢ < co.

By the Jensen inequality and the non-negativity of g, the process {g (X%%),s > t}
is a supermartingale, and:

V(t, 3?) < sup E [gconc (X;f_,x)] < gcon0(x).
TE€T,1)

Hence, V' = ¢°°"°, and we obtain the required contradiction whenever g®"¢ is
not differentiable at some point of R.
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Chapter 4

SOLVING CONTROL PROBLEMS
BY VERIFICATION

In this chapter, we present a general argument, based on It6’s formula, which
allows to show that some ”guess” of the value function is indeed equal to the
unknown value function. Namely, given a smooth solution v of the dynamic
programming equation, we give sufficient conditions which allow to conclude
that v coincides with the value function V. This is the so-called werification
argument. The statement of this result is heavy, but its proof is simple and relies
essentially on It6’s formula. However, depending on the problem in hand, the
verification of the conditions which must be satisfied by the candidate solution
can be difficult.

The verification argument will be provided in the contexts of stochastic
control and optimal stopping problems. We conclude the chapter with some
examples.

4.1 The verification argument for stochastic con-
trol problems

We recall the stochastic control problem formulation of Section 2.1. The set of
admissible control processes Uy C U is the collection of all progressively measur-
able processes with values in the subset U C R¥. For every admissible control
process v € Uy, the controlled process is defined by the stochastic differential
equation:

dXy = b(t, Xy, v)dt +o(t, XY, v)dW.

The gain criterion is given by

T
J(t,z,v) :=E / BY(t,8)f(s, X0"" ws)ds + 87 (1, T)g(X3™") |,
t

o1
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with

B(tys) 1= o S RXE

The stochastic control problem is defined by the value function:

V(t,z) = sup J(t,z,v), for (t,x)€S. (4.1)
vely

We follow the notations of Section 2.3. We recall the Hamiltonian H : S x R x
R? x S; defined by :

H(t7$>r7pa ’7)

1
= sup {—k(t,a@u)r +b(t,x,u)-p+ iTI‘[O'JT(t,.’E, u)y] + f(t,x,u)} ,
uelU

where b and o satisfy the conditions (2.1)-(2.2), and the coefficients f and k are
measurable. From the results of the previous section, the dynamic programming
equation corresponding to the stochastic control problem (4.1) is:

~0ww — H(.,v,Dv,D*v) =0 and o(T,.)=g. (4.2)

A function v will be called a supersolution (resp. subsolution) of the equation
(4.2) if

—0w — H(.,v,Dv,D*v) > (resp. <) 0 and v(T,.)> (resp. <) g.

The proof of the subsequent result will make use of the following linear second
order operator

LY%(t,x) = —k(t,z,u)p(t,z) + bt z,u) - Do(t, )
+%Tr [oo™(t, 2, u)D?*p(t,2)]

which corresponds to the controlled process {3%(0,t) X}, t > 0} controlled by
the constant control process u, in the sense that

BY(0, ) (s, X¥) — B (0, )plt, XV) = / B(0,7) (0 + L) o(r, X)dr
+/SIBV(077’)D<P(7"7 X)) - o(r, X}, v )dW,
t

for every t < s and smooth function ¢ € C%2([t,s],R%) and each admissible
control process v € Uy. The last expression is an immediate application of It6’s
formula.

Theorem 4.1. Let T < oo, and v € C12([0,T),R%) N C([0,T] x R?). Assume
that ||k~ ||eoc < 00 and v and f have quadratic growth, i.e. there is a constant C
such that

If(t,z,u)| + [v(t,2)| < C(L+|z]?+|u]), (tz,u)€[0,T) xR x U.
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(i) Suppose that v is a supersolution of (4.2). Then v >V on [0,T] x R%.
(ii) Let v be a solution of (4.2), and assume that there exists a minimizer G(t, )
of u — LY%(t,x) + f(t, z,u) such that

o 0=0w(t,z)+ LUEDv(t, 2) + f(t, 2, 4(t,z)),
e the stochastic differential equation
dXs = b(s,Xs,0(s,Xs))ds+ 0 (s, Xs,t(s, Xs)) dWs
defines a unique solution X for each given initial data X; = x,
e the process Uy := (s, Xs) is a well-defined control process in Uy.
Then v =V, and v is an optimal Markov control process.

Proof. Let v € Uy be an arbitrary control process, X the associated state process
with initial date X; = z, and define the stopping time

0, = (T—n"HAinf{s>t: |[X,—z|>n}.

By Ito’s formula, we have
97’7,
v(t,x) = Bt 0n)v(0n, Xy,) —/ B(t,r) (0 + L7 )v(r, X, )dr
t
0n
—/ B(t,r)Du(r, X,) - o(r, Xp, vr)dW,
t
Observe that (9; + L )v + f(-,-,u) < dw + H(-,-,v, Dv, D*>v) < 0, and that

the integrand in the stochastic integral is bounded on [¢,6,], a consequence of
the continuity of Dv, o and the condition ||k~ ||oc < 00. Then :

On
v(t,x) > Elﬁ(t,@n)v(Hngn)—i—/t ﬁ(t,r)f(r,XWV,,)dr}. (4.3)

We now take the limit as n increases to infinity. Since 6,, — T a.s. and

0rn
‘ﬂ(taan)v (077,7X9n) JF/ ﬂ(t,?”)f(?", Xr,l/r)dT
t

< CeTHk’Hoo(l + ‘X9n|2 +T+ftT |Xs|2d8)
< CeTIF lloe (14 T)(1 + supyeyer | Xsl? + [ |vs|?ds) € LY,
by the estimate (2.5) of Theorem 2.1, it follows from the dominated convergence

that

v(t, ) E

Y

T
B(tv T)U(Tv XT) + /t B(ta T’)f(’r', X, VT)dT]

Y

E

T
B(t,T)g(XT)Jr/t 6(t77")f(7"7Xr,Vr)dT1,
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where the last inequality uses the condition v(7T,-) > g. Since the control v € U
is arbitrary, this completes the proof of (i).

Statement (ii) is proved by repeating the above argument and observing that
the control ¥ achieves equality at the crucial step (4.3). o

Remark 4.2. When U is reduced to a singleton, the optimization problem V is
degenerate. In this case, the DPE is linear, and the verification theorem reduces
to the so-called Feynman-Kac formula.

Notice that the verification theorem assumes the existence of such a solution,
and is by no means an existence result. However, it provides uniqueness in the
class of functions with quadratic growth.

We now state without proof an existence result for the DPE together with
the terminal condition V(T,-) = g (see [8] and the references therein). The main
assumption is the so-called uniform parabolicity condition :

there is a constant ¢ > 0 such that

& oo’ (t,x,u) € > clé)? for all (t,z,u) € [0,T] x R* x U . (4.4)

In the following statement, we denote by le (R™) the space of bounded functions
whose partial derivatives of orders < k exist and are bounded continuous. We
similarly denote by C} ([0, T, R™) the space of bounded functions whose partial
derivatives with respect to t, of orders < p, and with respect to z, of order <
k, exist and are bounded continuous.

Theorem 4.3. Let Condition 4.4 hold, and assume further that :

o U is compact;

e b, oand f arein C;’2([O,T},R”);

e g € C}(R™).

Then the DPE (2.18) with the terminal data V(T,-) = g has a unique solution
Ve Cp%([0,T] x R™).

4.2 Examples of control problems with explicit
solutions

4.2.1 Optimal portfolio allocation

We now apply the verification theorem to a classical example in finance, which
was introduced by Merton [10, 11], and generated a huge literature since then.

Consider a financial market consisting of a non-risky asset S° and a risky
one S. The dynamics of the price processes are given by

dSY = S¥rdt and dS; = Si[udt+ odWy] .

Here, r, 4 and o are some given positive constants, and W is a one-dimensional
Brownian motion.

The investment policy is defined by an F—adapted process 7 = {m, t €
[0,T]}, where m; represents the amount invested in the risky asset at time ;
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The remaining wealth (X; — ;) is invested in the risky asset. Therefore, the
liquidation value of a self-financing strategy satisfies

” ds, . dsy
dX; :ﬂ§+m—m§§
= (rXy+ (p—r)m) dt + omdWy. (4.5)

Such a process 7 is said to be admissible if it lies in Uy = H? which will be
refered to as the set of all admissible portfolios. Observe that, in view of the
particular form of our controlled process X, this definition agrees with (2.4).

Let v be an arbitrary parameter in (0,1) and define the power utility func-
tion :

U(z) := 27 for z>0.

The parameter v is called the relative risk aversion coefficient.
The objective of the investor is to choose an allocation of his wealth so as to
maximize the expected utility of his terminal wealth, i.e.

V(t,z) := sup E[U(X?x’”)],
wEeUp

where X%*7 is the solution of (4.5) with initial condition X}"*" = z.
The dynamic programming equation corresponding to this problem is :

aa—z:(t,x) +sup A"w(t,z) = 0, (4.6)
u€eR

where A" is the second order linear operator :

8%w

0 1
A"w(t,z) = (re+ (up—r)u) a—:(t,x) + 502u2 @(t,x).
We next search for a solution of the dynamic programming equation of the form
v(t,x) = 27h(t). Plugging this form of solution into the PDE (4.6), we get the
following ordinary differential equation on h :

0 = h +~vhsup <r+( —r)g—kl( —1)02u—2 (4.7)
= Yhsup p=r)—+350 p :
1
= K +~hsup {r +(p—r)+=(y- 1)02(52} (4.8)
seR 2
1 (p—1)°
= N h - 4.9
o P+2a7w2’ (49
where the maximizer is :
) p—r
0 =

(1-72 "
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Since v(T,-) = U(x), we seek for a function h satisfying the above ordinary

differential equation together with the boundary condition A(T") = 1. This
induces the unique candidate:

I 1 (p—r)?

. a(T-t) o -

h(t) == e with a.—”y[r+2(1_7)02 .

Hence, the function (¢,z) — z7h(t) is a classical solution of the HJB equation

(4.6). Tt is easily checked that the conditions of Theorem 4.1 are all satisfied in

this context. Then V (¢,x) = 27h(t), and the optimal portfolio allocation policy

is given by the linear control process:

A H—=r #
T = — .
! (1—7y)o2 "

4.2.2 Law of iterated logarithm for double stochastic in-
tegrals
The main object of this paragraph is Theorem 4.5 below, reported from [2],
which describes the local behavior of double stochastic integrals near the starting
point zero. This result will be needed in the problem of hedging under gamma
constraints which will be discussed later in these notes. An interesting feature
of the proof of Theorem 4.5 is that it relies on a verification argument. However,
the problem does not fit exactly in the setting of Theorem 4.1. Therefore, this
is an interesting exercise on the verification concept.
Given a bounded predictable process b, we define the processes

t t
YP = Y0+/ b.dW, and Z° := ZO+/ YPdw,, t>0,
0 0

where Yy and Zj are some given initial data in R.
Lemma 4.4. Let A and T be two positive parameters with 2\T < 1. Then :

E {e”‘zﬂ < E [62/\271":| for each predictable process b with ||blloc < 1.

Proof. We split the argument into three steps.
1. We first directly compute that

1
E [62/\ZT

ft} — ot Y}, 2D,

where, for ¢t € [0,T], and y, z € R, the function v is given by :

exp <2A{z+/T (y+W, — Wt)qu}ﬂ

= E [exp (M2yWr_e + Wi_, — (T —1)})]
= pexp[2Xz = AT —t) + 22 \3(T — t)y2] ,

v(t,y,2) = E
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where p := [1 — 2)\(T — t)]~'/2. Observe that
the function v is strictly convex in y, (4.10)
and
yDizv(t,y,z) = 8NT —t)v(t,y,2)y* > 0. (4.11)

2. For an arbitrary real parameter 3, we denote by A” the generator the process
(Y?, 2% -
B Lo L oo 2
A = 56 Dyy+§y Dzz+ByDyz'
In this step, we intend to prove that for all ¢ € [0,7] and y,z € R :

max Aoty ) = Alv(ty,z) = 0. (4.12)

The second equality follows from the fact that {v(t,Y;}, Z}), t < T} is a mar-
tingale . As for the first equality, we see from (4.10) and (4.11) that 1 is a
maximizer of both functions 5 — BzDgyv(t,y, z) and § — ﬂyDizv(t,y, z) on
[_1a 1]

3. Let b be some given predictable process valued in [—1,1], and define the
sequence of stopping times

o= TAf{t>0 : (Y| +|2| >k}, keN.

By Itd’s lemma and (4.12), it follows that :

Tk
v(0,Y0,Z0) = v(m, Y, Zﬁk)—/ [bDyv + yD.v] (¢, Y, Z}) dW;
0

Tk

Tk
—/ (0 + AP (t,Y, Z7) dt
0
Tk
> v (., Y2, 20) - /O [bDyv + yD.v] (t, Y, Z}) dW; .
Taking expected values and sending k to infinity, we get by Fatou’s lemma :
v(0,Yo, Zg) > likrgioréf E[v(r, Y, 22)]
> E[o(T,Y1,24)] = B |27,

which proves the lemma. O

We are now able to prove the law of the iterated logarithm for double stochas-
tic integrals by a direct adaptation of the case of the Brownian motion. Set

1
h(t) = 2tlog10g; for t>0.



58 CHAPTER 4. THE VERIFICATION ARGUMENT

Theorem 4.5. Let b be a predictable process valued in a bounded interval [Bo, 1]
for some real parameters 0 < By < By, and X! = fg fou b, dW,dW,,. Then :

2X}
Bo < limsup - < By a.s.
o hlt)
Proof. We first show that the first inequality is an easy consequence of the
second one. Set 5 := (8o + £1)/2 > 0, and set § := (51 — fo)/2. By the law of
the iterated logarithm for the Brownian motion, we have
B b Xb

8 = limsup ! 6 limsup L+ lim sup t

< )
o h(t) — o h(t) o h(t)

where b := §1(8 — b) is valued in [—1,1]. It then follows from the second
inequality that :

2X} 7
limsup —%& > —§ = .
Kot e < P

We now prove the second inequality. Clearly, we can assume with no loss of
generality that [[b]|lcc < 1. Let T > 0 and A > 0 be such that 2AT < 1. Tt
follows from Doob’s maximal inequality for submartingales that for all a > 0,

b > = b >
P [omangQXt > a} P [Orél%xTexp(D\Xt) > exp()\a)]

<t
< e Mg {ezxxﬂ )
In view of Lemma 4.4, this provides :

P{max ZX,f7 > a} < e MFE {e”‘xﬂ
0<t<T

e MetT) (1 —2AT) "3 (4.13)
We have then reduced the problem to the case of the Brownian motion, and
the rest of this proof is identical to the first half of the proof of the law of the
iterated logarithm for the Brownian motion. Take 6, n € (0,1), and set for all
ke N,
ar = (1+n)2h(0%) and N, := [20°(14n)]7".
Applying (4.13), we see that for all k € N,

P X! > (1+m)2h(0%)| < e V200 (14 y=1)? (—flog )~ () |
omax 2X) > (1+n)°h(0%)| < e (L+n7")7 (~klogh)

Since D ;5 k=04 < oo, it follows from the Borel-Cantelli lemma that, for
almost all w € Q, there exists a natural number K%7(w) such that for all
k> K%(w),

max 2XP(w) < (1+n)2h(0").

0<t<ok
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In particular, for all ¢t € (951 6F],

h(t
2X}w) < (Lt a)?heh) < (Lm0
Hence,
2X7} 1+n)?
limsup —%+ < ﬂ a.s.
o h(t) 0

and the required result follows by letting 6 tend to 1 and n to 0 along the
rationals. &

4.3 The verification argument for optimal stop-
ping problems

In this section, we develop the verification argument for finite horizon optimal
stopping problems. Let 7" > 0 be a finite time horizon, and X** denote the
solution of the stochastic differential equation:

Xbe ::c+/ b(s,Xﬁ’z)der/ o(s, XE")dW, (4.14)
t t

where b and o satisfy the usual Lipschitz and linear growth conditions. Given
the functions k, f : [0,7] x RY — R and g : R — R, we consider the optimal
stopping problem

vite) = sup E[/;Wt’s)f(&X?’”)ds+6(tm)g(Xi’””> . (4.15)
TS,

whenever this expected value is well-defined, where
B(t,s) 1= e~ JORXETdr g <y < g < T

By the results of the previous chapter, the corresponding dynamic programmin
equation is:

min {—-0v — Lv— f,v—g} =0 on [0,T) x R4, o(T,.)=g, (4.16)
where L is the second order differential operator
1
Lv = b-Dv+ iTI"[O'O'TDQU] — ko.

Similar to Section 4.1, a function v will be called a supersolution (resp. subso-
lution) of (4.16) if

min{—0w — Lv — f,v —g} > (resp. <) 0 and o(T,.) > (resp. <) g.
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Before stating the main result of this section, we observe that for many inter-
esting examples, it is known that the value function V does not satisfy the C1:2
regularity which we have been using so far for the application of It6’s formula.
Therefore, in order to state a result which can be applied to a wider class of
problems, we shall enlarge in the following remark the set of function for which
[t6’s formula still holds true.

Remark 4.6. Let v be a function in the Sobolev space W?(S). By definition,
for such a function v, there is a sequence of functions (v"),>1 C C**(S) such
that v™ — v uniformly on compact subsets of S, and

||8tv” — 8tvm||L2(S) + ||D’Un e Dﬂm||L2(s) + ||D2’Un e D2Um||L2(S) — 0.
Then, It6’s formula holds true for v™ for all n > 1, and is inherited by v by
sending n — oco.

Theorem 4.7. Let T < oo and v € WH2([0,T),RY). Assume further that v
and [ have quadratic growth. Then:

(i) If v is a supersolution of (4.16), then v > V.

(i) If v is a solution of (4.16), then v =V and

= inf{s>t: v(s,Xs) =g(X,)}
is an optimal stopping time.

Proof. Let (t,x) € [0,T) x R? be fixed and denote 35 := B(t, s).
(i) For an arbitrary stopping time 7 € ’T[I’T) , we denote

To = TAIf{s>t: | X" —z|>n}.

By our regularity conditions on v, notice that It6’s formula can be applied to it
piecewise. Then:

Tn Tn

’U(t,l‘) = /87'71,1)(7_77«7X‘f';,,w)7 5s(at+£)v(saX£’z)d57 BS(UTDU)(SvX;’I)dWS
t t

v

Brn0(Ty, XE7) + | Bsf(s, X0%)ds — [ Bs(o" Do) (s, XL7)dW,
t

t

by the supersolution property of v. Since (s, X%) is bounded on the stochastic
interval [t, 7,,], this provides:

Tn
ota) = E[B o X+ [ Buf(s,Xi)ds].
t
Notice that 7, — 7 a.s. Then, since f and v have quadratic growth, we may

pass to the limit n — oo invoking the dominated convergence theorem, and we
get:

T
v(t,r) > E[BTU(T,X?QC)—F/ Bsf(s, XL™)ds|.
¢
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Since v(T,.) > g by the supersolution property, this concludes the proof of (i).
(ii) Let 75 be the stopping time introduced in the theorem. Then, since v(T),.) =
g, it follows that 7 € T 1. Set

= A{inf{s > t: [ XD — 2| >n}.

Observe that v > g on [t,77") C [t,7;") and therefore —d,v — Lv — f = 0 on
[t,7{"). Then, proceeding as in the previous step, it follows from It6’s formula
that:

v(t,x) = E[ﬁ-,—ger(TgL,Xf_;f)_F/T? Bsf(s,Xi-rr)ds]
t

Since 7" — 77 a.s. and f,v have quadratic growth, we may pass to the limit
n — oo invoking the dominated convergence theorem. This leads to:

o(t,z) = E[ﬁTU(T,X;”’)+/tTﬁsf(s,ng)ds},

and the required result follows from the fact that v(7,.) = g. &

4.4 Examples of optimal stopping problems with
explicit solutions

4.4.1 Perpetual American options

The pricing problem of perpetual American put options reduces to the infinite
horizon optimal stopping problem:

P(t,s) := s;lp ]E[eiT(T*t)(KfSi’s)ﬂ,
TET!

[t,00)

where K > 0 is a given exercise price, S*® is defined by the Black-Scholes
constant coefficients model:

2
Shs = sexp(r—%)(u—t)-l—O(Wu—Wt)» u > t,

and r > 0, 0 > 0 are two given constants. By the time-homogeneity of the
problem, we see that

P(t,s) = P(s):= sup Ele (K —S>*)"]. (4.17)
TE€T(0,00)

In view this time independence, it follows that the dynamic programming cor-
responding to this problem is:

1
min{v — (K — s)",rv — rsDv — 502D20} = 0. (4.18)
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In order to proceed to a verification argument, we now guess a solution to the
previous obstacle problem. From the nature of the problem, we search for a
solution of this obstacle problem defined by a parameter sg € (0, K) such that:
1
p(s) = K —s for s € [0,s0] and 7rp—rsp’ — §a2s2p” =0 on [sg,00).
We are then reduced to solving a linear second order ODE on [sg, 00), thus
determining v by

p(s) = As + Bs™2/%" for se [s0,00),

up to the two constants A and B. Notice that 0 < p < K. Then the constant
A = 0 in our candidate solution, because otherwise v — oo at infinity. We
finally determine the constants B and sg by requiring our candidate solution to
be continuous and differentiable at s*. This provides two equations:

—2r/o —2 2—7’0—
3502/2:[{_30 and #502/2 -

which provide our final candidate

—2r
2rK o2sy (s 2
0= gtz 29) = (K = o 9) + 152 (2) 7 a9
Notice that our candidate p is not twice differentiable at sg as p’(sp—) = 0 #
p"(s0+). However, by Remark 4.6, 1t6’s formula still applies to p, and p satisfies
the dynamic programming equation (4.18). We now show that

p = P with optimal stopping time 7* := inf {¢ > 0: p(S¥%) = (K — Sto’s)"'}.

(4.20)
Indeed, for an arbitrary stopping time 7 € 7[g ), it follows from It6’s formula
that:

T 1 T
p(s) = e "Tp(S%*) — / e " (—rp+rsp’ + 50252p")(5t)dt — / P’ (Sy)oSidW;
0 0

Y

€_T'T(K — Si’s)+ — / p/(St)O'Stth
0

by the fact that p is a supersolution of the dynamic programming equation.
Since p’ is bounded, there is no need to any localization to get rid of the
stochastic integral, and we directly obtain by taking expected values that p(s) >
Ele " (K — S%%)*]. By the arbitrariness of 7 € T0,00), this shows that p > P.

We next repeat the same argument with the stopping time 7%, and we see
that p(s) = E[e™"" (K — 5%°)*], completing the proof of (4.20).

4.4.2 Finite horizon American options

Finite horizon optimal stopping problems rarely have an explicit solution. So the
following example can be seen as a sanity check. In the context of the financial
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market of the previous subsection, we assume the instanteneous interest rate
r = 0, and we consider an American option with payoff function g and maturity
T > 0. Then the price of the corresponding American option is given by the
optimal stopping problem:

Plt.s) = sup E[g(S7°)]. (4.21)
TE [fi,T]

The corresponding dynamic programming equation is:
1
min {v — g, —9v — iDQU} =0 on [0,7) xRy and o(T,.)=g.(4.22)

Assuming further that g € W12 and concave, we see that g is a solution of
the dynamic programming equation. Then, provided that g satisfies suitable
growth condition, we see by a verification argument that P = p.

Notice that the previous result can be obtained directly by the Jensen in-
equality together with the fact that S is a martingale.
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Chapter 5

INTRODUCTION TO VISCOSITY
SOLUTIONS

Throughout this chapter, we provide the main tools from the theory of viscosity
solutions for the purpose of our applications to stochastic control problems. For
a deeper presentation, we refer to the excellent overview paper by Crandall,
Ischii and Lions [3].

5.1 Intuition behind viscosity solutions

We consider a non-linear second order partial differential equation

(E) F (z,u(z), Du(z), D*u(z)) = 0 for z€0

where O is an open subset of R? and F is a continuous map from O xR xR? x S,
— R. A crucial condition on F' is the so-called ellipticity condition :

Standing Assumption For all (z,7,p) € O x R x R? and A, B € Sy
F(x,r,p,A) < F(xz,r,p, B) whenever A > B.

The full importance of this condition will be made clear in Proposition 5.2 below.
The first step towards the definition of a notion of weak solution to (E) is
the introduction of sub and supersolutions.

Definition 5.1. A function u : O — R is a classical supersolution (resp.
subsolution) of (E) if u € C*(O) and

F (z,u(z), Du(z), D*u(z)) > (resp. <) 0 for z€O.

The theory of viscosity solutions is motivated by the following result, whose
simple proof is left to the reader.

65
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Proposition 5.2. Let u be a C%(O) function. Then the following claims are
equivalent.

(i) uw is a classical supersolution (resp. subsolution) of (E)

(ii) for all pairs (xg,¢) € O x C?*(O) such that xq is a minimizer (resp. maxi-
mizer) of the difference u — ) on O, we have

F(l'o,u(xo),D(p(xo),D2§D(ZL'0)) > (resp. é) 0.

5.2 Definition of viscosity solutions

For the convenience of the reader, we recall the definition of the semicontinuous
envelopes. For a locally bounded function v : O — R, we denote by wu,
and u* the lower and upper semicontinuous envelopes of u. We recall that
U4 is the largest lower semicontinuous minorant of u, u* is the smallest upper
semicontinuous majorant of u, and

us(z) = liminfu(z’),  w*(z) = limsupu(z’) .
x' —x '
We are now ready for the definition of viscosity solutions. Observe that Claim
(ii) in the above proposition does not involve the regularity of u. It therefore
suggests the following weak notion of solution to (E).

Definition 5.3. Let u : O — R be a locally bounded function.
(i) We say that u is a (discontinuous) viscosity supersolution of (E) if

F(Jco,u*(xo),Dgo(a:o),DQ@(ﬂco)) > 0

for all pairs (xq, ) € O x C?(O) such that xg is a minimizer of the difference
(ux — ) on O.
(ii) We say that u is a (discontinuous) viscosity subsolution of (E) if

F (zo,u*(x0), D(x0), D*p(x0)) < 0

for all pairs (zo,¢) € O x C*(O) such that xq is a mazimizer of the difference
(u* — ) on O.

(iii) We say that u is a (discontinuous) viscosity solution of (E) if it is both a
viscosity supersolution and subsolution of (E).

Notation We will say that F' (2, u.(z), Du.(z), D*u.(z)) > 0 in the viscosity
sense whenever u, is a viscosity supersolution of (E). A similar notation will be
used for subsolution.

Remark 5.4. An immediate consequence of Proposition 5.2 is that any classical
solution of (E) is also a viscosity solution of (E).

Remark 5.5. Clearly, the above definition is not changed if the minimum or
maximum are local and/or strict. Also, by a density argument, the test function
can be chosen in C*°(0).
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Remark 5.6. Consider the equation (E*): |u/(z)] —1 =0 on R. Then

e The function f(z) := |z| is not a viscosity supersolution of (ET). Indeed
the test function ¢ = 0 satisfies (f —)(0) = 0 < (f — ¢)(x) for all x € R.
But |¢/(0)] =0 % 1.

e The function g(z) := —|z| is a viscosity solution of (ET). To see this, we
concentrate on the origin which is the only critical point. The supersolu-
tion property is obviously satisfied as there is no smooth function which
satisfies the minimum condition. As for the subsolution property, we ob-
serve that whenever ¢ € C(R) satisfies (g — )(0) = max(g — ), then
|©'(0)] > 1, which is exactly the viscosity subsolution property of g.

e Similarly, the function f is a viscosity solution of the equation (E7):
—|u/'(z)]+1=0o0nR.

In Section 6.1, we will show that the value function V is a viscosity solution
of the DPE (2.18) under the conditions of Theorem 2.6 (except the smoothness
assumption on V). We also want to emphasize that proving that the value
function is a viscosity solution is almost as easy as proving that it is a classical
solution when V is known to be smooth.

The main difficulty in the theory of viscosity solutions is the interpretation
of the equation in the viscosity sense. First, by weakening the notion of solution
to the second order nonlinear PDE (E), we are enlarging the set of solutions,
and one has to guarantee that uniqueness still holds (in some convenient class
of functions). This issue will be discussed in the subsequent Section 5.4.

5.3 First properties

5.3.1 Change of variable / function

We start with two useful properties of viscosity solutions which allow to apply
standard change of variable techniques for classical solutions in the context of
viscosity solutions.

Proposition 5.7. Let u be a locally bounded (discontinuous) viscosity superso-
lution of (E). If f is a C*(R) function with Df # 0 on R, then the function v
= f~Yow is a (discontinuous)

- viscosity supersolution, when Df > 0,

- viscosity subsolution, when Df < 0,
of the equation

K(z,v(x), Dv(z), D*v(z)) = 0 for €O,
where

K(z,r,p,A) = F(x,f(r),Df(r)p,D*f(r)pp’ + Df(r)A).
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We leave the easy proof of this proposition to the reader. The next result
shows how limit operations with viscosity solutions can be performed very easily.

A particular change of function in the previous proposition is the multiplica-
tion by a scalar. Another useful tool is the addition, or convex combination, of
viscosity sub or supersolutions. Of course, this is possible only if the equation is
suitable for such operations. For this reason, the following result specializes the
discussion to the case where the nonlinearity F'(z,r,p, A) is convex in (r,p, A).
By standard convex analysis, this means that F' can be expressed as:

F(x,r,p,A) = :lelg{ — fy(@) + ky(2)r — by(x) - p — %Tr[av(a:)QA] }Q5.1)

for some family of functions (fy, ky, by, 0y)~.

Proposition 5.8. Assume F' is convez in (r,p, A), with functions (fy,k-,by)
in the representation (5.1) continuous in x, and 0., Lipschitz in x, for all vy € G.

Let uy and uy be two upper semicontinuous viscosity subsolutions of (E).
Then, Auj + (1 — Nug is a viscosity subsolution of (E).

We only provide the proof in the case where one either one of the subsolu-
tions is classical. The general case requires more technical tools which will be
developed later, and the corresponding proof is reported in Section 5.4.4.

Proof. (Assuming us € C?) Denote A\; := X and Ao := 1 — X, and u := A\juj +
Aous. Let 2o in O and ¢ € C?(0O) be such that (u — ¢)(zg) = maxe(u — ¢).
Denote 1 := A\] ! (o—Aquz), or equivalently ¢ = Aj1h+Aguz. Then (u;—)(zo) =
maxp(u; — 1), and it follows from the viscosity subsolution property of u; that

F(wo,u1(20), DYp(20), D*¥(w0)) < 0.

Since ug is a classical subsolution of the equation (E), and F' is convex in (r, p, A),
we now compute directly that

F(xo,u(:co), Dgﬁ(xo),D2<p(xo)) < AlF(aso,ul(xo), Di(xy), D21/1(x0))
+A2F(I0,U2(I0), DUQ(Ilfo), D2U2(I0)) S O

&

Notice that, in the last simplified proof, the technical condition on the coef-
ficients (fy, ky,by,0,) of the representation (5.1) of F' has not been used.

5.3.2 Stability of viscosity solutions

The following result is crucial in the theory of viscosity solutions, and is in
fact the reason for the “viscosity” denomination. Loosely speaking, we now
show that limiting operations with viscosity solutions are always possible under
minimal assumptions, namely that all limiting quantities are well-defined !
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Theorem 5.9. Let u. be a lower semicontinuous viscosity supersolution of the
equation

F. (x,ug(x)7Du6(x),D2u€(x)) =0 for €0,

where (F:)eso 18 a sequence of continuous functions satisfying the ellipticity
condition. Suppose that (€, x) — us(x) and (g, z) — F(2) are locally bounded,
and define

u(z) == liminf wu.(2') and F(z) := limsup F.(2').
(e,2")—(0,z) (e,2/)—(0,2)

Then, u is a lower semicontinuous viscosity supersolution of the equation
F (z,u(z), Du(z), D*u(z)) = 0 for z€O.
A similar statement holds for subsolutions.

Proof. The fact that u is a lower semicontinuous function is left as an exercise
for the reader. Let ¢ € C?(0) and Z, be a strict minimizer of the difference
u — . By definition of u, there is a sequence (e, z,) € (0,1] x O such that

(en,xn) — (0,z) and wu, (x,) — u(T).

Consider some r > 0 together with the closed ball B with radius r, centered at
z. Of course, we may choose |, — Z| < r for all n > 0. Let Z,, be a minimizer
of u., — ¢ on B. We claim that

ZTp, — T and u, (Tp) — u(Z) as n — oo. (5.2)

Before verifying this, let us complete the proof. We first deduce that z,, is an
interior point of B for large n, so that Z,, is a local minimizer of the difference
e, — . Then :

Fe, (jmusn@n)aD‘P(in)aD2@(En)) > 0,

and the required result follows by taking limits and using the definition of F.

It remains to prove Claim (5.2). Recall that (z,), is valued in the compact
set B. Then, there is a subsequence, still named (z,,),,, which converges to some
7 € B. We now prove that ¥ = # and obtain the second claim in (5.2) as a
by-product. Using the fact that Z,, is a minimizer of u., — ¢ on B, together
with the definition of u, we see that

0= (w-¢)@ = lim (u, —9) (@)

n— oo

limsup (ue, — @) (Tn)

n— oo

liminf (u., — ) (%)

n— oo

(u—@)(T) -

(AVARNAY,

v
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We now obtain (5.2) from the fact that Z is a strict minimizer of the difference

(u— o). &

Observe that the passage to the limit in partial differential equations written
in the classical or the generalized sense usually requires much more technicalities,
as one has to ensure convergence of all the partial derivatives involved in the
equation. The above stability result provides a general method to pass to the
limit when the equation is written in the viscosity sense, and its proof turns out
to be remarkably simple.

A possible application of the stability result is to establish the convergence
of numerical schemes. In view of the simplicity of the above statement, the
notion of viscosity solutions provides a nice framework for such questions.

5.3.3 Parameter variables

The following result is trivial in the classical case, but needs some technicalities
when stated in the viscosity sense.

Proposition 5.10. Let A C R* and B C R% be two open subsets, and let
u: Ax B — R be a lower semicontinuous viscosity supersolution of the equa-
tion :

F(sc,y,u(;my),Dyu(m,y),Diu(m,y)) >0 on AxB,

where F is a continuous elliptic operator. Then, for all fived xo € A, the
function v(y) = u(xg,y) is a viscosity supersolution of the equation :

F(xo,y,v(y),Dv(y)7D2v(y)) >0 on B.

A similar statement holds for the subsolution property.

Proof. Fix xg € A, set v(y) := u(xo,y), and let yo € B and f € C%(B) be such
that

(v=f)yo) < (v—=f)y) forall yeJ\{y}, (5.3)

where J is an arbitrary compact subset of B containing yq in its interior. For
each integer n, define

onl(z,y) == fly) —nlz —x0)*> for (z,y) € Ax B,
and let (z,,,y,) be defined by
(U= @) (Tn,yn) = IInin(u —¥n)
xJ
where [ is a compact subset of A containing x in its interior. We claim that

(TnyYn) — (xo,y0) and  w(zn,yn) — u(zo,yo) as n —> oco. (5.4)
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Before proving this, let us complete the proof. Since (xg,yo) is an interior point
of A x B, it follows from the viscosity property of u that

0 < F(xruynau(xnayn)vDy(Pn(fEn»yn)aD;‘Pn(xnayn))
= F(xnaynau(xnayn)7Df(yn)7D2f(yn))7

and the required result follows by sending n to infinity.

We now turn to the proof of (5.4). Since the sequence (2, Yn )n is valued in
the compact subset A x B, we have (z,,y,) — (Z,9) € A x B, after passing
to a subsequence. Observe that

A

Wn, Yn) = fWn) < w(@n,yn) = f(yn) +nlz, — l‘0|2
= (u— ‘Pn)(l‘nayn)
< (u—n)(T0,%) = u(zo,y0) — f(yo) -

Taking the limits, this provides:it follows from the lower semicontinuity of u
that

u(@.0)~ F5) < ot u(en, ) - ) +nlo, - 2ol
< limsupu(zn, Yn) — f(yn) + nlzn — :C0|2 (5.5)
n—oo
< u(@o,y0) — f(%o)-

Since u is lower semicontinu, this implies that u(z, ) — f(g) +liminf,,_  n|z, —
20|? < u(xo,90) — f(yo). Then, we must have Z = x¢, and

(v= @) = ul@o,y) — f(y) < (v—f)vo),

which implies that § = yo in view of (5.3), and n|z, — o[> — 0. We also
deduce from inequalities (5.5) that u(x,, yn) — u(xo, yo), concluding the proof

of (5.4). ¢

5.4 Comparison result and uniqueness

In this section, we show that the notion of viscosity solutions is consistent with
the maximum principle for a wide class of equations. Once we will have such a
result, the reader must be convinced that the notion of viscosity solutions is a
good weakening of the notion of classical solution.

We recall that the maximum principle is a stronger statement than unique-
ness, i.e. any equation satisfying a comparison result has no more than one
solution.

In the viscosity solutions literature, the maximum principle is rather called
comparison principle.
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5.4.1 Comparison of classical solutions in a bounded do-
main

Let us first review the maxium principle in the simplest classical sense.

Proposition 5.11. Assume that O is an open bounded subset of R%, and the
nonlinearity F(xz,r,p, A) is elliptic and strictly increasing in r. Let u,v €
C?(cl(0)) be classical subsolution and supersolution of (E), respectively, with
u<wv ond0. Then u < v on cl(O).

Proof. Our objective is to prove that

M = sup(u—v) < 0. (5.6)
cl(0)

Assume to the contrary that M > 0. Then since cl(O) is a compact subset of
Rd, and u — v < 0 on 90O, we have:

M = (u —v)(xq) for some 2o € O with D(u — v)(x¢) = 0, D?(u —v)(xq) < 0.
(5.7)
Then, it follows from the viscosity properties of u and v that:

F(x0,u(0), Du(xo), D*u(xo)) < 0 < F(x0,v(z0), Dv(z0), D*v(x0))
< F(wo,u(wo) — M, Du(wy), D?u(w)),

where the last inequality follows crucially from the ellipticity of F'. This provides
the desired contradiction, under our condition that F' is strictly increasing in 7.

&

The objective of this section is to mimic the previous proof in the sense of
viscosity solutions. We first start by the case of first order equations where the
beautiful trick of doubling variables allows for an immediate adaptation of the
previous argument. However, more work is needed for the second order case.

5.4.2 Comparison of viscosity solutions of first order equa-
tions

A crucial idea in the theory of viscosity solutions is to replace the maximization
problem in (5.6) by:

M, = sup {u(m) —o(y) — E|ﬂc - y|2}, n>1, (5.8)
z,yecl(o) 2

where the concept of doubling variables separates the dependence of the func-
tions v and v on two different variables, and the penalization term involves the
parameter n which is intended to mimick the maximization problem (5.6) for
large n.
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Proposition 5.12. Let O be a bounded open subset of R?. Assume that the non-
lineary F(z,r,p) is independent of the A—wvariable, Lipshitz in the x—wvariable
uniformly in (r,p), and that there is a constant ¢ > 0 such that

F(x,7',p) — F(x,7,p) > c(r’ —7r) for allr’ > 7, x €cl(O), peRL  (5.9)

Let u,v € C°(cl(O)) be viscosity subsolution and supersolution of (E), respec-
tively, with w < v on 00. Then u < v on cl(O).

Proof. Suppose to the contrary that 7 := (u — v)(xg) > 0 for some zy € O, so
that the maximum value in (5.8) M,, > 7. Since u and v are continuous, we
may find for each n > 1 a maximizer (z,,y,) € cl(O)? of the problem (5.8):
n
M, = U'(xn) - U(yn) - §|$” - yn|2'

We shall prove later that

2, = n|z, —yn|> — 0, as n — oo, and x,,y, € O for large n. (5.10)
Observe that (5.8) implies that z,, is a maximizer of the difference (u — ), and
Yn is a minimizer of the difference (v — ¢), where

n 2 n 2

QD(:L') = v(yn)'i_g‘x_yn‘ , TE CI(O), 'l/}(y) = U(:L'n) - g‘xn _y| , T € CI(O)
Then, it follows from the viscosity properties of v and v that

F(J:n,u(xn),Dgo(xn)) <0< F(yn, v(yn),Dw(yn)), for large n.

Using the Lipshitz property of F' in x and the increaseness property (5.9), this
implies that

0 > F(2n0(Yn) + My + enyn(@n — yn)) — F(Yn, v(yn), n(xn — yn))
Z *|Fx|]L°°|:Cn 7yn| +C(Mn+5n)

In view of (5.10) and the fact that M, > n > 0, this leads to the required
contradiction.

It remains to justify (5.10). Let z* € cl(O) ba a maximizer of (u — v)
on cl(0), and denote by my,(z,y) the objective function in the maximization
problem (5.8). Let (Z,y) be any accumulation point of the bounded sequence
(T Yn)ns 1.6 (., Yn,,) — (T, §) for some subsequence (ny)x. Then, it follows
from the obvious inequality M,, = My, (Zn, Yn) > my(x*, 2*) that

lim sup %M‘nk — Yny, |2 < w(@ny,) = 0(Yn,,) — (u—v)(2)
k—o0
< (@) —o(y) — (u—v)(z"),

by the upper-semicontinuity of u and the slower-semicontinuity of v. This shows
that Z = g, and it follows from the definition of z* as a maximizer of (u — v)
that

lim sup [, — gy 2 < (u—0)(&) = (u—v)(x") <0,

k—o0
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and hence ng|,, —Yn, |*> — 0 as k — oo. By the arbitrariness of the converging
subsequence (T, , Yn, )&, We obtain that n|x, — y,|> — 0 as n — oc.

Finally, suppose that there is a subsequence (Zy, )k>1 C dO. Then, since
u < v on J0:

n < M'nk < u(xnk) - v(ynk) < U(xnk) - U(ynk) + Sg;l(:g)(u - U)

p(|xmk — ynk|) — 0, as k — oo,

IN

contradicting the positivity of 7. A similar argument shows that y, € O for
large n. ¢

In the previous proof, one can easily see that the condition that F' is uni-
formly Lipshitz in = can be weakened by exploiting the stronger convergence
of |2y, — yn| to 0 in (5.10). For instance, the previous comparison result holds
true under the monotonicity condition (5.9) together with the locally Lipschitz
condition:

|F (', r,p) — F(z,r,p)| < C(A+ p|)|z — 2’|

5.4.3 Semijets definition of viscosity solutions

In order to extend the comparison result to second order equations, we first
need to develop a convenient alternative definition of viscosity solutions. For
peR? and A € S, we introduce the quadratic function:

1
™y) = Py +5Ay-y, y € R%

For v € LSC(0), let (g, ) € Ox C?(O) be such that x is a local minimizer
of the difference (v — ) in O. Then, defining p := Dp(z0) and A := D?p(x),
it follows from a second order Taylor expansion that:

v(x) > v(zo) + ¢" (x — 20) + o(Jz — 20/?).

Motivated by this observation, we introduce the subjet J,v(xq) by

Jov(xg) = {(p, A) e R x Sy v(z) > v(20) + " (z — m0) + o]z — m0|?) }
(5.11)
Similarly, we define the superjet Ju(zo) of a function u € USC(O) at the point
xp € O by

Tgu@o) = {(p.A) € RY x 84 u(a) < ulao) + "z - a0) + oJo — wo?) )
(5.12)
Then, it can be proved that a function v € LSC(Q) is a viscosity supersolution
of the equation (E) if and only if

F(z,v(z),p,A) >0 forall (p,A)e€ Jyv(x).
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The nontrivial implication of the previous statement requires to construct, for
every (p, A) € J,v(z0), a smooth test function ¢ such that the difference (v—¢)
has a local minimum at zg. We refer to Fleming and Soner [6], Lemma V.4.1
p211.

A symmetric statement holds for viscosity subsolutions. By continuity con-
siderations, we can even enlarge the semijets ng(wo) to the folowing closure

JEw(z) = {(p, A) R x Syt (xn, w(xn), Pn, An) — (z,w(x),p, A)
for some sequence (Zp, P, An)n C Graph(ng)},
where (&, pn, A,) € Graph(J5w) means that (p,, A,) € JEw(z,). The follow-

ing result is obvious, and provides an equivalent definition of viscosity solutions.

Proposition 5.13. Consider an elliptic nonlinearity F', and let u € USC(O),
v € LSC(0).

(i) Assume that F is lower-semicontinuous. Then, u is a viscosity subsolution
of (E) if and only if:

F(z,u(z),p,A) <0 forall z€O and (p,A) € Jhu(z).

(ii) Assume that F is upper-semicontinuous. Then, v is a viscosity supersolu-
tion of (E) if and only if:

F(z,v(z),p,A) >0 forall z€ O and (p,A) € Jov(z).

5.4.4 The Crandall-Ishii’s lemma

The major difficulty in mimicking the proof of Proposition 5.11 is to derive an
analogous statement to (5.7) without involving the smoothness of u and v, as
these functions are only known to be upper- and lower-semicontinuous in the
context of viscosity solutions.

This is provided by the following result due to M. Crandall and I. Ishii. For
a symmetric matrix, we denote by |A| := sup{(A4E) - £ : |£] < 1}.

Lemma 5.14. Let O be an open locally compact subset of RY. Given u €
USC(O) and v € LSC(O), set m(z,y) = u(z) —v(y), z,y € O, and assume
that:

(m—¢)(zo,y0) = f%azx(m—éb) for some (z0,40) € O%, ¢ € C? (cl(0)?) . (5.13)
Then, for each € > 0, there exist A, B € Sy such that

(D2o(x0,90), A) € JGu(xo), (=Dy¢(z0,40), B) € Jov(yo),

and the following inequality holds in the sense of symmetric matrices in Saoq:

— (e + |D*¢(x0,90)|) T2a < ( gl —OB ) < D*¢(x0, y0) + eD*¢(w0, o).
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Proof. See Section 5.7. %
We will be applying Lemma 5.14 in the particular case
o(x,y) = %|x —y|? for z,ycO. (5.14)

Intuitively, sending « to oo, we expect that the maximization of (u(z) — v(y) —
é(x,y) on O? reduces to the maximization of (u — v) on O as in (5.7). Then,

taking e~! = «, we directly compute that the conclusions of Lemma 5.14 reduce
to

(a(mo — yo), A) € Jhu(zo), (a(wo — yo), B) € Jov(vo), (5.15)
and

Id 0 A 0 Id _Id
(B2 ) s (40 < B M) e
Remark 5.15. If u and v were C? functions in Lemma 5.14, the first and second

order condition for the maximization problem (5.13) with the test function (5.14)
is Du(wo) = a0 — yo), Dv(z0) = a(xo — yo), and

D?u(zo) 0 < Io —Iq
0 —D>u(y) ) = “\ -1, 1, )
Hence, the right-hand side inequality in (5.16) is worsening the previous second
order condition by replacing the coefficient « by 3a. &
Remark 5.16. The right-hand side inequality of (5.16) implies that

A < B. (5.17)

To see this, take an arbitrary ¢ € RY, and denote by &7 its transpose. From
right-hand side inequality of (5.16), it follows that

0 > (éT@T)(g‘ _OB>(§) — (A€ — (B €.
o

Before turning to the comparison result for second order equations, let us
go back to the

Proof of Proposition 5.8 Introduce the linear maps in (r, p, A):

Fy(z,r,p,A) = —fy(x) + ky(z)r — by(z) - p — %’I‘r[aﬁ,(az)zA] for all v €G.

In view of the representation (5.1), the functions u; and ug are viscosity subso-
lutions of the linear equations

F, (2, ui(z), Dui(z), D*u;(z)) <0, forall ~€G;i=1,2.
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1. Denote again A1 := A\, \g := 1 — ):, and set u = Ajuy + Aous. Let r > 0,
z° € By := B,(2°) C O, with closure By, and ¢ € C?(0) be such that
(u—)(2%) = strict max(u — ).
By

We shall use the doubling variable technique, and thus introduce:

. @
V(@ y) = A = 9)(2) + Aa(u2 = @) (y) = ¢z,y), with ¢(z,y) = S|z —yl*,
By the compactness of the closed ball By, we may find a maximizer (74, ys) of
¢ on By x By:

Ma = sup ¢ = ¢(xa,ya) for all « > 0.
BoXBo

We continue using the following claim, which will be proved later,

O‘|xa - ya|2 — 0, o — xov My, — (u - QD)('TO)V

and uy(2q) — u1(20), us(ya) — ua(z?). (5.18)

In particular, this implies that z,, y, € By for sufficiently large .
2. We are now in a position to apply the Crandall-Ishii Lemma 5.14. Then, we
may find matrices Ay, As € S; such that

(D2¢(arYa) + ADp(2a), A1) € Jb(Mur)(za) = ArJd (ur)(2a),
(Dyod(xar ya) + A2De(ya), A2) € Jg(Aauz)(ya) = Aadg (u2) (Ya),

with the matrix inequalities

A1 0 Id —Id /\1D2(p(l‘a) 0
< .
( 0 Ay ) - k“( A 0 A2D%o(y)
As u; and us are both viscosity subsolutions of the equation defined by the

nonlinearity F’,, this implies that

0 > MF, (xa,ul(ma)7)\f1Dx¢(xa,ya) + D(p(xa),)\flAl)
A2 E (Yo u2(Ya ), Ay ' Dyd(a, Ya) + Dp(ya), Ay ' Az)
= —Alfv(xoc) - >\2f7(ya) + Alkw(xa)ul(xa) + )\2]67(1/&)”2(904)
—Mby(za) - Dp(2a) = A2by(ya) - Dp(ya)

1
—§TI“ [O’?Y(JL‘Q)Al + Ug(ya)AQ] )

where we used the fact that D,¢ = —Dy¢ = a(x —y). Then, f,, k,,b, are
continuous, (5.18) yields

0 > —£,a%) + by (@u(a®) - b, () - Dip(a?)
f% lim inf Tr [oi(xa)Al + U,Qy(ya)Ag].

a—00
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Denoting A} := A1 — D?¢(z,), and A} := Ay — D?p(y,), it follows from the
calculation in Example 5.21 below that
Tr[0? (2a) A1 + 02 (ya)A2) = Tr[o2(2a)D*0(2a) + 02 (Ya) D*0(Ya)]
+Tr[of (za) A7 + 03 (ya) A

< Tr[o(za)D*0(24) + 02 (ya) D*¢(ya)]
+3aTr[(0y(za) — U’y(ya))Q]
< Tr[o?(za)D*0(20) + 02(Ya) D¢ (ya)]

+3L704|l‘a - ya|27

where L. is the Lipschitz constant of the coefficient o,. Using again (5.18) ,
this provides

0 > £ (a%) + ky (10)u(a®) — b, (%) - Dila®) — S Trlo? (+)Dp(a”)]

The required viscosity subsolution property follows from the arbitrariness of
v e G.

3. It remains to justify (5.18). As (Z4,¥a)a is bounded, we may find a con-
verging sequence (Zq,,, Ya, )n t0 some imiting point (£,7). By the definition of
(Za, Yo) as the maximizer of ¢, we have

(u—)(2°,9°) < limsupd(za,,Ya,)

n—00
2

IN

A(ur — @) (@) + A2(u2 — ¢)(9) — liminf o, |24, — Yo,

n—oo

This implies that & = g. Then,

(u—¢)(=°)

IN

liminf ¢(xq, , Yo, )
n— o0

A

> limsup(ﬁ(aﬂ%,yan) S (uiso)(iq)

n—oo

As 20 is a strict maximizer of the difference u — ¢, we conclude that # = 2°. In
particular, since any subsequence of (z,¥.) converges to (2°,9y"), we deduce
that (4, ya) — (2°,9°), and we may repeat the previous sequence of inequal-
ities with @ — oo, and obtain that all inequalities are in fact equalities. Conse-
quently, we also have a|z, —yo|? — 0, and limsup,,_, .o AM1u1(Ta) +A2u2(Ya) =
u(x?). The last convergence result, together with the upper semicontinuity of
ug, implies that

Apliminfug (o) = Hm Aju@a) + Aauz(Ya) — A2 limsup uz(ya) < Alul(aco).
a—r 00 o—> 00 a— 00

As uy is upper semicontinuous, this implies that ui(r,) — u1(2°). By the
same argument, we obtain that us(ys) — u2(2°). O
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5.4.5 Comparison of viscosity solutions in a bounded do-
main

We now prove a comparison result for viscosity sub- and supersolutions by
using Lemma 5.14 to mimic the proof of Proposition 5.11. The statement will
be proved under the following conditions on the nonlinearity F which will be
used at the final Step 3 of the subsequent proof.

Assumption 5.17. (i) There exists v > 0 such that
F(z,r,p,A) — F(z,r,p,A) > ~v(r — ') for all v > v, (z,p,A) € O x R? x Sg.
(il)  There is a function w : Ry — Ry with w(0+) = 0, such that
F(y,r,a(z —y),B) — F(z,r,a(z — y),A) < @ (a|z — y[* + |z — y|)
forallz,y € O, r € R and A, B satisfying (5.16).

Remark 5.18. Assumption 5.17 (ii) implies that the nonlinearity F' is elliptic.
To see this, notice that for A < B, £,n7 € R?, and € > 0, we have

AL- &= (B+elgn-n < BE-E—(B+elg)n-n
2-B(—n)+B(E—n) (E—n) —enl?
e BE—nP+BE-n)-(E—n)

1B (1+¢7'|B]) ¢ —nl*.

VANVAN

For 3a > (1 + ¢~ Y B|)|B], the latter inequality implies the right-hand side of
(5.16) holds true with (A, B 4 €l). For ¢ sufficiently small, the left-hand side
of (5.16) is also true with (A, B + ely) if in addition a > |A| V |B|. Then

F(x—o 'p,r,p,B+el)— F(z,r,p,A) < @ (o '(Ip]*+Ip])),

which provides the ellipticity of F' by sending @ — oo and € — 0. &

Theorem 5.19. Let O be an open bounded subset of R and let F be an elliptic
operator satisfying Assumption 5.17. Let u € USC(O) and v € LSC(O) be
viscosity subsolution and supersolution of the equation (E), respectively. Then

u<vondO = u<wvonO:=clO).
Proof. As in the proof of Proposition 5.11, we assume to the contrary that
0:=(u—v)(z) >0 forsome zeO. (5.19)

Step 1: For every a > 0, it follows from the upper-semicontinuity of the differ-
ence (v — v) and the compactness of O that

Mo = suwp {U(:E) —w(y) — %Iw — yl2}

2 |20 = yal? (5.20)

— u(@a) - vlya) ~ 5|
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for some (24,yo) € O x O. Since O is compact, there is a subsequence
(ZnyYn) = (Ta,,Ya,), » = 1, which converges to some (Z,9) € O x O. We
shall prove in Step 4 below that

& =1, anlry —ya|* — 0, and M,, — (u—v)(z&) = sup(u —v). (5.21)

Then, since © < v on 90 and

Q
7"|xn — yn|? (5.22)

by (5.19), it follows from the first claim in (5.21) that (z,,yn) € O x O.

Step 2: Since the maximizer (2, yn) of My, defined in (5.20) is an interior point
to O x O, it follows from Lemma 5.14 that there exist two symmetric matrices
An, B, € S, satistying (5.16) such that (z,,, an(Tn — Yn), An) € jgu(acn) and
(Yn, n(Tr, — Yn), Bn) € Jov(ys). Then, since u and v are viscosity subsolu-
tion and supersolution, respectively, it follows from the alternative definition of
viscosity solutions in Proposition 5.13 that:

F(zp,u(wn), an(Tn — yn), An) <0 < F (Yn, v(Yn), @n(Tn — Yn), Bn) . (5.23)
Step 3: We first use the strict monotonicity Assumption 5.17 (i) to obtain:

70 < y(uln) —v(yn) < F (zn,ul@n), an(@n —yn), An)
—F (Zn, 0(Yn), n(Tn — yn), An) -

0 < My, = u(xn) - U(yn) -

By (5.23), this provides:
V0 < F(Yn, v(yn), n(Tn = Yn)s Bn) = F (2, 0(Yn); n(@n = yn), An) -
Finally, in view of Assumption 5.17 (ii) this implies that:
v < @ (an|mn — ynl® + 0 — ynl) -

Sending n to infinity, this leads to the desired contradiction of (5.19) and (5.21).
Step 4: It remains to prove the claims (5.21). By the upper-semicontinuity of
the difference (u — v) and the compactness of O, there exists a maximizer z* of
the difference (v — v). Then

. |mn - yn|2'

(1= 0)(@") < Ma, = u(zn) = v(ya) = 5

Sending n — oo, this provides

IN

- 1
(= ~limsup o, |z, — yn|? limsupu(zq, ) — (Yo, ) — (u—v)(x")
2 n—oo n—o00

u(z) —v(g) = (u—v)(z");

in particular, £ < oo and & = ¢. Using the definition of z* as a maximizer of
(u —v), we see that:

IN

0<?¢ < (u—v)@) —(u—ov)(z") < 0.
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Then Z is a maximizer of the difference (v — v) and M, — supp(u —v). <
We list below two interesting examples of operators F' which satisfy the
conditions of the above theorem:
Example 5.20. Assumption 5.17 is satisfied by the nonlinearity
F(z,r,p,A) = 77+ H(p)

for any continuous function H : R — R, and v > 0.
In this example, the condition v > 0 is not needed when H is a convexr and
H(Dp(x)) < a <0 for some ¢ € CH(O). This result can be found in [1].

Example 5.21. Assumption 5.17 is satisfied by
F(CUW,P;A) = _TT(UU/(.’IJ)A)—F’}/ﬁ

where o : RY — Sy is a Lipschitz function, and v > 0. Condition (i) of
Assumption 5.17 is obvious. To see that Condition (ii) is satisfied, we consider
(A,B,a) € 8 x 84 x R satisfying (5.16). We claim that

d
TMMTA-NNTB] < 30|M — N> = 30 Y (M -~ N)2.

1,j=1

To see this, observe that the matriz

o NNT NmT
' MNT ypmT

is a non-negative matriz in Sq. From the right hand-side inequality of (5.16),
this implies that
A 0
wle(d %)

I, —I
3aTr {C( 1, I ﬂ

3aTr [(M ~N)(M — N)T] = 3a|M — NJ.

MM Ta - NNTB

IA

5.5 Comparison in unbounded domains

When the domain O is unbounded, a growth condition on the functions v and
v is needed. Then, by using the growth at infinity, we can build on the proof of
Theorem 5.19 to obtain a comparison principle. The following result shows how
to handle this question in the case of a sub-quadratic growth. We emphasize
that the present argument can be adapted to alternative growth conditions.
The following condition differs from Assumption 5.17 only in its part (ii)
where the constant 3 in (5.16) is replaced by 4 in (5.24). Thus the following
Assumption 5.22 (ii) is slightly stronger than Assumption 5.17 (ii).
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Assumption 5.22. (i) There exists v > 0 such that
F(x,r,p, A) — F(z,r’,p, A) > ~v(r — 1) for all v > 7', (x,p, A) € O x R x S,.
(ii)  There is a function w : Ry — Ry with w(0+) = 0, such that

F(y,r,a(x - y)?B) - F(x,r,a(x - y)?A) S w (Oé|.2? - y|2 + |JI - yl)
forallxz,y € O, r € R and A, B satisfying
Iy 0 A 0 Iy -1
— < < . .
W(B OV (48 Y su( B B
Theorem 5.23. Let F' be an elliptic operator satisfying Assumption 5.22 with
F uniformly continuous in the pair (p, A). Let uw € USC(O) and v € LSC(O)

be viscosity subsolution and supersolution of the equation (E), respectively, with
|u(z)| + |v(x)] = o(|x]) as |z| = co. Then

u<vondO = u<wvoncO).

Proof. We assume to the contrary that

§:=(u—v)(z) >0 forsome z¢€RY (5.25)
and we work towards a contradiction. Let
My = sup u(z)—v(y) — é(z,y),
x,yceRa

where

$(x.y) = (e -yl +elaf* +ely?).

1

2
1. Since u(z) = o(|z|?) and v(y) = o(|y|?) at infinity, there is a maximizer
(Za, Yo) for the previous problem:

My = u(za) —v(Ya) — (Ta) Ya)-
Moreover, there is a sequence «a,, — oo such that
(@nsUn) == (TansYa,) — (Zes0e),
and, similar to Step 4 of the proof of Theorem 5.19, we can prove that z. = g,

|ty — yn|? — 0, and M, — M, := sup (u —v)(x) —elz[>.  (5.26)
z€R4
Notice that M,, > (u—v)(z) — ¢(z,2) > 6 —¢lz|> > 0, by (5.25). then, for
sufficiently small € > 0, we have

0<d— E|Z|2 < Hmsup Man = limsup {u(xn) - v(yn) - (b(xnayn)}

n— oo n—oo

IN

lim sSup {u(xn> - v(yn))}
n—oo

lim sup u(z,,) — lim inf v(y,,)
n—00 n—00

(u =) ().

AN

IA
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Since u < v on 90, we deduce that & ¢ 0O and therefore (z,,y,) is a local
maximizer of u — v — ¢.
2. By the Crandall-Ishii Lemma 5.14, there exist A,, B, € S,, such that

(Ded(Tns yn)s An) € Tg ultn, ),

(_Dy¢(xn)yn),Bn) = j(?_v(t’ruyn), (527)

and
~(an +|D76(z0, o) f2a < ( %n —?3” > < D?*¢(n, yn) + O%D%(xmyn)?.
(5.28)

In the present situation, we immediately calculate that

D$¢)(xn7yn) = an(xn - yn) + ETn, — quﬁ(-rnvyn) = an($n - yn) - 6yn

and
I, -1y
D2 nyYn = +el y
(b(x Yy ) Oé( _Id Id > € lad

which reduces the right hand-side of (5.28) to

A, 0 1 —1, g2
( 0 B, ) < (Bay + 2¢) ( _;d Idd ) + (e + a) Ig, (5.29)
while the left land-side of (5.28) implies:

_3anI2d S ( /(1)” —OBn ) (530)

3. By (5.27) and the viscosity properties of u and v, we have
F(zn,u(zn), 0n(Tn — yn) + 20, An) <0,
F(ynvv(yn)aan(xn _yn) _€ynaBn) > 0.

Using Assumption 5.22 (i) together with the uniform continuity of F' in (p, 4),
this implies that:

’Y(U‘(xn) - U(yn)) < F(ynau(mn)aan(xn - yn) — EYn; Bn)
_F(y"’ U(y")’ Oén(In - yn) — EYn, Bn)

< F(ynvu<xn)7an(l'n —Yn) _Ey'mBn)
*F(g%u u(zn), Oén(xn - yn) + Exq, An)
< F(ynvu(xn)van(xn - yn)a

~n)
_F(-Tmu(wn);an(xn - yn)aAn) + C(E(l + |xn‘ + |yn|))7

where ¢(.) is a modulus of continuity of F in (p, 4), and A, = A, — 2l
B,, := B, + 2¢l4. By (5.29) and (5.30), we have

A, 0 I, —I4
—daly < . <4
‘“d—(o —Bn)_ O‘(—Id Id)’
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for small €. Then, it follows from Assumption 5.22 (ii) that
Y(w(zn) —v(@,)) < w(anlen = yal® + 20 = ynl) + e(e(1 + 2] + |yal))-
By sending n to infinity, it follows from (5.26) that:
(o1 + 202 ])) = 7 (Moo + elacf2) > 7Mac > 1(6 - l2I2),
and we get a contradiction of (5.25) by sending € to zero as long as
elte] — 0 as e \,0,

which we now prove. Indeed, we have that (u—v)(.) —¢|2:|? > (u—v)z—¢|z|?,
and therefore

(u—v)(Z)

- - — for small & > 0.
|Ze| 2|Ze|

glie] <

Using our condition |u(x)| = o(|z|) and |v(z)| = o(]z|) at infinity, we see that
whenever |Z.| is unbounded in e, the last inequality implies that || — 0. &

5.6 Useful applications

We conclude this section by two consequences of the above comparison results,
which are trivial properties in the context of classical solutions.

Lemma 5.24. Let O be an open interval of R, and U : O — R be a lower
semicontinuous viscosity supersolution of the equation DU > 0 on O. Then U
is nondecreasing on O.

Proof. For each € > 0, define W(x) := U(x) + ex, x € O. Then W satisfies in
the viscosity sense DW > ¢ in O, i.e. for all (xg,p) € O x C1(O) such that

(W =¢)(zo) = min(W —p)(a), (5.31)

we have Dp(xg) > e. This proves that ¢ is strictly increasing in a neighborhood
V of xg. Let (x1,22) C V be an open interval containing zy. We intend to prove
that

W(!L‘l) < W(xz), (532)
which provides the required result from the arbitrariness of zy € O.
To prove (5.32), suppose to the contrary that W(z,) > W(z2), and the

consider the function v(x) = W (xz3) which solves the equation

Dv = 0 on the open interval (z1,x2).
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together with the boundary conditions v(x1) = v(x2) = W(x2). Observe that
W is a lower semicontinuous viscosity supersolution of the above equation. From
the comparison result of Example 5.20, this implies that

sup (v—=W) = max{(v—W)(z1),(v —W)(z2)} < 0.

[z1,22]

Hence W(z) > v(z) = W(x2) for all z € [x1,z2]. Applying this inequality at
zo € (x1,22), and recalling that the test function ¢ is strictly increasing on
[x1,x2], we get :

W =9)(xo) > (W —=p)(22),
contradicting (5.31). O

Lemma 5.25. Let O be an open interval of R, and U : O — R be a lower
semicontinuous viscosity supersolution of the equation —D?*U > 0 on O. Then
U is concave on O.

Proof. Let a < b be two arbitrary elements in O, and consider some £ > 0
together with the function

Ula) (e\/g(bis) - eiﬁ(b75)> + U(b) (e\/g(s,a) — e*\/g(sfa))
vis) = eVe(b—a) _ o—+/E(b—a)

Clearly, v solves the equation
ev—D?*v=0 on (a,b), v=U on {a,b}.

Since U is lower semicontinuous it is bounded from below on the interval [a, b].
Therefore, by possibly adding a constant to U, we can assume that U > 0, so
that U is a lower semicontinuous viscosity supersolution of the above equation.
It then follows from the comparison theorem 6.6 that :

sup (v —=U) = max{(v—U)(a),(v=U)B)} = 0.
Hence,
U(a) eVe(b—s) _ o—VE(b—s) + U(b) oVE(s—a) _ —vE(s—a)
Us) > w(s) = ( ) ( )

e\/g(b*a) — e*\/g(b*a)
and by sending ¢ to zero, we see that

S—a

Uls) = (Ub)-Ula) 37—

+ U(a)

for all s € [a,b]. Let A be an arbitrary element of the interval [0,1], and set s
:= Aa+ (1 — A\)b. The last inequality takes the form :

Uha+(1—Nb) > AU(a)+ (1—NU®),

proving the concavity of U. &
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5.7 Proof of the Crandall-Ishii’s lemma

We start with two Lemmas. We say that a function f is A—semiconvex if
x+— f(x) + (\/2)|x|? is convex.

Lemma 5.26. Let f : RY — R be a A\—semiconvex function, for some X € R,
and assume that f(z) — $Bx -z < f(0) for all z € RYN. Then there exists
X € Sy such that

0,X) e T 10)NT*"f(0) and -y <X <B.

Our second lemma requires to introduce the following notion. For a function
v:RY — R and X > 0, the corresponding A—sup-convolution is defined by:

R A
) = sup {o(y) = Sl -’}
yeERN
Observe that
A\ A 2 A 2
MNa)+ Szl = sup {o(y) — Syl + Ay}
2 yERN 2

is convex, as the supremum of linear functions. Then
o™ is A — semiconvex. (5.33)

In [3], the following property is refered to as the magical property of the sup-
convolution.

Lemma 5.27. Let A\ > 0, v be a bounded lower-semicontinuous function, o

the corresponding A—sup-convolution.
() If (p, X) € J>T06(x) for some x € RN, then

2+ p oY _ _i 2
(. X) € 2 o(z+2) and (@) = v+ p/N) - 55 Ipl%

(i) For all x € RN, we have (0, X) € J>To(x)implies that (0,X) € J>Vv(x).

Before proving the above lemmas, we show how they imply the Crandall-
Ishii’s lemma that we reformulate in a more symmetric way.

Lemma 5.14 Let O be an open locally compact subset of R* and ui,us €
USC(O). We denote w(x1,x2) := uyi(z1) + uz(z2) and we assume for some
€ C?(cl0)?) and 2° = (29,29) € O x O that:

(w=p)@’) = max(w—p).

Then, for each € > 0, there exist X1, X € Sy such that
(D p(2°), X;) € T ui(29), i=1,2,
X, 0

and — (7' + |D2<p($0)|) Iz < < 0 X

) < D%p(2%) + eD%p(2%)%
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Proof. Step 1: We first observe that we may reduce the problem to the case
1
O =R 2°=0, u1(0) = uz(0) =0, and () = iAm -z for some A € S;.

The reduction to 2° = 0 follows from an immediate change of coordinates.
Choose any compact subset of K C O containing the origin and set 4; = u; on
K and —oo otherwise, ¢ = 1,2. Then, the problem can be stated equivalently in
terms of the functions @; which are now defined on R¢ and take values on the
extended real line. Also by defining

i(xi) = i(xi) = ui(0) = Dy p(0)  and - @(x) := p(z) — ¢(0) — Dp(0) - =

we may reformulate the problem equivalently with @;(x;) = 0 and @(x) =
3D%p(0)z -z +o(|z[?). Finally, defining ¢(x) := Az -z with A := D?p(0) +nlzq
for some n > 0, it follows that

Uy (z1)+ 2 (22) = P21, w2) < Ui (1) +HUz(z2)—P(21, 32) < U1 (0)+u2(0)—(0) = 0.

Step 2. From the reduction of the previous step, we have

2w(z) < Az-z
Az —y) - (v —y)Ay -y — 24y - (y — )

1
< A(ar—y)-(33—y)Ay~y+sA?y-y+glac—yl2
1
= A(z—y)~(x—y)+g|z—y\2+(A+€A2)y-y

< (AN —ylP + (A+eA)y -y

Set A := e 1 +|A| and B := A+cA2. The latter inequality implies the following
property of the sup-convolution:

. 1 .
W (y) = 5By -y < w(0) = 0.

Step 3: Recall from (5.33) that @ is A—semiconvex. Then, it follows from
Lemma 5.26 that there exist X € Syq such that (0, X) € 72’+12}A(0) ﬂjg’_u?’\(O)
and —\lg < X < B. Moreover, it is immediately checked that @™ (z1,22) =
@7 (z1) + 45 (x2), implying that X is bloc-diagonal with blocs X1, Xo € Sy.

Hence:
1 X, 0 2
—(e7 + A2 < ( 0 X, ) <A+cA

and (0, X;) € 7> @)(0) for i = 1,2 which, by Lemma 5.27 implies that (0, X;) €

72’+uf‘(0). O
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We coninue by turning to the proofs of Lemmas 5.26 and 5.27. The main
tools which will be used are the following properties of any semiconvex function
¢ : RY — R whose proofs are reported in [3]:

o Aleksandrov lemma: ¢ is twice differentiable a.e.

e Jensen’s lemma: if g is a strict maximizer of ¢, then for every r,é > 0,
the set

{z € B(zg,r) : # — ¢(z)+p-x has a local maximum at Z for some p € Bs }

has positive measure in R¥.

Proof of Lemma 5.26 Notice that ¢(z) := f(z) — 2Bz -z — |z|* has a strict
maximum at x = 0. Localizing around the origin, we see that ¢ is a semiconvex
function. Then, for every § > 0, by the above Aleksandrov and Jensen lemmas,
there exists ¢s and x5 such that

45,75 € Bs, D*p(x5) exists, and p(z5) + gs - 25 = loc-max{p(z) + gs - 2}
We may then write the first and second order optimality conditions to see that:
Df(xs) = —qs + Bxs +4lzs)®> and D?f(xs) < B+ 12|z5]>.

Together with the A—semiconvexity of f, this provides:
Df(zs) = O(5) and -\ < D?f(x5) < B+ 0(6?). (5.34)
Clearly f inherits the twice differentiability of ¢ at x5. Then
(Df(xs), D?f(x5)) € J>* f(x5) N T> f(x5)
and, in view of (5.34), we may send 4 to zero along some subsequence and obtain
a limit point (0, X) € J%F £(0) N J%~ f£(0). &
Proof of Lemma 5.27 (i) Since v is bounded, there is a maximizer:
M) = o) - Sl (5.35)
By the definition of 9* and the fact that (p, A) € J>%i(x), we have for every

o'y € RN:

A
@' —y']* < 0(a")

U(y') D)

§ﬁ(x)+p~(x'fx)+%A(x’fx)~(x’—x)+o(:c/fx)

o(y)~ Slo =yl +p (@~ 2) + AW —2) (2~ 2) +ofa’ ~ ),
(5.36)
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where we used (5.35) in the last equality.
By first setting 2’ = ¢’ +y — « in (5.36), we see that:

1
o(y) <vly)+p- W —y) + §A(y’ —y)-(y —y)+o(y —y) foral y eR",

which means that (p, A) € J>Tv(y).
On the other hand, setting ' = y in (5.36), we deduce that:

!
o' —a) (FEE R ) 2 oo,

which implies that y = = + £.

(i) Consider a sequence (2, P, Ayn) With (2, 9 (), P, An) — (2,92 (2),0, A)
and (py,, Ay,) € J>T9*(z,). In view of (i) and the definition of J2v(z), it only
remains to prove that

U(mn—i—%) —  o(x). (5.37)

To see this, we use the upper semicontinuity of v together with (i) and the
definition of 97

v(z) > limsupv<xn + an)
> lim infv(xn + p—n)
n A

1
= lirrln@’\(zn)nta\pn\z = Mz) > v(x).
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Chapter 6

DyNAMIC PROGRAMMING
EQUATION IN VISCOSITY
SENSE

6.1 DPE for stochastic control problems

We now turn to the stochastic control problem introduced in Section 2.1. The
chief goal of this section is to use the notion of viscosity solutions in order to
relax the smoothness condition on the value function V' in the statement of
Propositions 2.4 and 2.5. Notice that the following proofs are obtained by slight
modification of the corresponding proofs in the smooth case.

Remark 6.1. Recall that the general theory of viscosity applies for nonlinear
partial differential equations on an open domain O. This indeed ensures that
the optimizer in the definition of viscosity solutions is an interior point. In the
setting of control problems with finite horizon, the time variable moves forward
so that the left boundary of the time interval is not relevant. We shall then
write the DPE on the domain S = [0,7) x R%. Although this is not an open
domain, the general theory of viscosity solutions is still valid.

We first recall the setting of Section 2.1. We shall concentrate on the finite
horizon case T' < oo, while keeping in mind that the infinite horizon problems
are handled by exactly the same arguments. The only reason why we exclude
T = oo is because we do not want to be diverted by issues related to the
definition of the set of admissible controls.

Given a subset U of R*, we denote by U the set of all progressively measur-
able processes v = {14, t < T} valued in U and by Uy := U NH2. The elements
of Uy are called admissible control processes.

The controlled state dynamics is defined by means of the functions

b: (t,z,u) €eSxU — b(t,z,u) € R”

91
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and
o: (tx,u) eSxU — o(t,z,u) € Mg(n,d)
which are assumed to be continuous and to satisfy the conditions

[b(t, z,u) — b(t,y,u)| + |o(t,z,u) —o(t,y,u)| < Kl|z—yl, (6.1)
b(t,z,u)|[ + ot z,u)| < K (1+[2]+ [ul]). (6.2)

for some constant K independent of (¢,z,y,u). For each admissible control
process v € Uy, the controlled stochastic differential equation :

dXt = b(t,Xt,l/t>dt +0’(t,Xt,l/t)th (63)

has a unique solution X, for all given initial data ¢ € L?(Fp,P) with

E { sup |X;’2} < C(1+E[})et forall te[0,T] (6.4)

0<s<t
for some constant C'. Finally, the gain functional is defined via the functions:
fok : [0,T)xRIxU — R and g : R? — R
which are assumed to be continuous, ||k~ ||e < 00, and:
[ft )] +g(@)] < K+l +[2]?),
for some constant K independent of (¢,x,u). The cost function J on [0,T] x

R x U is:

J(t,z,v)=E

T
/ 5y(t7 S)f(S’ X,z,x7’/7ys)d8+/8’/(t7 T)g(X;I7V)‘| ) (6.5)
t
when this expression is meaningful, where

S
5ts) = exp (= [ kn X000 )dr),
t

and {X5/®", s > t} is the solution of (6.3) with control process v and initial
condition X[ = x. The stochastic control problem is defined by the value
function:

V(t,x) := sup J(t,z,v) for (t,z)€S. (6.6)
veUy

We recall the expression of the Hamiltonian:

H(.,rpA):= 21618 <f(.,u) —Ek(,u)r+b(,u)-p+ ;Tr[UUT(.,u)A}) , (6.7)
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and the second order operator associated to X and :
1
L% = —k(,uw)v+b(.,u) Dv+ §Tr[UJT(.,u)D21)}, (6.8)

which appears naturally in the following [t6’s formula valid for any smooth test
function v:

dB” (0, t)u(t, X¥) = (0, 1) ((at +LYYu(t, XV )dt + Do(t, XY) - o(t, X7, Vt)th>.

Proposition 6.2. Assume that V is locally bounded on [0,T) x R?. Then, the
value function V' is a viscosity supersolution of the equation

—9,V(t,x) — H (t,,V(t,z),DV(t,z),D*V(t,x)) > 0 (6.9)
on [0,T) x R
Proof. Let (t,x) € S and € C?%(S) be such that

0= WVi—9p)(tz) = msin (Vi — ). (6.10)

Let (t,,,x,)n be a sequence in S such that
(tn,xn) — (t,xz) and V(t,,z,) — Vi(t, ).
Since ¢ is smooth, notice that
M = V(tn, zn) — p(tn, z,) —> 0.

Next, let u € U be fixed, and consider the constant control process v = u. We
shall denote by X" := X?»®n" the associated state process with initial data
X' = xp. Finally, for all n > 0, we define the stopping time :

0, = inf{s>t, : (s—tn, X —2x,) €[0,h,) x aB},
where a > 0 is some given constant, B denotes the unit ball of R", and

hn = Vv |nn|1{"7n5£0} +n_11{7]n:0}‘

Notice that 6,, — t as n — oo.
1. From the first inequality in the dynamic programming principle of Theorem
2.3, it follows that:

On
0 < E|V(tn,2n) — B(tn, 00)Vi(On, Xg ) — B(tn,r)f(r, X", v )dr

tn

Now, in contrast with the proof of Proposition 2.4, the value function is not
known to be smooth, and therefore we can not apply It6’s formula to V. The



94 CHAPTER 6. DPE IN VISCOSITY SENSE

main trick of this proof is to use the inequality Vi > ¢ on S, implied by (6.10),
so that we can apply It6’s formula to the smooth test function ¢:

0 < n,+E

0n
@(tny xn) - 6(tn; Gn)@(ena X(?n) - /t B(tn7 ’I”)f(’l“, X:La Vr)dr]

0

nn—El B(tn»r)(atﬁo""‘C@_f)<r7X?>u>dT1
tn

0

—E

tn

B(tna T)D(p('l", X;L)U(Ta X:"l7 u)dWT‘| )

where 0, denotes the partial derivative with respect to t.

2. We now continue exactly along the lines of the proof of Proposition 2.5.
Observe that S(t,,r)Dy(r, X")o(r, X", u) is bounded on the stochastic interval
[tn, 0rn]. Therefore, the second expectation on the right hand-side of the last
inequality vanishes, and :

n 1 On
?“;_Elhn/tn 5(tn,7’)(at§0+£'tp—f)(T,Xr,u)dr] > 0.

We now send n to infinity. The a.s. convergence of the random value in-
side the expectation is easily obtained by the mean value Theorem; recall
that for n > N(w) sufficiently large, 6,(w) = hy,. Since the random vari-
able h ! fte" Btn, r)(L @ — f)(r, X7, u)dr is essentially bounded, uniformly in
n, on the stochastic interval [t,,, 0,], it follows from the dominated convergence
theorem that :

—Owp(t, x) — L (t,x) — f(t,2,u) = 0,

which is the required result, since v € U is arbitrary. &

We next wish to show that V satisfies the nonlinear partial differential equa-
tion (6.9) with equality, in the viscosity sense. This is also obtained by a slight
modification of the proof of Proposition 2.5.

Proposition 6.3. Assume that the value function V is locally bounded on S.
Let the function H be finite and upper semicontinuous on [0,T) x R x R? x S,
and ||kT||oo < 00. Then, V is a viscosity subsolution of the equation

—0,V(t,x) — H (t,z,V(t,z),DV(t,z),D*V(t,z)) < 0 (6.11)
on [0,T) x R™.
Proof. Let (to, o) € S and ¢ € C*(S) be such that

0 = (V" =9)(to,z0) > (V¥ —p)(t,x) for (t,z) €S\ {(to,z0)}(6.12)
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In order to prove the required result, we assume to the contrary that
h(to, o) = Oup(to,z0) + H (to, o, (to, 7o), Do(to, z0), D*¢(to, 20)) < 0,

and work towards a contradiction.
1. Since H is upper semicontinuous, there exists an open neighborhood N, :=
(to — r,to + 1) X rB(to,zo) of (to, o), for some r > 0, such that

h = 9o+ H (.,0,Dp,D*¢0) <0 on N,. (6.13)
Then it follows from (6.12) that

—operlF e max (V*—p) < 0. (6.14)
n

Next, let (5, 2n)n be a sequence in N such that
(tn,xn) — (to,x0) and V(tn,z,) — V*(to, o).

Since (V' — ¢)(tn,zn) —> 0, we can assume that the sequence (t,,x,) also
satisfies :

[(V—)(tn,zn)| < n foral n>1. (6.15)
For an arbitrary control process v € Uy, , we define the stopping time
0¥ :=inf{t > t, : X" & N},

and we observe that (HZ,X;L“CE"’”) € ON, by the pathwise continuity of the
controlled process. Then, with 87 := ”(t,,s), it follows from (6.14) that:

B (O, Xgo ™) = 24 B,V (01, X ™). (6.16)
2. Since 7 =1, it follows from (6.15) and It6’s formula that:
V(tn,zn) > —0+@(tn,zn)

Biw (04, Xgo ™) — / C B0+ L) (s, Xl ds|
tn

05,
B0 X3 )+ [ B () = ) (5, X0 e
t

n

vV
|
3
+
&=

>+ E[Bp(0n Xipm )+ B f(s,Xﬁ'“””"’”,z/S)ds}
by (6.13). Using (6.16), this provides:

o
V(tn,zn) > n+E[Bng*(0,‘;,X§g’m"’”)+/ BY (s, XL ) ds .
t

n



96 CHAPTER 6. DPE IN VISCOSITY SENSE

Since n > 0 does not depend on v, it follows from the arbitrariness of v €
U, that latter inequality is in contradiction with the second inequality of the
dynamic programming principle of Theorem (2.3). O

As a consequence of Propositions 6.3 and 6.2, we have the main result of
this section :

Theorem 6.4. Let the conditions of Propositions 6.3 and 6.2 hold. Then, the
value function V is a viscosity solution of the Hamilton-Jacobi-Bellman equation

-0,V —H (-, V,DV,D*V) =0 on 8. (6.17)

The partial differential equation (6.17) has a very simple and specific depen-
dence in the time-derivative term. Because of this, it is usually referred to as a
parabolic equation.

In order to a obtain a characterization of the value function by means of
the dynamic programming equation, the latter viscosity property needs to be
complemented by a uniqueness result. This is usually obtained as a consequence
of a comparison result.

In the present situation, one may verify the conditions of Theorem 5.23. For
completeness, we report a comparison result which is adapted for the class of
equations corresponding to stochastic control problems.

Consider the parabolic equation:

du+ G (t,z,Du(t,z),D?u(t,z)) = 0 on 8, (6.18)
where G is elliptic and continuous. For v > 0, set

GP(t,a,p,A) = sup{G(s,y,p,A) : (s,y) € Bs(t,z;7)},
G (t,x,p,A) = inf{G(s,y,p,A) : (s,y) € Bs(t,z;7)},

where Bg(t,r;7) is the collection of elements (s, ) in S such that |t—s|?+|z—y|?
< »2. We report, without proof, the following result from [6] (Theorem V.8.1
and Remark V.8.1).

Assumption 6.5. The above operators satisfy:

lim SUPeN\ 0 {G+’Y£ (te, Te,pe, Ae) — G (Se, Yes Pe, Be) }
(6.19)

< Const ([to = so| + |zo — yol) [1 + [po| + e (|to — so| + |20 — yol)]

for all sequences (t.,xzc), (se,y:) € [0,T) x R, p. € R", and v > 0 with :

((tsvl's)v(ss,ye)apeays) — ((t03x0)7(307y0)ap0a0) as ¢ \,1 0,

and symmetric matrices (Ae, B:) with

A, 0 I, -1,
it (B 0) 2By E)

for some « independent of €.
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Theorem 6.6. Let Assumption 6.5 hold true, and let u € USC(S), v € LSC(S)
be viscosity subsolution and supersolution of (6.18), respectively. Then

sup(u —v) = sup(u—v)(T,-).
s R™

A sufficient condition for (6.19) to hold is that f(-,-,u), k(-,-,u), b(-, -, u),
and o(-,-,u) € CY(S) with

[belloc + [1bzlloc + [[otlloc + lloalloc < o0
|b(t, z,u)| + |o(t, z,u)| < Const(l+ |z|+ |u]);

see [6], Lemma V.8.1.

6.2 DPE for optimal stopping problems

We first recall the optimal stopping problem considered in Section 3.1. For
0 <t <T < oo, the set Tj; 7 denotes the collection of all F—stopping times
with values in [t,T]. The state process X is defined by the SDE:

dXt = /L(t,Xt)dt+U(t,Xt)th, (620)

where p and o are defined on S := [0,7) x R", take values in R" and S,,,
respectively, and satisfy the usual Lipschitz and linear growth conditions so
that the above SDE has a unique strong solution satisfying the integrability of
Theorem 1.2.

For a measurable function g : R® — R, satisfying E [supy<, . [9(X;)|] <
00, the gain criterion is given by:

J(t,z,7):=E[g(XL") 1rcoe] forall (t,z) €S, 7€ Tpq. (6.21)

Here, X** denotes the unique strong solution of (3.1) with initial condition
Xtt ¥ = z. Then, the optimal stopping problem is defined by:

V(t,x) := sup J(t,z,7) forall (¢t,x)€S. (6.22)

Te7—[t,T]

The next result derives the dynamic programming equation for the previous
optimal stopping problem in the sense of viscosity solution, thus relaxing the
C1? regularity condition in the statement of Theorem 3.4. As usual, the same
methodology allows to handle seemingly more general optimal stopping prob-
lems:

Vit,z) = sup J(t,z,7), (6.23)
7'67-[t,T]
where
- T
J(t,z,7) = E / ﬂ(t,s)f(s,Xé’x)derﬂ(t,T)g(Xi’z)l{T<oo} ,
t

B(t,s) = exp(—/tS k(u,Xflr)du).
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Theorem 6.7. Assume that V is locally bounded, and let g : R — R be
continuous. Then V is a viscosity solution of the obstacle problem:

min{—(0, + AV ,V—-g} =0 on S. (6.24)

Proof. (i) We first show that V' is a viscosity supersolution. As in the proof of
Theorem 3.4, the inequality V' — g > 0 is obvious, and implies that V, > g. Let
(to, o) € S and ¢ € C?(S) be such that

0= (Vi—p)(to,z0) = msin(V* — ).

To prove that —(9; + A)p(to, o) > 0, we consider a sequence (ty,Zn)n>1 C
[to — h,to + h] X B, for some small h > 0, such that

(tn,xn) — (to,xo) and V(tn,xn) — Vi(to, zo).

Let (hy,)n be a sequence of positive scalars converging to zero, to be fixed later,
and introduce the stopping times

O =inf {t >t (6, X;""") & [tn — hn,tn + hy] x B}.

Then 0} € 7&1} for sufficiently small h,,, and it follows from (3.10) that:

Vite,oa) = E|[V. (65, Xop )]
Since V, > ¢, and denoting 7, := (V — ¢)(tn, x,), this provides

M+ p(tn, 2n) > E [90 ( b Xop )} where 7, — 0.
We continue by fixing

hn = V|77n|1{77n7£0}+n711{7’n:0}’

as in the proof of Proposition 6.2. Then, the rest of the proof follows exactly the
line of argument of the proof of Theorem 3.4 combined with that of Proposition
6.2.

(ii) We next prove that V' is a viscosity subsolution of the equation (6.24). Let
(to,z0) € S and ¢ € C?(S) be such that

0 = (V*¥—=p)(to,xo) = strict max (V* — ),
assume to the contrary that
(V* —g)(to,z0) >0 and —(8; + A)p(to,xo) >0,

and let us work towards a contradiction of the weak dynamic programming
principle.
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Since g is continuous, and V*(tg,z0) = ¢(to,z¢), we may finds constants
h >0 and § > 0 so that

p>g+dand — (O +A)p >0 on N, :=[to,to +h] x hB, (6.25)

where B is the unit ball centered at xg. Moreover, since (tg, o) is a strict
maximizer of the difference V* — ¢:

- = * - . 2
gl g}g}f(V p) <0 (6.26)

let (¢, z,) be a sequence in S such that
(tn,xn) — (to,x0) and V(tn,xn) — V*(to,x0)-
We next define the stopping times:
0, = inf{t>t,: (t,Xf"’m") ¢ Nn},

and we continue as in Step 2 of the proof of Theorem 3.4. We denote 7, :=
V(tn,xn) — @(tn,xn), and we compute by It6’s formula that for an arbitrary
stopping rule 7 € 73 Pk

TNO,
0 (T NOn, Xrpe,) — / (0 + A)p(t, X;)dt| ,
t

n

= M +E

where the diffusion term has zero expectation because the process (¢, Xtt Y g
confined to the compact subset A}, on the stochastic interval [t,,, 7 A 6,,]. Since
—(0¢ + A)p > 0 on N}, by (6.25), this provides:

V(tn, vn) nn +E [SD (1, X7) 1{7-<«9n} + ¢ (0n, Xo,,) 1{7—2‘%}]
M +E[(9(X7) +0) Lz<o,y + (V7 (00, Xo,) +7) Lo, 57}
M+ Y NS+ E[g(Xr) Lrco,y + V7 (0n, Xo,) Lig, >3] »
where we used the fact that ¢ > g+ § on N}, by (6.25), and ¢ > V* + v on
ONy, by (6.26). Since 1, 1= (V = ¢)(tn, zn) —> 0 as n — o0, and 7 € T; 4 is
arbitrary, this provides the desired contradiction of (3.9).

(AVARAVARAY,

6.3 A comparison result for obstacle problems

In this section, we derive a comparison result for the obstacle problem:
min { F(.,u, du, Du, D*u),u—g} =0 on [0,T) x R?
u(T,.)=g.

The dynamic programming equation of the optimal stopping problem (6.23)
corresponds to the particular case:

(6.27)

1
F(.,u,0u, Du,D*u) = 0y +b- Du+ §TT[JO'TD2U] — ku+ f.
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Theorem 6.8. Let F' be a uniformly continuous elliptic operator satisfying
Assumption 5.22. Let u € USC(O) and v € LSC(O) be wiscosity subsolution
and supersolution of the equation (6.27), respectively, with sub-quadratic growth.
Then

uw(T,.) <u(T,.) = wu<wvonl0,T] xR

Proof. This is an easy adaptation of the proof of Theorem 5.23. We adapt the
same notations so that, in the present, = stands for the pair (¢,z). The only
difference appears at Step 3 which starts from the fact that

min {F (@, u(xn), n(Tn — Yn) + €Tn, An), u(zn) — g(zn)}
min { F(yn, v(Yn), @n(Tn — Yn) = €Yn, Bn), v(Yn) — 9(yYn)}

)

0,

IV IA

This leads to two cases:

- Either w(z,) —g(z,) < 0 along some subsequence. Then the inequality v(y,)—
g(yn) > 0 leads to a contradiction of (5.25).

- Or F(zp,u(zn), on(zn — yy) + €xn, Ap) < 0, which can be combined with the
supersolution part F(yn,v(yn), n(Tn — Yy) — €Yn, Brn) > 0 exactly as in the
proof of Theorem 5.23, and leads to a contradiction of (5.25). &



Chapter 7

STOCHASTIC TARGET
PROBLEMS

7.1 Stochastic target problems

In this section, we study a special class of stochastic target problems which
avoids to face some technical difficulties, but reflects in a transparent way the
main ideas and arguments to handle this new class of stochastic control prob-
lems.

All of the applications that we will be presenting fall into the framework of
this section. The interested readers may consult the references at the end of
this chapter for the most general classes of stochastic target problems, and their
geometric formulation.

7.1.1 Formulation

Let T > 0 be the finite time horizon and W = {W;, 0 < t < T} be a d-
dimensional Brownian motion defined on a complete probability space (2, F,P).
We denote by F = {F;, 0 <t < T} the P-augmentation of the filtration gener-
ated by W.

We assume that the control set U is a convex compact subset of R% with
non-empty interior, and we denote by U the set of all progressively measurable
processes v = {13, 0 < ¢t < T} with values in U.

The state process is defined as follow: given the initial data z = (z,y) €
R? x R, an initial time ¢ € [0, T], and a control process v € U, let the controlled

process ZH#7 = (Xt®¥ YH2V) he the solution of the stochastic differential
equation :

dX2 = p(u, X0 v) du+ o (u, X057, vy) dW,

dyp®r = b(u, Z0% v) du+ vy - dW(u), ue (t,7T),

101
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with initial data

Lo,y _ to,y,v
X, =z, and Y, = y.

)

Here, 1 : SxU — R?% ¢ : SxU — Sz, and b: SxRx U — R are continuous
functions, Lipschitz in (x,y) uniformly in (¢,u). Then, all above processes are
well defined for every admissible control process v € Uy defined by

to = {veus B] [ (ool + nfoora)| + oot v+ o) s .

Throughout this section, we assume that the the function
u — o(t,xz,u)p
has a unique fixed point for every (¢,z) € S x R defined by:
olt,z,u)p=u < u=1(t, z,Dp). (7.1)

For a measurable function g : R — R, we define the stochastic target problem
by:

V(t,z) ==inf {y e R : Y% > g(Xp™"), P— as. for some v € Uy} .
(7.2)

Remark 7.1. By introducing the subset of control processes:
Alt,z,y) = {vely: Yo > g (Xth”) , P—as.},
we may re-write the value function of the stochastic target problem into:
V(t,z) = inf Y(t,z), where Y(t,z):={yeR : A(t,z,y) # 0}.
The set Y(t, z) satisfies the following important property :
for all y € R, yeY(t,x) = [y,00) C V(t,x).

This follows from the fact that the state process X*%" is independent of y and
Y25 is nondecreasing in y.

7.1.2 Geometric dynamic programming principle

Similar to the standard class of stochastic control and optimal stopping prob-
lems studied in the previous chapters, the main tool for the characterization of
the value function and the solution of stochastic target problems is the dynamic
programming principle. Although the present problem does not fall into the
class of problems studied in the previous chapters, the idea of dynamic pro-
gramming is the same: allow the time origin to move, and deduce a relation
between the value function at different points in time.

In these notes, we shall only use the easy direction of a more general geo-
metric dynamic programming principle.
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Theorem 7.2. Let (t,r) € [0,T] x R? and y € R such that A(t,z,y) # 0.
Then, for any control process v € A(t,x,y) and stopping time T € Tp 11,

YTt,x,y,V >V (7-) X_It_"“”) , P—a.s. (7.3)

Proof. Let z = (x,y) and v € A(t,z), and denote Z; ,, = (X"%", Yh5V).
Then sz’z’” >g (X%w’y) P—a.s. Notice that

Zé_,'z,z/ _ Z;,Zi’z’”,u
Then, by the definition of the set A, it follows that v € A(r,ZL*"), and
therefore V (7, X1*¥) < YV, P—as. &

In the next subsection, we will prove that the value function V' is a viscosity
supersolution of the corresponding dynamic programming equation which will
be obtained as the infinitesimal counterpart of (7.3). The following remark
comments on the full geometric dynamic programming principle in the context
of stochastic target problems.

Remark 7.3. The statement (7.3) in Theorem 7.2 can be strengthened to the
following geometric dynamic programming principle:

V(t,z) = inf {y ER: YWYV >V (7, XE") | P — a.s. for some v € Z/{O}.

(7.4)
Let us provide an intuitive justification of this. Denote g := V (¢, z). In view of
(7.3), it is easily seen that (7.4) is implied by

Py ™9=mv >V (1, XE"Y)] < 1 forall v €Uy andn>0.

In words, there is no control process v which allows to reach the value function
V (1, X5%") at time 7, with full probability, starting from an initial data stricly
below the value function V (¢, ). To see this, suppose to the contrary that there
exist v € Uy, n > 0, and 7 € T, ) such that:

YPermmy sV (1, XEPY), P —as.

In view of Remark 7.1, this implies that Y,*®9=7* € ) (7, Xt%) and therefore,
there exists a control 7 € U, such that

T7Z7t_,7—',y*ﬂql/79 T,X:,m,u79

Yr > Q(XT ), P — a.s.

t,x, v A tyax,y* —n,v
X‘I’,XT’ R YT,ZT v -n
y

Since the process ( v ) depends on ©» only through its

realizations in the stochastic interval [¢,6], we may chose ¥ so as ¥ = v on
ta,g-nv

[t,7] (this is the difficult part of this proof). Then Z;’Z’
and therefore § — n € Y(t,x), hence § — n < V(t,z). Recall that by definition
g =V(t,x) and n > 0. &

t,x,y—n,0
= Zh% )
T
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7.1.3 The dynamic programming equation

In order to have a simpler statement and proof of the main result, we assume
in this section that

U is a closed convex subset of R? int(U) # 0 and 0 € U. (7.5)

The formulation of the dynamic programming equation involves the notion of
support function from convex analysis.

a- Dual characterization of closed convex sets We first introduce the
support function of the set U:

Su(€) == sup z-£, forall &eR%
zeU

By definition §y; is a convex function R?. Its effective domain
U = dom(dy) = {£€R? : §y(€) < oo}

is a closed convex cone of R?. Since U is closed and convex by (7.5), we have
the following dual characterization:

zeU ifandonlyif 6py(€)—z-£>0forallécU, (7.6)

see e.g. Rockafellar [13]. Morover, since U is a cone, we may normalize the dual
variables £ on the right hand-side:

z € U ifandonlyif dpy(&)—z-£>0forallé clU; = {(eU:|¢ =T

This normalization will be needed in our analysis in order to obtain a dual
characterization of int(U). Indeed, since U has nonempty interior by (7.5), we
have:

x € int(U) if and only if inf dpy(§) —x-& > 0. (7.8)
£el;

b- Formal derivation of the DPE We start with a formal derivation of the
dynamic programming equation which provides the main intuitions.

To simplify the presentation, we suppose that the value function V' is smooth
and that existence holds, i.e. for all (¢,x) € S, there is a control process v € Uy
such that, with z = (x,V(t,)), we have Y,2*” > g(X4*"), P—a.s. Then it
follows from the geometric dynamic programming of Theorem 7.2 that, P—a.s.

t+h ) t+h R
Y5 =(te) + / b (s, Zy™",05) ds + / By AW, 2 V (¢4 b X5
t t
By Itd’s formula, this implies that

t+h
0 < / (=0 (s, X557) 4 H (s, 2557, DV (s, Xo*7), D*V (s, X17), 5,)) ds
t

t+h
+/ NV (5, X057, DV (s, X0™7)) - dW, (7.9)
t
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where we introduced the functions:

H(t,z,y,p,A,u) = b(t,z,y,u)— ult,z,u) p— %Tr [a(t,:c,u)zA} (7.10)
N*(t,x,p) = u—o(t,x,u)p. (7.11)

We continue our intuitive derivation of the dynamic programming equation by
assuming that all terms inside the integrals are bounded (we know that this
can be achieved by localization). Then the first integral behaves like Ch, while
the second integral can be viewed as a time changed Brownian motion. By the
properties of the Brownian motion, it follows that the integrand of the stochastic
integral term must be zero at the origin:

N/ (t,xz, DV (t,z)) =0 or, equivalently v; = w(t,x,DV(t,x)), (7.12)

where 1) was introduced in (7.1). In particular, this implies that ¢ (¢, z, DV (¢, z)) €
U. By (7.7), this is equivalent to:

Su(€) — & -Y(t,x, DV (t,z)) >0 forall & e U. (7.13)

By taking expected values in (7.9), normalizing by h, and sending h to zero, we
see that:

—0,V(t,x) + H(t,z,V(t,), DV (t,x), D’V (t,x),¢(t,z, DV (t,x))) > (T014)

Putting (7.13) and (7.14) together, we obtain

min{—&V+H(.,V,DV,DQV,w(.,DV)),gieng (5U(§)—§~w(.,DV))} > 0.

By using the second part of the geometric dynamic programming principle,
see Remark 7.3, we expect to prove that equality holds in the latter dynamic
programming equation.

c- The dynamic programming equation We next turn to a rigorous deriva-
tion of the dynamic programmin equation.

Theorem 7.4. Assume that V is locally bounded, and let the maps H and 1)
be continuous. Then V is a viscosity supersolution of the dynamic programming
equation on S:

min {atv + H(.,V,DV,D*V,%(.,DV)), inf
3

eU;

(G () —¢- ¢<.7DV>)} =0
Assume further that 1 is locally Lipschitz-continuous, and U has non-empty
interior. Then V is a viscosity solution of the above DPE on S.

Proof. As usual, we prove separately the supersolution and the subsolution
properties.
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1. Supersolution: Let (tg,z¢) € S and ¢ € C?(S) be such that
(strict) min(Vi =) = (Vi = 9)(to, 20) = 0,
and assume to the contrary that
=20 = (=0,V + H(.,V,DV,D*V,9(.,DV))) (to,z9) < 0. (7.15)
(1-1) By the continuity of H and 1, we may find ¢ > 0 such that
-0,V (t,z) + H(t,z,y, DV (t,z), D>V (t,z),u) < —n (7.16)
for (t,z) € Be(to, zo), |y — ¢(t,x)| <e,and u € U s.t. [N“(¢,z,p)| < e.

Notice that (7.16) is obviously true if {u € U : |[N“(t,z,p)| < e} = 0, so that
the subsequent argument holds in this case as well.
Since (tg,xo) is a strict minimizer of the difference V, — ¢, we have

= in (V. — > 0. 717
v anr(ltlfx(J)( ®) (7.17)

(1-ii) Let (tn,zn)n C Be(to, o) be a sequence such that
(tn,xn) — (to, o) and V(tn,xn) — Vi(to, o), (7.18)

and set y, := x, +n~ ! and z, = (Zn,Yn). By the definition of the problem
V(tn,xy), there exists a control process 0™ € Uy such that the process Z" :=
Ztn#n?" satisfies Vb > g(X2), P—a.s. Consider the stopping times

0° = inf{t>t,:(t,X]) & B.(to,z0)},

O, = O Ainf{t>t,:|V;" —o(t,X]")| > e}

Then, it follows from the geometric dynamic programming principle that
o, = V(EA0X]h,) -

Since V' > V, > ¢, and using (7.17) and the definition of 8,,, this implies that

® (t A O, Xine,

Yire, =
> @(t/\om me

)+ L=y (VLg.=09) + Lo, <0n))
)+ (YA )1 (=p,)- (7.19)
(1-iii) Denoting ¢, := V (tn, ¥n) — @(tn, Tn) — n~ 1, we write the process Y™ as

t t
Y = cen+ p(tn,zn) —|—/ b(s, Z7, As)ds—i—/ vy - dWs.
t t

n n

Plugging this into (7.19) and applying Itd’s formula, we then see that:

tAO,, A
(eEAY1g=g,y < cn —|—/ oy ds —|—/ NV (s, X3, Dp(s, X)) - dW;
t t

n n

IN

tAO,
M, = e+ / 571 an (5)ds (7.20)
t

n

tAO, .
+/ NVs (s, X3, Dp(s, X2)) - dW;
t

n



7.1. STOCHASTIC TARGET 107

where
51 = —0Opp(s, XI) + H (s, Z7, Dp(s, X1), D*p(s, X1), Us)
and
A" = {s € [tn,tn+0n]: 07 > —n}.
By (7.16), observe that the diffusion term (7 := N¥ (s, X7, Dyp(s, X7)) in
(7.20) satisfies || > n for all s € A™. Then, by introducing the exponential
local martingale L™ defined by
L} =1 and dL} = L7|¢)"| 3¢ - dWy,

we see that the process M™ L™ is a local martingale which is bounded from below
by the constant € A y. Then M™L" is a supermartingale, and it follows from
(7.20) that

eny < E[MgLy] < ML} = cp,

which can not happen because ¢,, — 0. Hence, our starting point (7.22) can
not happen, and the proof of the supersolution property is complete.

2. Subsolution: Let (tg,z0) € S and ¢ € C?(S) be such that
(strict) mSaX(V* —¢) = (V*¥=p)(to,x0) = 0, (7.21)
and assume to the contrary that

277 = (_81690 + H(7 2 D% DQSOa ¢(7 @))) (t07 3’30) > 0;
and inf. g, (6u (&) — & ¥(., D)) (to, z0) > 0.

(2-1) By the continuity of H and ), and the characterization of int(U) in (7.8),
it follows from (7.22) that

(—0wp + H(.,y, Dy, D*¢,9(., Dyp))) = n and (., Dy) € U
for (¢t,x) € Be(to,x0) and |y — p(t,z)| < e (7.23)

(7.22)

Also, since (to,xo) is a strict maximizer in (7.21), we have

—( = max (V*— < 0, 7.24

¢ o (to,xo)< ©) (7.24)

where 0, B (to, o) = {to + €} % cl(Be(to,z0)) U [to, to + &) X IB:(x() denotes
the parabolic boundary of B.(to, o).

(2-ii) Let (tn,xn)n be a sequence in S which converges to (tg, 2o) and such that
V(tn, zn) — V*(to,z0). Set y, = V(tn,r,) —n~! and observe that

Yo = Yn — P(tn,zn) —> 0. (7.25)



108 CHAPTER 7. STOCHASTIC TARGET PROBLEMS

Let Z™ := (X™,Y™) denote the controlled state process associated to the Marko-
vian control 77" = 4 (t, X', Do(t, X{*)) and the initial condition Z7 = (2, yn).
Since 1) is locally Lipschitz-continuous, the process Z" is well-defined. We next
define the stopping times

0° inf{s>t, : (s,X7) ¢ B:(to,z0)},
0, = O Ainf{s>t, : |Y"(s)—p(s,X")| >¢}.

By the first line in (7.23), (7.25) and a standard comparison theorem, it follows
that Yy' — (0, X5 ) > e on {|Y;" —p(0,, Xi )| > €} for n large enough. Since
V < V* < ¢, we then deduce from (7.24) and the definition of 6,, that

YGZ -V (Gn; Xg") > 1{0,,L<991} (YOZ - @(Gna Xgn))

Lo, -9y (Vs =V (02, X30) )

L0, <091+ Lio,—az) (Y5} — V" (60, X30) )
elg, <60y + 1, —00} (Yaré +C— W(egangD
> e AC+ 1,003 (Ye’é — (62, ng)).

We continue by using It6’s formula:

% Il

V

n

0n
Yo =V (0n, Xgn) > eN(+ 146,60} <7n +/ a(s,X?,Yf)ds)
t

where the drift term «(-) > 71 is defined in (7.23) and the diffusion coefficient
vanishes by the definition of the function ¢ in (7.1). Since &,¢ > 0 and ~,, — 0,
this implies that

Y"™(0,) > V(6,,X"(0")) for sufficiently large n.

Recalling that the initial position of the process Y™ is y, = V(tn, z,) —n "t <
V(tn,xyn), this is clearly in contradiction with the second part of the geometric
dynamic programming principle discussed in Remark 7.3. &

7.1.4 Application: hedging under portfolio constraints
As an application of the previous results, we now study the problem of super-

hedging under portfolio constraints in the context of the Black-Scholes model.

a- Formulation We consider a financial market consisting of d + 1 assets.
The first asset XY is nonrisky, and is normalized to unity. The d next assets are
risky with price process X = (X1,..., X%)T defined by the Blac-Scholes model:

dXt = Xt*O'th,

where ¢ is a constant symmetric nondegenrate matrix in R?, and z o is the
square matrix in R? with entries (xx0);; = xi04 .
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Remark 7.5. We observe that the normalization of the first asset to unity
does not entail any loss of generality as we can always reduce to this case by
discounting or, in other words, by taking the price process of this asset as a
numeéraire.

Also, the formulation of the above process X as a martingale is not a re-
striction as our subsequent superhedging problem only involves the underlying
probability measure through the corresponding zero-measure sets. Therefore,
under the no-arbitrage condition (or more precisely, no free-lunch with vanish-
ing risk), we can reduce the model to the above martingale case by an equivalent
change of measure. &

Under the self-financing condition, the liquidation value of the portfolio is
defined by the controlled state process:

d}/;ﬂ— = OTt - th,

where 7 is the control process, with 7 representing the amount invested in the
i—th risky asset X* at time ¢.

We introduce portfolio constraints by imposing that the portfolio process m
must be valued in a subset U of R?. We shalll assume that

U is closed convex subset of R?, int(U) =0, and 0 € U.  (7.26)

We then define the controls set by U, as in the previous sections, and we defined
the superhedging problem under portfolio constraints by the stochastic target
problem:

V(t,z) = inf{y: YRYT > g(X5T), P — as. for some 7 € U}, (7.27)

where g : R‘i — R, is a non-negative LSC function with linear growth.

We shall provide an explicit solution of this problem by only using the su-
persolution claim from Theorem 7.4. This will provide a minorant of the su-
perhedging cost V. To provide that this minorant is indeed the desired value
function, we will use a verification argument.

b- Deriving a minorant of the superhedging cost First, since 0 < g(x) >
C(14]z|) for some constant C' > 0, we deduce that 0 <V > C(1+|z|), the right
hand-side inequality is easily justified by the buy-and-hold strategy suggested
by the linear upper bound. Then, by a direct application of the first part of
Theorem 7.4, we know that the LSC envelope V, of V is a supersolution of the
DPE:

—0,Vy — 3Tr[(z % 0)>D?*V,] > 0 (7.28)
Su(€) — €&+ (xxDV,)) >0 forall £ € U. (7.29)

Notice that (7.29) is equivalent to:

the map A+ h()) := Ay (€) — Vi(t,z x€*¥)  is nondecreasing, (7.30)
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where e*¢ is the vector of R? with entries (e*¢); = e*$:. Then h(1) > h(0)
provides:

Vi(t,z) > supVi (zxet) — oy ().
¢el

We next observe that V,.(T,.) > g (just use the definition of V', and send ¢t & T).
Then, we deuce from the latter inquality that

Vi(T,z) > g(z) :=supg (z x €§> —6p(&) forall zeRy. (7.31)
geU

In other words, in order to superhedge the derivative security with final payoff
g(X7), the constraints on the portfolio require that one hedges the derivative
security with larger payoff §(Xr). The function g is called the face-lifted payoff,
and is the smallest majorant of g which satisfies the gradient constraint x %
Dg(z) € U for all z € RY.

Combining (7.31) with (7.28), it follows from the comparison result for the
linear Black-Scholes PDE that

V(t,x) > Vi(t,z) > v(t,z) :=E[§g(X3")] forall (t,z)eS. (7.32)

c- Explicit solution Our objective is now to prove that V = v. To see this
consider the Black-Scholes hedging strategy 7 of the derivative security (X }I)

T
v(t,m)+/ Fo-adW, = g(XE").
t

Since § has linear growth, it follows that # € H2. We also observe that the
random variable In X% is gaussian, so that the function v can be written in:

1,2 2

1 oy (weatde2(T-0)

v(t,r) = /g(e“’)—e 2( vt ) dw.
V2mo?(T —t)

Under this form, it is clear that v is a smooth function. Then the above hedging
portfolio is given by:

Fe = X" DV(s, X17)

Notice that, for all £ € U,
~ flfe)\g
My (€) = vt 2eX) = E My (€) - g (x5 |

is nondecreasing in A by applying (7.30) to g which, by definition satisfies x *
Dg(z) € U for all z € RL. Then, 2+ Dg(x) € U, and therefore the above
replicating portfolio 7 takes values in U. Since § > g, we deduce from (7.31)
that v > V.
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7.2 Stochastic target problem with controlled
probability of success

In this section, we extend the model presented above to the case where the
target has to be reached only with a given probability p:

V(t,z,p) :==inf {y € Ry : P[Yp"Y" > g(X8™")] > p for some v € Uy }(7.33)
In order to avoid degenerate results, we restrict the analysis to the case where the
Y process takes non-negative values, by simply imposing the following conditions
on the coefficients driving its dynamics:

b(t,x,0,u) >0 for all(t,x) € S,u € U. (7.34)
Notice that the above definition implies that

= V(0 <V < V(1) =V, (7.35)

and

V(,p) =0 for p<O0andV(,p)=o0 forp>1, (7.36)

with the usual convention inf ) = co.

7.2.1 Reduction to a stochastic target problem

Our first objective is to convert this problem into a (standard) stochastic target
problem, so as to apply the geometric dynamic programming arguments of the
previous section.

To do this, we introduce an additional controlled state variable:

Pipe = p+/ ay - dW,, for se|[t,T], (7.37)
t

where the additional control « is an F— progrebbively measurable R%—valued
process satisfying the integrability condition E[ fo |os|?ds] < oo. We then set

X = (X,P),S :=[0,T) x R x (0,1), U := U x R%, and denote by U the
corresponding set of admissible controls. Finally, we introduce the function:

G(i,y) = liy>g@n —p for yeR, &:=(x,p) € RY x [0, 1].
Proposition 7.6. For allt € [0,T] and & = (z,p) € R? x [0,1], we have
V(t, &) = inf {y eRy : G (X;$V7 Y%’z’y’") > 0 for some 0 = (v,a) € Z)} .

Proof. We denote by v(t,z,p) the value function apprearing on the right-hand.
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We first show that V > v. For y > V(t, x,p), we can find v € Y such that
po:=P[G (X;ix’”, Y%’w’y’”) > 0] > p. By the stochastic integral representation
theorem, there exists an F-progressively measurable process « such that

T T
Do, 2
1{qu;’m’y‘VZg(X,§;"°’")} =po —l—/t as - dW, = PpP° and ]E[/t |as|®ds] < oo.

(T'), and therefore

Since py > p, it follows that 1{Yt,m,y,u>g(Xt,.7:,u )} > Py,
T = T ? ’

y > v(t,z,p) from the definition of the problem v.
We next show that v > V. For y > v(t, z,p), we have G (X;«z”, Yfiw’y’”) >

0 for some v = (v,a) € U. Since Py, is a martingale, it follows that
PV 2 g (XE™)] = E [Liyromrsy(xpeyy | 2 B [PRP] = b,

which implies that y > V(t, x,p) by the definition of V. &

Remark 7.7. 1. Suppose that the infimum in the definition of V(t,x,p) is
achieved and there exists a control v € U satisfying P [V "% > g (X3™")] =
p, the above argument shows that:

pre B[y s g ()

]-‘s] for all s € [, T).

2. It is easy to show that one can moreover restrict to controls a such that
the process P*P:® takes values in [0, 1]. This is rather natural since this process
should be interpreted as a conditional probability, and this corresponds to the
natural domain [0, 1] of the variable p. We shall however avoid to introduce this
state constraint, and use th efact that the value function V (-, p) is constant for
p <0 and equal oo for p > 1, see (7.36).

7.2.2 The dynamic programming equation

The above reduction of the problem V to a stochastic target problem allows to
apply the geometric dynamic programming principle of the previous section, and
to derive the corresponding dynamic programming equation. For 4 = (u, ) € U
and & = (x,p) € R? x [0, 1], set

e, @) = ( Hl ) ) 5i,0) = ( oz, ) )

For (ya q7A) c R x Rd+1 X Sd—i—l and u = (u, Oé) e U,
Nt &,y,q) ==u—6(t,&,4)g = N"(t,z,q:) — gy for q=(qu,q) € R* xR,
and we assume that

u+— N"(t,x,q,) is one-to-one, with inverse function (¢, z,q,,.)  (7.38)
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Then, by a slight extension of Theorem 7.4, the corresponding dynamic pro-
gramming equation is given by:

0 = —atf/+sup{b(.,V,z/J(.,Dwf/,aDpf/))—u(.,w(.,DxV,aDpV)).DwV

| . . .
ST a(.,q/)(.,DmV,aDpV))zDiV}

1
——a?D

502DV = ao (. (., DV, aDpV))szf/}

7.2.3 Application: quantile hedging in the Black-Scholes
model

The problem of quantile hedging was solved by Follmer and Leukert [7] in the
general model of asset prices process (non-necessarilly Markov), by means of the
Neyman-Pearson lemma from mathematical statistics. The stochastic control
approach developed in the present section allows to solve this type of problems in
a wider generality. The objective of this section is to recover the explicit solution
of [7] in the context of a complete financial market where the underlying risky
assets prices are not affected by the control:

w(xz,u) = p(x) and o(x,u) = o(x) are independent of u, (7.39)

where p and ¢ are Lipschitz-continuous, and o(x) is invertible for all x.
Notice that we will be only using the supersolution property from the results
of the previous sections.

a- The financial market The process X, representing the price process of d
risky assets, is defined by Xf“L =z € (0,00)%, and

dX0" = X" % o(X0") (MXD)ds + dW,)  where X =04

We assume that the coefficients p and o are such that X** € (0,00)¢ P—a.s.
for all initial conditions (¢, ) € [0,T] x (0,00)%. In order to avoid arbitrage, we
also assume that o is invertible and that

sup |A(x)] < oo where . (7.40)
z€(0,00)4

The drift coeflicient of the controlled process Y is given by:
b(t, z,y,u) = u- A(x). (7.41)

The control process v is valued in U = R?, with components v indicating the
dollar investment in the ¢—th security at time s. After the usual reduction of
the interest rates to zero, it follows from the self-financing condition that the
liquidation value of the portfolio is given by

ylear _ y+/ v o (X0P) (NXE)ds +dW,) . s>t
t
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b- The quantile hedging problem The quantile hedging problem of the
derivative security g(X; (7)) is defined by the stochastic target problem with
controlled probability of success:

V(t,x,p) := inf {yeRy : P [Y%’m’y’" > g(X;x)] > p for some v €Uy} .

We shall assume throughout that 0 < g(z) < C(1 + |z|) for all z € R%. By the
usual buy-and-hold hedging strategies, this implies that 0 < V (¢, z) < C(1+]|z|).

Under the above assumptions, the corresponding super-hedging cost V (¢, ) :
V(t,z,1) is continuous and is given by

V(t,r) = E¥7 [g(x5")],

where Q%% is the P-equivalent martingale measure defined by

m@ﬁﬁn_ 1 r t,x\|2 r t,x
P - P <—2/t [A(X )] ds—/75 AMXT) - dWs | .

In particular, V' is a viscosity solution on [0,T) x (0,00)? of the linear PDE:

1
0 = V- T [e*D2V]. (7.42)
For later use, let us denote by

W = W+/ MNXE®)ds, s e |t,T),
t

the Q"*-Brownian motion defined on [¢, T.

c- The viscosity supersolution property By the results of the previous

section, we have V, is a viscosity supersolution on [0,7) x RY x [0,1] of the
equation

N . . 1 )
0< -0 V,—5Tr {aaTDiv*} ~ inf (—oz/\DpV* T [aapwv*] n 2|a|2D§m>

a€ER?
(7.43)
The boundary conditions at p = 0 and p = 1 are immediate:
Vi(n1)=V and V.(-,0)=0on [0,7] x RY. (7.44)

We next determine the boundary condition at the terminal time ¢t = T.

Lemma 7.8. For all x € R‘i and p € [0,1], we have V*(T,x,p) > pg(x).

Proof. Let (ty, Tn, pn)n be asequence in [0, 7)) xRi x (0, 1) converging to (T, x, p)
with V(tn,xn,pn) — V*(T,x,p), and consider y,, = V(tn,xn,pn) +1/n. By
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definition of the quantile hedging problem, there is a sequence (v, a,) € Uy
such that

1{Y{1”'Z"‘y"“”"‘*Q(X‘T"’”””)ZO} = P%mpman'
This implies that
Ve s Pl (X,
Taking the expectation under Q% *~, this provides:
o 2 BT [yfemmanin] 5 RO [plaetn g
B [L Pl reong (X))

Tn T x T x
where we denotes L™ := exp (— S, AX L) dW — 5 [, [M(X ")|2ds).
Then

Yn

E [Py P g(a)] + B [Pyt (L™ g(Xp®) — g(x))]
png(z) + E [PpPmer (L g(X ™) — g(z))]
png(x) — E [PyrPmen | Ly g(Xpo™) — g(x)]] | (7.45)

Y

where we used the fact that P'»Pn-®n is a nonnegative martingale. Now, since
this process is also bounded by 1, we have

E [Ppfeer [Lp ™ g(Xp™) = g(@)]] < E[|Lp™g(Xg ™) —g(@)|]] —0

as n — oo, by the stability properties of the flow and the dominated conver-
gence theorem. Then, by taking limits in (7.45), we obtain that V.(T,z,p) =
limy, - 00 Yn > pg(x), which is the required inequality. &

d- An explicit minorant of V The key idea is to introduce the Legendre-
Fenchel dual of V, with respect to the p—variable in order to remove the non-
linearity in (7.43):

v(t, z,q) := sup {pq - V*(t,x,p)}, (t,z,q) € [0,T] x (0,00)% x R. (7.46)
peR

By the definition of the function V, we have

v(.,q) = oo for ¢ < 0 and v(.,q) = sup {pq — V*(.,p)} for g > 0. (7.47)
pE[O,l]

Using the above supersolution property of f/*, we shall prove below that v is an
upper-semicontinuous viscosity subsolution on [0,7) x (0, 00)? x (0, 00) of

1 1
—Ow — 5 Tr [0?D2v] — 3 A?¢*D2v — Tr[oADyv] < 0 (7.48)
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with the boundary condition

Since the above equation is linear, we deduce from the comparison result an
explicit upper bound for v given by the Feynman-Kac representation result:

x, o\ T
o(t,@,0) < 0t 7, q) == B [(Q4 — g(X5") "] | (7.50)
on [0, 7] x (0,00)? x (0, 00), where the process Q*® is defined by the dynamics
aQim

t,x,q
S

= AX07) dWw @ and Q'I(t) =g € (0,00).  (7.51)

Given the explicit representation of U, we can now provide a lower bound for
the primal function V' by using (7.47).
We next deduce from (7.50) a lower bound for the quantile hedging problem

V. Recall that the convex envelop VMY of V, with respect to p is given by
the bi-conjugate function:

VO (e, p) = sup {pg —v(t;asq)},
q

and is the largest convex minorant of V.. Then, since V> V*, it follows from
(7.50) that:

V(t,z,p) > Vilt,z,p) > sup{pq—o(t,z,q)} (7.52)
q

Clearly the function o is convex in ¢ and there is a unique solution §(t, z, p) to
the equation

ov _ ' z,1 ,x,q T
87q (t,z,q) = E@e Qt 1{QtTQ(T)>g(X )}} = ]P)[ g“ 7> Q(XtT )] =D

(7.53)
where we have used the fact that dP/dQ%* = Q?:m. Then the maximization
on the right hand-side of (7.52) can be solved by the first order condition, and
therefore:

= (t x p) ( Qt " |:Q;"T 11{(] t,z,p) Qt o 1>g(X,§Jl)}:|>

Qt® tw
B [0 g0 e 50005

— Qt ’ —.
= [9( )1{q(t z,p) QLT > g(XL® )}} =:y(t, z,p).

e- The explicit solution We finally show that the above explicit minorant
y(t, z,p) is equal to V (¢, z,p). By the martingale representation theorem, there
exists a control process v € Uy such that

t77(t77)7
Yo 2 g (X5%) Ygamaye 2ot}
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Since P [(j(t, 2, p)QL" " > g(XE")| = p, by (7.53), this implies that V (¢, z,p) =
y(t,z,p).

f- Proof of (7.48)-(7.49) First note that the fact that v is upper-semicontinuous
on [0,T] x (0,00)% x (0, 00) follows from the lower-semicontinuity of V, and the

representation in the right-hand side of (7.47), which allows to reduce the com-

putation of the sup to the compact set [0, 1]. Moreover, the boundary condition

(7.49) is an immediate consequence of the right-hand side inequality in (7.44)

and (7.47) again.

We now turn to the supersolution property inside the domain. Let ¢ be a
smooth function with bounded derivatives and (o, o, qo) € [0,7) x (0,00)% x
(0, 00) be a local maximizer of v — ¢ such that (v — ¢)(tg, 2o, q0) = 0.

(i) We first show that we can reduce to the case where the map ¢ — ¢(-,q) is
strictly convex. Indeed, since v is convex, we necessarily have Dyq(to, o, q0) >
0. Given e,1 > 0, we now define ¢, by ¢e,(t, z,q) == p(t,x,q) +clg — qo|* +
nlq — qol*(lg — qo|* + |t — to|* + |z — x0]?). Note that (to, o, qo) is still a local
maximizer of U — ¢, ,. Since Dyq(to, zo,qo) > 0, we have Dyqpe n(to, o, q0) >
2e > 0. Since ¢ has bounded derivatives, we can then choose n large enough
so that Dgqp., > 0. We next observe that, if ¢. ,, satisfies (7.48) at (to, xo, qo)
for all € > 0, then (7.48) holds for ¢ at this point too. This is due to the
fact that the derivatives up to order two of ., at (to, o, go) converge to the
corresponding derivatives of ¢ as e — 0.

(ii) From now on, we thus assume that the map g — ¢(-,q) is strictly convex.
Let ¢ be the Fenchel transform of ¢ with respect to ¢, i.e.

@(t,z,p) := sup{pq — ¢(t,x,q)} .
q€R

Since ¢ is strictly convex in ¢ and smooth on its domain, ¢ is strictly convex in
p and smooth on its domain. Moreover, we have

(p(tvxv(J) = Suﬁ{pq - @(tvl.?p)} = J(tvl.v Q)q - (,5(15,557 J(ta xaQ))
pe

on (0,T) x(0,00)%x (0,00) C int(dom(y)), where q + J(-, q) denotes the inverse
of p— Dpp(+,p), recall that ¢ is strictly convex in p.

We now deduce from the assumption go > 0 and (7.47) that we can find
po € [0, 1] such that v(tg, o, q0) = Pogo — V*(to, %o, po) which, by using the very
definition of (o, zo, po, go) and v, implies that

0= (Vi — @)(to, zo, po) = (local) min(V, — @) (7.54)
and

o(to, z0,q0) = Sug@%-@(to,xo,?)} (7.55)
peE

= poqo — P(to, w0, po) with po = J(to,z0,q0),  (7.56)
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where the last equality follows from (7.54) and the strict convexity of the map
p = pgo — @(to, o, p) in the domain of .

We conclude the proof by discussing three alternative cases depending on
the value of pg.

e If py € (0,1), then (7.54) implies that ¢ satisfies (7.43) at (tg, xo,po) and
the required result follows by exploiting the link between the derivatives of
@ and the derivatives of its p-Fenchel transform ¢, which can be deduced
from (7.54).

o If po = 1, then the first boundary condition in (7.44) and (7.54) imply
that (to,20) is a local minimizer of V,(-,1) — @(-,1) = V — @(-,1) such
that (V — @(+,1))(to, z0) = 0. This implies that @(-, 1) satisfies (7.42) at
(to,xo) so that @ satisfies (7.43) for « = 0 at (tg,xo,po). We can then
conclude as in 1. above.

e If py = 0, then the second boundary condition in (7.44) and (7.54) imply
that (to, o) is a local minimizer of V,(-,0) — @(-,0) = 0 — @(-, 0) such that
0 — @(-,0)(to,x0) = 0. In particular, (tg,zo) is a local maximum point
for ¢(+,0) so that (9;@, D) (te, z0,0) = 0 and D, p(to, zo,0) is negative
semi-definite. This implies that @(-,0) satisfies (7.42) at (to,xo) so that @
satisfies (7.43) at (to,xo,po), for @« = 0. We can then argue as in the first
case.



Chapter 8

BACKWARD SDES AND
STOCHASTIC CONTROL

In this chapter, we introduce the notion of backward stochastic differential equa-
tion (BSDE hereafter) which allows to relate standard stochastic control to
stochastic target problems.

More importantly, the general theory in this chapter will be developed in the
non-Markov framework. The Markovian framework of the previous chapters and
the corresponding PDEs will be obtained under a specific construction. From
this viewpoint, BSDEs can be viewed as the counterpart of PDEs in the non-
Markov framework.

However, by their very nature, BSDEs can only cover the subclass of stan-
dard stochastic control problems with uncontrolled diffusion, with corresponding
semilinear DPE. Therefore a further extension is needed in order to cover the
more general class of fully nonlinear PDEs, as those obtained as the DPE of
standard stochastic control problems. This can be achieved by means of the
notion of second order BSDEs which are very connected to second order target
problems. We refer to Soner, Zhang and Touzi [?] for this extension.

8.1 Motivation and examples

The first appearance of BSDEs was in the early work of Bismut [?] who was
extensding the Pontryagin maximum principle of optimality to the stochastic
framework. Similar to the deterministic context, this approach introduces the
so-called adjoint process defined by a stochastic differential equation combined
with a final condition. In the deterministic framework, the existence of a solution
to the adjoint equation follows from the usual theory by obvious time inversion.
The main difficulty in the stochastic framework is that the adjoint process is
required to be adapted to the given filtration, so that one can not simply solve
the existence problem by running the time clock backward.

A systematic study of BSDEs was started by Pardoux and Peng [?]. The

119
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motivation was also from optimal control which was an important field of inter-
est for Shige Peng. However, the natural connections with problems in finan-
cial mathematics was very quickly realized, see Elkaroui, Peng and Quenez [?].
Therefore, a large development of the theory was achieved in connection with
financial applications and crucially driven by the intuition from finance.

8.1.1 The stochastic Pontryagin maximum principle

Our objective in this section is to see how the notion of BSDE appears naturally
in the context of the Pontryagin maximum principle. Therefore, we are not
intending to develop any general theory about this important question, and we
will not make any effort in weakening the conditions for the main statement.
We will instead considerably simplify the mathematical framework in order for
the main ideas to be as transparent as possible.

Consider the stochastic control problem

Vo := sup Jo(v) where Jo(v):=E[g(X7)],
vely
the set of control processes Uy is defined as in Section 2.1, and the controlled
state process is defined by some initial date Xy and the SDE with random
coefficients:

dXy = b(t, Xy, v)dt +o(t, Xy, vi)dWy.

Observe that we are not emphasizing on the time origin and the position of
the state variable X at the time origin. This is a major difference between the
dynamic programming approach, developed by the American school, and the
Pontryagin maximul principle approach of the Russian school.

For every u € U, we define:

Lu(t7 x? y7 Z) :: b(t7 x? u) : erTr I:U(t7 x’ u)TZ:I )
so that
OL™(t OL"(t
b(t,x,u) = 7( 1Y, 2) and o(t,z,u) = 7( ,x,y,z).
dy 0z
We also introduce the function
Ut,r,y,2) = supL“(t 2,y,2),
uelU

and we will denote by H? the space of all F—progressively measurable processes
with finite L2 ([0, 7] x €, dt ® dP) —norm.

Theorem 8.1. Let U € U Abe such that:
(i) there is a solution (Y, Z) in H? of the backward stochastic differential equa-
tion:

dYy = =V, L' (t, X4, Yz, Zy)dt + ZidWy, and Yo = Vg(Xr), (8.1)
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where X 1= X7,
(il) D satisfies the mazimum principle:

L7 (t, X, Vi, Z) = 0t X4, Y, Zy). (8.2)

(iii) The functions g and {(t,.,y, z) are concave, for fized t,y, z, and
Vo L7 (t, X, Yy, Zy) = Val(t, Xy, Vi, Zy) (8.3)
Then Vo = Jo(D), i.e. U is an optimal control for the problem Vj.
Proof. For an arbitrary v € Uy, we compute that
Jo(@) = v) = E|g(Xr) - g(xXp)]

> E|(Xr - Xp)- Vg(Xr)]

E [(Xr - X%) - Yz

by the concavity assumption on g. Using the dynamics of X and Y, this pro-
vides:

Jo(P) — Jo(v)

v

T A ~
E Vo A (Xr — X5) - V1)

- E[/OT (b(t, Xy, 1) — b(t, XV, p)) - Vidt
—(X; — XV) -V L7 (t, X, Yy, Z;)dt
+Tr {(U(t,f(t,f/t) — a(t,Xf,Vt))TZt] dt}
= B[ [ KR 2 - X 2
—(Xy — XY) - Vo L7 (t, X4, Y, ZAt))dt}’

where the diffusion terms have zero expectations because the processes Y and
Z are in H2. By Conditions (ii) and (iii), this implies that

Jo(0) = Jo(v) = E[/OT (g(thtaY;hZAt) -, Xtvﬁv Zt)

—(Xy — XV) -V l(t, X, Y, Zt))dt}
> 0

by the concavity assumption on /. &

Let us comment on the conditions of the previous theorem.
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- Condition (ii) provides a feedback definition to ©. In particular, 7y is
a function of (t,Xt,Yt, Zt) As a consequence, the forward SDE defining X
depends on the backward component (Y, A ). This is a situation of forward-
backward stochastic differential equation which will not be discussed in these
notes.

- Condition (8.3) in (iii) is satisfied under natural smoothness conditions. In
the economic literature, this is known as the envelope theorem.

- Condition (i) states the existence of a solution to the BSDE (8.1), which
will be the main focus of the subsequent section.

8.1.2 BSDEs and stochastic target problems

Let us go back to a subclass of the stochastic target problems studied in Chapter
7 defined by taking the state process X independent of the control Z which is
assumed to take values in RY. For simplicity, let X = W. Then the stochastic
target problem is defined by

Vo = inf{Yy: YZ >g(Wr), P—as. for some Z € H*},
where the controlled process Y satisfies the dynamics:
dY? = b(t,W,,Ys, Zy)dt + Z, - AW, (8.4)

If existence holds for the latter problem, then there would exist a pair (Y, Z) in
H? such that

T
Y0+/ [b(t, Wy, Yy, Zy)dt + Zy - dWy] > g(Wr), P—as.
0

If in addition equality holds in the latter inequality then (Y, Z) is a solution of
the BSDE defined by (8.4) and the terminal condition Yy = g(Wr), P—a.s.

8.1.3 BSDEs and finance

In the Black-scholes model, we know that any derivative security can be perfectly
hedged. The corresponding superhedging problem reduces to a hedging problem,
and an optimal hedging portfolio exists and is determined by the martingale
representation theorem:.

In fact, this goes beyond the Markov framework to which the stochastic
target problems are restricted. To see this, consider a financial market with
interest rate process {r¢,t > 0}, and s risky assets with price process defined by

dSt = St *(utdt+atth).

Then, under the self-financing condition, the liquidation value of the portfolio
is defined by

d}/tﬂ' = ’I"t}/twdt + mo¢ (th + )\tdt) 5 (85)
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where the risk premium process A; = o} ' (1 — r¢1) is assumed to be well-
defined, and the control process m; denotes the vector of holdings amounts in
the d risky assets at each point in time.

Now let G be a random variable indicating the random payoff of a contract.
G is called a contingent claim. The hedging problem of G consists in searching
for a portfolio strategy 7 such that

Y7 = G, P—as. (8.6)

We are then reduced to a problem of solving the BSDE (8.5)-(8.6). This problem
can be solved very easily if the process A is so that the process {W; + fot Asds, t >
0} is a Brownian motion under the so-called equivalent probability measure
Q. Under this condition, it suffices to get rid of the linear term in (8.5) by
discounting, then 7 is obtained by the martingale representation theorem in the
present Brownian filtration under the equivalent measure Q.

We finally provide an example where the dependence of Y in the control
variable Z is nonlinear. The easiest example is to consider a financial market
with different lending and borrowing rates r, < 7. Then the dynamics of
liquidation value of the portfolio (8.6) is replaced by the following SDE:

d)/t = T - O't(th + Atdt)(yt — Tt - 1)+£t - (n — Tt - 1)7Ft (87)

As a consequence of the general results of the subsequent section, we will obtain
the existence of a hedging process @ such that the corresponding liquidation
value satisfies (8.7) together with the hedging requirement (8.6).

8.2 Wellposedness of BSDEs

Throughout this section, we consider a d—dimensional Brownian motion W on
a complete probability space (2, F,P), and we denote by F = FW the corre-
sponding augmented filtration.

Given two integers n,d € N, we consider the mapping

f:[0,T] x QxR x R™*4  — R,

that we assume to be P@B(R"T"¢) —measurable, where P denotes the c—algebra
generated by predictable processes. In other words, for every fixed (y,z) €
R" x R"*4 the process {fi(y, z),t € [0,T]} is F—predictable.

Our interest is on the BSDE:

aY, = —f,(Y;, Z,)dt + Z,dW, and Yy =¢, P—as. (8.8)

where ¢ is some given Jp—measurable r.v. with values in R”.
We will refer to (8.8) as BSDE(f,¢). The map f is called the generator. We
may also re-write the BSDE (8.8) in the integrated form:

T T
Yt=§+/ fs(Ys,Zs)ds—/ Z.dW. t<T, P—as  (39)
t t
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8.2.1 Martingale representation for zero generator

When the generator f = 0, the BSDE problem reduces to the martingale repre-
sentation theorem in the present Brownian filtration. More precisely, for every
¢ € L2(R", Fr), there is a unique pair process (Y, Z) in H?(R" x R"*4) satisfying
(8.8):

Y, = E[e|R] = El¢+ / ZodW,

0
T
g—/ Z.dW,.
t

Here, for a subset E of R¥, k € N, we denoted by H?(E) the collection of all
F—progressively measurable L2([0, T] x Q, Leb ® IP) —processes with values in E.
We shall frequently simply write H? keeping the reference to E implicit.

Let us notice that Y is a uniformly integrable martingale. Moreover, by the
Doob’s maximal inequality, we have:

WIB = B s < a5 (veP] = 4121 sa0

Hence, the process Y is in the space of continuous processes with finite S?—norm.
For later use, we report the following necessary and sufficient condition for
a martingale to be uniformly integrabile.

Lemma 8.2. Let M = {M;,t € [0,T)} be a scalar local martingale. Then, M
1s uniformly integrable if and only if

lim AP [sup|Mt > /\} = 0.

A—ro0 t<T
Proof. Denote by © the collection of all F—stopping times, and
O(M) := {0€0O: Mugisamartingale}.
1. We first prove that

limy, 00 B[ My, | = sup,, >, E[Mj, | = supgeear) E[Ms| = supgee E[ M|
for all (6,)n>1 C O(M) with 6,, — oo, P —a.s.
(8.11)
To see this, let (6,,) be such a sequence, then it follows from Fatou’s lemma that

E|Mp| < liminf E|Mypp, | < liminf E|My,_ | for all § € ©,
n—roo n—oo

by the Jensen inequality. Then

IN

limsup E| M, |

n— 00

supE| My, | < sup E|My| < sup E|Mpy]|.
n>1 9ce (M) 0€0

E|M9| S lim infE|M9n|
n—oo

IN
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and the required result follows from the arbitrariness of 6 € ©.
2. For every A > 0, the stopping time T := inf{t : |M;| > A\} € ©(M), and

E[Mzp,| = AP {fgglMtbA}+]E{|Moo|1{supt<T|Mt9} :

Since E|My| < liminf, E|M,| = My < oo, the second term on the right hand-
side convergence to E|My| as A — oo. Since the left hand-side term is non-
decreasing in A\, we deduce that

lim E|Mr,| =p+E|My| where p:= lim AP [sup|Mt > )\} . (8.12)
A—00 A—00 t<T

3. Observe that Ty € O(M) and T — oo a.s. when A — co. Then, it follows
from (8.11) and (8.12) that

)\lim E|My, | =p+E|Ms| for all sequence (6,), satisfying (8.11).
)

Then p = 0 iff My, — M, in L! for all sequence (6,,),, satisfying (8.11), which
is now equivalent to the uniform integrability of M. &

8.2.2 BSDEs with affine generator

We next consider a scalr BSDE (n = 1) with generator
fily,2) = ar+by+c-z, (8.13)

where a, b, ¢ are F—progressively measurable processes with values in R, R and
R?, respectively. We also assume that b, ¢ are bounded and E| fOT |lat|?dt] < oo.
This case is easily handled by reducing to the zero generator case. How-
ever, it will play a crucial role for the understanding of BSDEs with generator
quadratic in z, which will be the focus of the next chapter.
First, by introducing the equivalent probability Q ~ P defined by the density

d T 17
d% — exp</0 ct'th_i/o |ct|2dt>,

it follows from the Girsanov theorem that the process By := W; — fot csds defines
a Brownian motion under Q. By formulating the BSDE under Q:

d}/t = —(at + btn)dt + Zt . dBt,

we have reduced to the case where the generator does not depend on z. We
next get rid of the linear term in y by introducing:

Y, :=Y,elo ¥% g0 that dY, = —aseo b=95dt + Z,edo P35 B,.
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Finally, defining

_ _ t -
Y=Y, —|—/ auejﬂ bsds gy,
0

we arrive at a BSDE with zero generator for ?t which can be solved by the
martingale representation theorem under the equivalent probability measure Q.
Of course, one can also express the solution under P:

Y, = E

T

FtT§+/ rgasds\ft] ,t<T,
t

where

S 1 S S
I' .= exp (/ budu—g/ |cu|2du+/ cu~qu) , 0<t<s<T. (8.14)
t t t

8.2.3 The main existence and uniqueness result
The following result was proved by Pardoux and Peng [?].

Theorem 8.3. Assume that {f:(0,0),t € [0,T]} € H? and, for some constant
C >0,

ey, 2) = fily, 2 < Clly = o/ | + [z = 2]), dt@dP - a.s.

for allt € [0,T] and (y,2),(y,2") € R® x R"*?. Then, for every & € L2, there
is a unique solution (Y,Z) € §? x H? to the BSDE(E, f).

Proof. Denote S = (Y, Z), and introduce the equivalent norm in the correspond-
ing H? space:

T
1Slla = El/ e (V2| +[Z¢])at
0

where o will be fixed later. We consider the operator
¢:s5=(y,2) e H? — 5°=(Y* 2%

defined by:

T T
vy = £+/ fu(yu,zu)du—/ 25 dW,., t<T.
t t

1. First, since |fu(Yu, 2u)| < [fu(0,0)] + C(|yu| + |2u]), we see that the pro-
cess {fu(Yu,2u),u < T} is in H2. Then S*® is well-defined by the martingale
representation theorem and S* = ¢(s) € H2.
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2. Fors,s' € H2, denote ds := s—s', 65 := 55— 55 and 6f := f,(S%)— f:(S*).
Since dYr = 0, it follows from It6’s formula that:

T T
e“t0Y;|? +/ 87, Pdu = / e (25Yu O fu — a\5Yu|2) du
t t
T
-2 / e (6Z,) Yy, - dW,.
t
In the remaining part of this step, we prove that
M = / e (62,)V8Y, - dW, is a uniformly integrable martingale. (8.15)
0

so that we deduce from the previous equality that

T
E e“t|6Yt|2+/ |8 Z,y|*du
t

T
:El/ e (26Yy, - 0 fu — a|6Y,|?) dul .
t

(8.16)
To prove (8.15), we set V' := sup, < [ M;|, and we verify the condition of Lemma
8.2:

APV >N = AE[lpca-vy] < E[Vigysyy)

which converges to zero, provided that V' € LL'. To check that the latter condi-
tion hold true, we estimate by the Burkholder-Davis-Gundy inequality that:

r 1/27
EV] < CE </ 62a"|5yu|2|5zu|2du>
0

" 1/27
C'E | sup |6V, ( / |5Zu|2du>
u<T 0

T
/ |5Zu2du]> < 00.
0

3. We now continue estimating (8.16) by using the Lipschitz property of the
generator:

IN

IA

u<T

/
% (E [sup |(5Yu|2] +E

T
E[eaqam? +/ ea“|5Zu\2du]
t
T

IN

B[ [ e (~alsYa + C218Yul (0w + 152.) du]
t

IN

E

T
/ e (—aldYy|* + O (e[0Yul? + e 72(|yul + 1624])%)) d“]
t
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for any £ > 0. Choosing Cs? = «, we obtain:

T
E e“t|6Yt|2—|—/ "0 Z,|? du E
t

IN

T CQ
| e ol + oz
‘ o

IN

02
2—— |ds]3.
o
This provides
C2
|

57112 <2 5s||? d 5Y2dt<2@52
625 < |0sll; and [[0Y][dt < o ldsll5

where we abused notatation by writing ||0Y ||, and ||0Z]|, although these pro-
cesses do not have the dimension required by the definition. Finally, these two

estimates imply that
207
16510 < /2 (14 T))6s]a.

By choosing a > 2(1 + T')C?, it follows that the map ¢ is a contraction on H?,
and that there is a unique fixed point.
4. It remain to prove that Y € S2. This is easily obtained by first estimating:

i)

and then using the Lipschitz property of the generator and the Burkholder-
Davis-Gundy inequality. O

t
+E[sup)/ Zy - dW,
t<T 1 Jo

T
E[Suplytﬂ aS C<|Yo2+E / |fe(Ye, Zy)|*dt
T 0

t<

Remark 8.4. Consider the Picard iterations:
(¥°, 29 = (0,0), and

T T
Y+ :g+/ fu(Yf,Z{j)du+/ ZEL AW,
t t

Then, S* = (Y*, Z¥) — (Y, Z) in H2. Moreover, since
202 g
1. < (2-a+m) |
o
it follows that Y, ||S*||o < oo, and we conclude by the Borel-Cantelli lemma
that the convergence (Y*, Z¥) — (Y, Z) also holds dt @ dP—a.s.

8.3 Comparison and stability

Theorem 8.5. Let n = 1, and let (Y*, Z%) be the solution of BSDE(f*, &%) for
some pair (€%, f') satisfying the conditions of Theorem 8.3, i = 0,1. Assume
that

§ 260 and FYV2.Z0) 2 Y0Z0), dtwdP—as  (8.17)
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Then Y > Y, t € [0,T], P—a.s.
Proof. We denote
Y =Y —Y° 67 :=2' - Z° &of == fL(YY, 2% — fO(Y°, 29,
and we compute that
d(0Y;) = —(udYi+ B -0Z, + dofi)dt +6Z, - AWy, (8.18)

where
o L ftl(y;lvztl)_ftl(y;oaztl) 1
t = 5}/2 {0Y:7#0}>

and, for j =1,...,d,

i R Ztea ZD) - (Y0, 2 @y ZD) 1 v
By = 5707 {627 #0p
t

where §Z%7 denotes the j—th component of §Z, and for every 29 2! € R?,
2t D; 20 = (2171,...7zl’j,zo7j+17...,zo’d) for 0 < j < n, 2! @ 20 = 20,
21 @, 29 = 2L,

Since f! is Lipschitz-continuous, the processes o and 3 are bounded. Solving
the linear BSDE (8.18) as in subsection 8.2.2, we get:

Y, = E

T
TLoYr + / It 5, fudu‘}"t] t<T,
t

where the process I'* is defined as in (8.14) with (o f, v, 3) substituted to (a, b, ¢).
Then Condition (8.17) implies that §Y > 0, P—a.s. &

Our next result compares the difference in absolute value between the solu-
tions of the two BSDEs, and provides a bound which depends on the difference
between the corresponding final datum and the genrators. In particular, this
bound provide a transparent information about the nature of conditions needed
to pass to limits with BSDEs.

Theorem 8.6. Let (Y, Z%) be the solution of BSDE(f' V) for some pair

(€4, f1) satisfying the conditions of Theorem 8.3, i = 0,1. Then:
VP =Y 5 + 112 = 2°1%: < C(I€ =€l + I = )Y, Z2°)|fe) .

where C' is a constant depending only on T and the Lipschitz constant of f1.

Proof. We denote 0¢ := ¢ —¢0, 6V := Y1 —YO 6f := fH (YL, ZY) - fO(Y0, 29),
and Af := f1 — f9. Given a constant 3 to be fixed later, we compute by It&’s
formula that:

T
Poy, 2 = eBT|5g|2+/ e (20Yy - 0fu — |0Zu|* — BI6Yu|?) du
t

T
+2 / P52y, - dW,.
t
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By the same argument as in the proof of Theorem 8.3, we see that the stochastic
integral term has zero expectation. Then

T
eP|oY, 2 = E, eﬁT|5g|2+/ P (20Yy, - 6 fu — |0Zu|* — BIOY|?) dul , (8.19)
t

where E; := E[.|F;]. We now estimate that, for any € > 0:

20Y, - 0fy < e 20Yul? + %0 fu]?
e2(0Y,,[% + &2 (C(16Yal + 16 Zu]) + [A£u(Y2, 20)])°

<
< YL + 327 (CP(|6Yul® + [6Zu %) + | A fu (Y, ZD)]?) -

We then choose €2 := C?/6 and 3 := =2 +1/2, and plug the latter estimate in
(8.19). This provides:

T
/ 16 Z,|du
t

which implies the required inequality by taking the supremum over ¢t € [0, 7] and
using the Doob’s maximal inequality for the martingale {E;[eT[6¢|?],t < T'}.
¢

c? (T
ePHoY,? + Ey < By eﬂT\5£IQ+7/ S fu (Y, Z0) Pdu
0

8.4 BSDEs and stochastic control

We now turn to the question of controlling the solution of a family of BSDEs
in the scalr case n = 1. Let (£, fu)veuw be a family of coefficients, where U is
some given set of controls. We assume that the coefficients (&,, f,),cy satisfy
the conditions of the existence and uniqueness theorem 8.3, and we consider the
following stochastic control problem:

W = supYy, (8.20)
veld
where (Y, Z") is the solution of BSDE(¢”, f¥).

The above stochastic control problem boils down to the standard control
problems of Section 2.1 when the generators f are all zero. When the gen-
erators f¥ are affine in (y, z), the problem (8.20) can also be recasted in the
standard framework, by discounting and change of measure.

The following easy result shows that the above maximization problem can
be solved by maximizing the coefficients (£, f%):

fily, 2) = esssup f1 (y,2), € = esssup €. (8.21)

veu veld
The notion of essential supremum is recalled in the Appendix of this chapter.
We will asume that the coefficients (f, &) satisfy the conditions of the existence
result of Theorem 8.3, and we will denote by (Y, Z) the corresponding solution.
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A careful examination of the statement below shows a great similarity with
the verification result in stochastic control. In the present non-Markov frame-
work, this remarkable observation shows that the notion of BSDEs allows to
mimic the stochastic control methods developed previous chapters in the Markov
case.

Proposition 8.7. Assume that the coefficients (&, f) and (&, f,) satisfy the
conditions of Theorem 8.3, for allv € U. Assume further that there exists some
U €U such that

fily.2) = f(y,2) and €=¢".
Then Vo =YY and Yy = esssup, o, Y, t € [0,T], P—a.s.

Proof. The P—a.s. inequality Y < YV, for all v € U, is a direct consequence
of the comparison result of Theorem 8.5. Hence Y; < sup, ¢, Y, P—a.ss. To
conclude, we notice that Y and Y are two solutions of the same BSDE, and
therefore must coincide, by uniqueness. &

The next result characterizes the solution of a standard stochastic control
problem in terms of a BSDE. Here, again, we emphasize that, in the present non-
Markov framework, the BSDE is playing the role of the dynamic programming
equation whose scope is restricted to the Markov case.

Let
y T
U = nf B \g5re + [ Blntutaddal
veu 0
where
e B R T AL R R R Uy
dP |, ’

We assume that all coefficients involved in the above expression satisfy the
required conditions for the problem to be well-defined.
We first notice that for every v € U, defining

T
Ytl/ = EJP" [BZT§V+/ ﬁZ’TZu(Vu)du‘]:t
t

is the first component of the solution (Y”, Z") of the affine BSDE:

ayy = —fy (Y}, Z7)dt + Z{dWy,  Yp =¢”
with fY(y,z) := L(vt) — ke(ve)y + Ae(v1)z. In view of this observation, the
following result is a direct application of Proposition 8.7.

Proposition 8.8. Assume that the coefficients

E:=esssup& and fi(y,z) :=esssup f{ (y, z)
velu vel

satisfy the conditions of Theorem 8.3, and let (Y, Z) be the corresponding solu-
tion. Then Uy =Y.
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8.5 BSDEs and semilinear PDEs

In this section, we specialize the discussion to the so-called Markov BSDEs in
the one-dimensional case n = 1. This class of BSDEs corresponds to the case
where

ft(y7z) :F(thtasz) and gzg(XT)a

where F': [0,T] x R x R x RY — R and g : R? — R are measurable, and X
is a Markov diffusion process defined by some initial data X, and the SDE:

dXt = /L(t,Xt)dt+U(t, Xt)th (822)

Here p and o are continuous and satisfy the usual Lipschitz and linear growth
condtions on order to ensure existence and uniqueness of a strong solution to
the SDE SDE-MarkovBSDE, and

f, g have polynomial growth in x

and f is uniformly Lipschitz in (y, 2).

Then, it follows from Theorem 8.3 that the above Markov BSDE has a unique
solution.

We next move the time origin by considering the solution {X%* s > t} of
(8.22) with initial data X}"* = x. The corresponding solution of the BSDE

dY, = —F(s,X'"Ys, Zs)ds + ZsdWs, Yr =g (X3") (8.23)
will be denote by (Y% Z1:2).

Proposition 8.9. The process {(Y}®, Zt%) s € [t,T]} is adapted to the filtra-
tion

Fl o= o(W,—Wyu€lts]), seltT).
In particular, u(t,z) := th is adeterministic function and

yhe = yoxXT =y (5,X07), foralls € [t,T], P— a.s.

Proof. The first claim is obvious, and the second one follows from the fact that
Xibr = X% &

Proposition 8.10. Let u be the function defined in Proposition 8.9, and assume
that v € C*2([0,T),R%). Alors
—0wu — Au — f(,u,0TDu) = 0 on[0,T) x R%

Proof. This an easy application of It6’s lemma together with the usual localiza-
tion technique. %

CONCLUDE WITH NONLINEAR FEYNMAC-KAC
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8.6 Appendix: essential supremum

The notion of essential supremum has been introduced in probability in order to
face maximization problem over an infinite family Z. The problem arises when
Z is not countable because then the supremum is not measurable, in general.

Theorem 8.11. Let Z be a family of rv. Z : Q@ — R U {oc} on a probability
space (Q, F,P). Then there exists a unique (a.s.) r.v. Z : Q — RU{oo} such
that:

(a) Z>Z, as. foral Z € Z,

(b)  For all r.v. Z' satisfying (a), we have Z < Z', a.s.

Moreover, there exists a sequence (Zy)nen C Z such that Z = sup,,ey Zn.-

The rv. Z is called the essential supremum of the family Z, and denoted by
esssup Z.

Proof. The uniqueness of Z is an immediate consequence of (b). To prove
existence, we consider the set D of all countable subsets of Z. For all D € D,
we define Zp :=sup{Z : Z € D}, and we introduce the r.v. ¢ := sup{E[Zp] :
D e D}.

1. We first prove that there exists D* € D such that { = E[Zp+]. To see this, let
(Dy,)n C D be a maximizing sequence, i.e. E[Zp, | — ¢, then D* := U, D,, € D
satisfies E[Zp~] = (. We denote Z := Zp-.

2. It is clear that the r.v. Z satisfies (b). To prove that property (a) holods
true, we consider an arbitrary Z € Z together with the countable family D :=
D*U{Z} CD. Then Zp = ZV Z, and ( = E[Z] < E[ZV Z] < (. Consequently,
ZNVZ=1~Z,and Z < Z, as. &
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