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Abstract

We consider an extension of the Monge-Kantorovitch optimal transportation prob-
lem. The mass is transported along a continuous semimartingale, and the cost of
transportation depends on the drift and the diffusion coefficients of the continuous
semimartingale. The optimal transportation problem minimizes the cost among al-
|l continuous semimartingales with given initial and terminal distribution. Owur first
main result is an extension of the Kantorovitch duality to this context. We also sug-
gest a finite-difference scheme combined with the gradient projection algorithm to
approximate the dual value. We prove the convergence of the scheme, and we derive
a rate of convergence.

We finally provide an application in the context of financial mathematics, which
originally motivated our extension of the Monge-Kantorovitch problem. Namely, we
implement our scheme to approximate no-arbitrage bounds on the prices of exotic
options given the implied volatility curve of some maturity.
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dient projection algorithm.
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1 Introduction

The following stochastic mass transportation mechanism was introduced by Mikami
and Thieullen [29] as an extension of the Monge-Kantorovitch optimal transportation
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problem. Let X be an R%continuous semimartingale with decomposition
t
Xt :X0+/ Bsd5+Wt7 (11)
0

where W} is a d-dimensional standard Brownian motion under the filtration FX gener-
ated by X. The optimal mass transportation problem consists in minimizing the cost
of transportation defined by some cost functional ¢ along all transportation plans with
initial distribution pg and final distribution p:

1
V(MOHUQ) = lnf]E/ K(S,Xs,ﬁs)ds,
0

where the infimum is taken over all semimartingales given by (1.1) satisfying Po Xy 1 -
po and Po X 1 — ;. Mikami and Thieullen [29] proved a strong duality result thus
extending the classical Kantorovitch duality to this context.

Motivated by a problem in financial mathematics, our main objective is to extend
[29] to a larger class of transportation plans defined by continuous semimartingales
with absolutely continuous characteristics:

t t
X; = Xo +/ Bsds —|—/ osdWs,
0 0

with transportation cost depending on the drift and diffusion coefficients as well as the
trajectory of X.

This problem is also intimately connected to the so-called Skorokhod Embedding
Problem (SEP), see Obloj [31] for a review. Given a one-dimensional Brownian motion
W and a centered |z|-integrable probability distribution 1 on R, the SEP consists in
searching for a stopping times 7 such that W, ~ p; and (Wia-)¢>0 is uniformly inte-
grable. This problem is well-known to have infinitely many solutions. However, some
solutions have been proved to satisfy some optimality with respect to some criteri-
on (Azéma and Yor [1], Root [32] and Rost [33]). This problem can be formulated
in our context by restricting the finite variation part to zero, i.e. transportation a-
long a martingale. Indeed, given a solution 7 of the SEP, the process X; := W_, o
defines a continuous local martingale satisfying X; ~ p;. Conversely every contin-
uous local martingale can be represented as time-changed Brownian motion by the
Dubins-Schwartz theorem (see e.g. Theorem 4.6, Chapiter 3 of Karatzas and Shreve
25)).

Our extension of Mikami and Thieullen is motivated by Hobson’s [22] observation
of the connection between the SEP and the problem of finding optimal no-arbitrage
bounds for the prices of exotic options (e.g. variance options, lookback option etc.) giv-
en the observation of the implied volatility curve for some maturity 7', i.e. T—maturity
European options of all strikes. We refer to Hobson [23] for an overview on some
specific applications of the SEP in the context of finance. As observed by Galichon,
Henry-Labordére and Touzi [20], our formulation in terms of an optimal transportation
problem allows for a systematic treatment of this problem.

Our first main result is to establish the Kantorovitch strong duality for our semi-
martingale optimal transportation problem. The dual value function consists in the



minimization of po(Ao) — 1(A1) over all continuous and bounded functions \;, where
Ao is the initial value of a standard stochastic control problem with final cost A1. In the
Markovian case, the function Ay can be characterized as the unique viscosity solution
of the corresponding dynamics programming equation with terminal condition ;.

Our second main contribution is to exploit the dual formulation for the purpose
of numerical approximation of the optimal cost of transportation. In the context of a
bounded set of admissible characteristics of the semimartingale, we follow the approach
initiated in Bonnans and Tan [11] by suggesting a numerical scheme which combines
finite differences and the gradient projection algorithm. We prove convergence of the
scheme, and we derive a rate of convergence.

The paper is organized as follows. Section 2 introduces the optimal mass trans-
portation problem under controlled stochastic dynamics. In Section 3, we extend the
Kantorovitch duality to our context by using the classical convex duality approach.
The convex conjugate of the primal problem turns out to be the value function of a
classical stochastic control problem with final condition given by the Lagrange multi-
plier lying in the space of bounded continuous functions. Then the dual formulation
consists in maximizing this value over the class of all Lagrange multipliers. We also
show, under some conditions, that the Lagrange multipliers can be restricted to the
subclass of C*°— functions with bounded derivative of any order. In the Markovian
case, we characterize convex dual as the viscosity solution of a dynamic programming
equation in the Markovian case in Section 4.

Section 5 introduces a numerical scheme to approximate the dual formulation in
the Markovian case. We first use the probabilistic arguments to restrict the optimal
control problem to a bounded domain of R%, then use the finite difference scheme to
solve the control problem. The maximization is approximated by means of the gradient
projection algorithm. We provide some general convergence results together with some
control of the error. Finally, we provide an implementation of our algorithm in the
context of an application in financial mathematics. Namely, we consider the problem
of robust hedging wvariance swap derivatives given the prices of options of all strikes.
The solution of the last problem is known explicitly and allows to test the accuracy of
our algorithm.

Notation: Let E be a Polish space, we denote by M(FE) the space of all Borel proba-
bility measures on F/, equipped with the weak topology, which is also a Polish space. In
particular, M(R?) is the space of all probability measures on (R%, B(R%)). Sy denotes
the set of d x d positive symmetric matrices. Given u = (a,b) € Sz x R, we define |u|
by its L2—norm as an element in RZ+4,

2 The semimartingale transportation problem
Let Q := C([0, 1], R%) be the canonical space, X be the canonical process, i.e.

Xi(w) :=wy forall tel0,1],



and F = (Ft)i1<t<1 be the canonical filtration generated by X. We recall that F;
coincides with the Borel o—field on €2 induced by the seminorm |w|eo ¢ := Supg< <t [ws),
w € . See e.g. the discussions in Section 1.3, Chapter 1 of Stroock and Varadhan
[34].

Let P be a probability measure on (€2, F1) under which the canonical process X is
a F—continuous semimartingale. Then, we have the unique continuous decomposition:

Xi=Xo+ Bl + M}, t€[0,1], P—as. (2.1)

where BY = (Bf)o<t<1 is the finite variation part and M* = (M} )o<i<1 is the local
martingale part satisfying By = My = 0. Denote by AY := (MF); the quadratic
variation of M¥ between 0 and ¢t and A = (A)p<;<1. Then, following Jacod and
Shiryaev [24], we say that the P—continuous semimartingale X has characteristics
(AF, BP).

In this paper, we further restrict to the case where the processes A” and BF are ab-
solutely continuous in ¢t w.r.t. Lebesgue measure, P—a.s. Then there are F—progressive
processes ¥ = (af, B) (see e.g. Proposition 1.3.13 of [24]) such that

t t
AY = / ofds, BY = / BYds, te[0,1] up to a P — evanescent set. (2.2)
0 0

Remark 2.1. By Doob’s martingale representation theorem (see e.q. Theorem 4.2 in
Chapter 3 of Karatzas and Shreve [25]), we can find a Brownian motion W (possibly
in an enlarged space) such that X has an Ité representation:

t t
X, = Xo+ / BPds + / S,
0 0

where U%P = (oz]f))l/2 (i.e. Oé]f = UF(U%T)-

Remark 2.2. With the unique processes (A¥, BY), the progressively measurable pro-
cesses VX = (af, BY) may not be unique. However, they are unique in sense dP x
dt—a.e.. Since the transportation cost defined below is a dP x dt integral, then the
choice of V¥ = (oF, B¥) will not change the cost value and then is not essential.

We next introduce the set U defining some restrictions on the admissible charac-
teristics:

U closed and convex subset of S; x R?, (2.3)

and we denote by P the set of probability measures P on €2 under which X has
the decomposition (2.1), and satisfies (2.2) with characteristics v} := (af,8}) € U,
dP x dt—a.e.

Given two arbitrary probability measures o and p; in M(R?), we also denote
P(uo) = {PeP : PoXi'=pp}, (2.4)
P(,Lto,ul) = {PEP(,LL()) : ]P)OXfl :/Ll}.



Remark 2.3. In general, P(uo, 1) may be empty. However, in the one-dimensional
case d =1 and U = R* xR, the initial distribution jig = 0, for some constant o € R,
and the final distribution satisfies [g |x|p1(dz) < oo, we now verify that P(uo, p1)
is not empty. First, we can choose any constant in R for the drift part, hence we
can suppose, without loss of generality, that xo = 0 and py is centered distributed,
i.e. fR zpi(dx) = 0. Then, given a Brownian motion W, by Skorokhod embedding
(see e.g. Section 3 of Obloj [31]), there is a stopping time T such that W, ~ p1 and
(Winr)e0 is uniformly integrable. Therefore, M = (My)o<¢<1 defined by My :=W._,

=
s a continuous martingale with marginal distribution P o M1_1 = 1. Moreover, its
quadratic variation (M), = T A ﬁ s absolutely continuous in t w.r.t Lebesgue for

every fixzed w, which can induce a probability on Q belonging to P (o, p1)-

The semimartingale X under P can be viewed as a vehicle of mass transportation,
from the P—distribution of Xy to the P—distribution of X;. We then associate IP with
a transportation cost

J(P) := EF /1L(t, X, vh)dt, (2.6)
0

where we denoted by EF the expectation under the probability measure P. The above
expectation is well defined on R™ U {400} in view of the subsequent Assumption 3.1
which states in particular that L is nonnegative.

Our main interest is on the following optimal mass transportation problem, given
two probability measures jg, 1 € M(R9):

Vv = inf J(P 2.7
(ros 1) et (P), (2.7)

with the convention inf () = oco.

3 The duality theorem

The main objective of this section is to prove a duality result for problem (2.7) which
extends the classical Kantorovitch duality in optimal transportation theory.

This will be achieved by classical convex duality techniques which require to verify
that the function V' is convex and lower semicontinuous. For general theory on duality
analysis in Banach spaces, we refer to Bonnans and Shapiro [10] and Ekeland and
Temam [17]. In our context, the value function of the optimal transportation problem
is defined on the Polish space of measures on R?, and our main reference is Deuschel
and Stroock [16].

3.1 The main duality result
We first formulate the assumptions needed for our duality result.

Assumption 3.1. The function (t,x,u) € [0,1] x Q@ x U — L(t,x,u) € R" is non-
negative, continuous in (t,x,u), and convex in u.



Notice that we do not impose any progressive measurability for the dependence
of L on the trajectory x. However, by immediate conditioning, we may reduce the
problem so that such a progressive measurability is satisfied.

The next condition controls the dependence of the cost functional on the time
variable.

Assumption 3.2. The function L is uniformly continuous in t in sense that

|L(55X7u) 7 L(t,X, U)|

AdL(e) := sup 1+ L(t,x,u)

— 0, as € —0,

where the supremum is taken over all 0 < s,t < 1 such that |t — s| < e and all x € Q,
uelU.

We finally need the following coercivity condition on the cost functional.
Assumption 3.3. There are constants p > 1 and Cy > 0 such that
lulP < Co(1+ L(t,x,u)) < oo for every (t,x,u) € [0,1] x Q x U.

Remark 3.1. In the particular case U = {I5} x R%, the last condition coincides with
Assumption A.1 of Mikami and Thieullen [29]. Moreover, whenever U is bounded,
Assumption 8.3 is a direct consequence of Assumption 3.1.

Let Cy(R?) denote the set of all bounded continuous functions on R% and
w(o) = | o(x)u(dr) forall pe M(RY) and ¢ e LM(w).
Rd

We define the dual formulation of (2.7) by

V(po,pa) = sup  {po(Ao) — p1(A1)}, (3.1)
A1E€CH(RY)
where
1
. : P P
Yo(w) = inf E [/0 L(s, X, ys)dsﬂl(xl)}, (3.2)

with P(J,) defined in (2.4). We notice that po(Ao) is well defined since Ag is bounded
from below and measurable by the following Lemma.

Lemma 3.1. Let Assumptions 3.1 and 3.2 hold true, and assume that \y is locally
bounded. Then, Ao is measurable w.r.t. the Borel o—field on R¢ completed by g, and

1
A:'fEP/L,X,““’d (XD
po(do) =, it X[ | L(s X uT)ds + X (X0)

The proof of Lemma 3.1 is based on a measurable selection argument, and is
reported at the end of Section 4.2. We now state the main duality result.



Theorem 3.1. Let Assumptions 3.1, 3.2 and 3.3 hold, and suppose that \g is locally
bounded for all \y € Cy(RY). Then:

V(po, 1) = Vo, ) for all o, 1 € M(R?),
and ezistence holds for the problem V (uo, pi1).

The proof of this result is reported in the subsequent subsections.
We finally state a duality result in the space C}° (RY) of all functions with bounded
derivatives of any order:

V(po, ) = sup  {po(Ao) — (A1)} (3.3)
Alngo(Rd)
Assumption 3.4. The function L is uniformly continuous in X in sense that
|L(t7 Xla u) — L(tv X25 u)‘
1+ L(t,x2,u)

A, L(e) :=sup — 0, as ¢ —0,

where the supremum is taken over all0 <t <1, u € U and all x',x*> € Q such that
Ix! — x2| < e.

Theorem 3.2. Under the conditions of Theorem 3.1 together with Assumption 3.4,
we have V =V on M(R?) x M(RY).

The proof of the last result follows exactly the same arguments as those of Mikami
and Thieullen [29] in the proof of their Theorem 2.1. We report it in Section 3.6 for
completeness.

3.2 An enlarged space
In preparation of the proof of Theorem 3.1, we introduce the enlarged canonical space
Q:=C([0,1],R? x RT x RY) (3.4)

following the technique used by Haussmann [21] in the proof of his Proposition 3.1.

On Q, we denote the canonical filtration by F = (F;)o<t<1, and the canonical pro-
cess by (X, A, B), where X, B are d—dimensional processes and A is a d>—dimensional
process.

We consider a probability measure P on € such that X is an F—semimartingale
characterized by (A, B), and moreover, (A, B) is P—a.s. absolutely continuous w.r.t.
t and vy € U, dP x dt a.e., where v = (a, ) is defined by:

oy = limsupn (At — At—%) , and [ :=limsupn (Bt — Bt—%) ) (3.5)

n—oo n—oo

We also denote by P the set of all the probability measures P on (Q, F1) satisfying
the above conditions, and

Pluo) :={PeP:PoXy'=po}, Pluo,pm):={Pe€P(uo):PoX;'=p}.

Finally, we denote

_ 1
JP) = IEP/ L(t, X, v;)dt.
0



Lemma 3.2. The function J is lower semicontinuous on P.

Proof. We follow the lines of arguments for proving the inequality (3.17) of Mikami
[30]. Let (P"),>1 be a sequence of probability measures in 7 which converges weakly
to some FO eP.
First, by Assumption 3.2, for every s € [0,1), ¢ € (0,1 —3s),t € [s,s+¢], x € Q
and R%+9_valued process 7,
L(s,x,m) < L(t,x,n) + Ay L(e)(1 + L(t,x,m)) = A¢L(e) + (1 + A¢L(e)) L(t, %, m).

It follows from the convexity of L in u that

1 s+ 1 s+e 1 A I ste
L(s,x,g/ ntdt) < 8/ L(s,x,n)dt < AtL(é‘)—’—_'_;(E)/ L(t,x,n;)dt.

Integrating both side on s from 0 to 1 — ¢, we get

1—¢ 1 s+e 1 AL 1—¢ ps+e
/ L(s,x, s/ ntdt> ds < (1—¢)AiL(e) + —l—;(s)/ / L(t,x,n)dtds
0 s 0 s

< (- )ALE) + (1L+AL(e)) /0 (s )ds

by integration by parts formula. Therefore,

1 1 1—¢ 1
L ) asd 27 L ) Ay
/0 (5,3, 15)ds 1+AtL(5)/O (Sxe/s

Then replacing x by X, n by v defined in (3.5), taking expectation under P", by the

ste
’I’]tdt) ds — AtL(€)

definition of v, as well as the absolute continuity of (A, B) in t, it follows that

.l
J(P") = E* /0 L(s, X, vs)ds

1 gF I_EL x. X [ ds| — AL
> _ _
[ 1—|—AtL(E) |:/(; (87 75/3 vt t> S:| t (5)

- 1E1P’”/1_EL( XM (Aure — A~ (Bore — Bo) )ds| — AL(E)
- 1+AtL(€) o S, 'z s+e s - s+e s S tL(€).

By Skorokhod’s theorem (see e.g. Theorem 3.3 of Billingsley [8]), we may consider a
probability space (€, F/,P') together with a sequence of processes (X™, A", B"),;>¢ on
it such that (X™, A", B”) under P’ has the same distribution as (X, A, B) under P"
and (X", A" B") — (X9, A BY) for a.e. ' € ' as n — oo under norm | |». Then
by Fatou’s lemma, we get that

o 1 @0 l1—e 1 s+€
. 5 _ 1 1 B ‘
hnrgloréf:](lf" ) > 1 —|—AtL(E)E [/0 L(S,X, 5/5 tht)ds} AL(e)
Note that by the absolute continuity assumption of (A, B) in ¢ under @0,

1 s+¢e |
5/ v(w)dt — vg(w), as € — 0, for dP° x dt — a.e. (w,s) € Qx[0,1),

and A;L(e) — 0 as € — 0 from Assumption 3.2, we then finish the proof by sending ¢
to zero and using Fatou’s Lemma. O



Remark 3.2. In the Markovian case L(t,x,u) = €(t,x(t),u), for some deterministic
function £, we observe that Assumption 3.2 is stronger than Assumption A2 in Mikami
[30]. However, we can easily adapt this proof by introducing the trajectory set {x
SUPg<y s<1,|i—s|<e |X(£)—X(s)| < 0} and then letting e, 0 — 0 as in the proof of inequality
(3.17) in [30].

Our next objective is to establish a one-to-one connection between the cost function-
al J defined on the set P(uo, 1) of probability measures on €2 and the cost functional
J defined on the corresponding set P(jq, 1) on the enlarged space 2.

Proposition 3.1. (i) For any probability measure P € P (o, p1), there exists a prob-
ability P € P(po, p11) such that J(P) = J(P).

(ii) Conversely, let P € P(uo, p1) be such that EF fol |Bs|ds < oo. Then, under As-
sumption 3.1, there exists a probability measure P € P(uo, 1) such that J(P) < J(P).

Proof. (i) Given P € P(uq, 1), define the processes A¥, B from decomposition (2.1),
and observe that the mapping w € Q — (X;(w), AF (w), BF (w)) € R2+4" is measurable
for every t € [0,1]. Then the mapping w € Q — (X (w), A¥(w), B¥(w)) € Q is also
measurable, see e.g. discussions in Chapter 2 of Billingsley [7] at Page 57.

Let P be the probability measure on (Q,F;) induced by (P, (X, A¥(X), B¥(X))).
In the enlarged space (2, F1,P), the canonical process X is clearly a continuous semi-
martingale characterized by (AP(X), B¥(X)). Moreover, (A”(X), B¥(X)) = (4, B),
P—a.s., where (X, A, B) are canonical processes in €. It follows that, on the enlarged
space (Q,F,P), X is a continuous semimartingale characterized by (4, B). Also (A, B)
is clearly P—a.s. absolutely continuous in ¢, with V[P(X )¢ = v, dP x dt—a.e., where
v is defined in (3.5). Then P is the required probability in P(ug, 1) and satisfies
J(P) = J(P).
(ii) Let us first consider the enlarged space (2, denote by F = (ff()ogtgl the fil-
tration generated by process X. Then for every P € P(uq, u1), (2, ﬁX,@,X ) is still
a continuous semimartingale, by the stability property of semimartingales. It fol-
lows from Theorem A.1 in Appendix that the decomposition of X under filtration

=X =X .
F™ = (F; )o<t<1 can be written as

t
Xt :X0+B(X)t+M(X)t :X0—|—/ Bst—{—M(X)t,
0

with A(X); = (M(X)); = [! Geds, By = EF [@Fﬂ and Gy = s, dP x di—a.e.
Moreover, by the convexity property (2.3) of set U, it follows that (a,3) € U, dP x
dt—a.e. Finally, since ?tX =F®{0,C([0,1], R® x R%)}, P then induces a probability
measure P on (9, F1) by

P[E] := P[E x C([0,1],R¥ x RY)], VE € Fi.

Clearly, P € P(uo, 1) and J(P) < J(P) by the convexity of L in b of Assumption 3.1
and Jensen’s inequality. d



Remark 3.3. Let P € P be such that J(P) < oo, then from the coercivity property of
L in u in Assumption 3.3, it follows immediately that

_ 1
IEP/O |Bs|ds < oc.

3.3 Lower semicontinuity and existence

By the correspondence between J and .J (Proposition 3.1) and the lower semicontinuity
of J (Lemma 3.2), we now obtain the corresponding property for V under the crucial
Assumption 3.3, which guarantees the tightness of any minimizing sequence of our
problem V' (pg, f1).

Lemma 3.3. Under Assumptions 3.1, 3.2 and 3.8, the map
(o, 1) € M(RY) x M(RY) —  V(uo, 1) € R :=RU {oc}
18 lower semicontinuous.

Proof. Let (uf) and (u}) be two sequences in M(R?) converging weakly to i, 1 €
M(R?), respectively, and let us prove that

liminf V(ug, p7) = V (o, 1)

We focus on the case liminf, o V(pug, 1) < oo as the result is trivial in the al-
ternative case. Then, after possibly extracting a subsequence, we can assume that
(V(ug, p))n>1 is bounded, and there is a sequence (P,,),>1 such that P,, € P(ug, u)
for all n > 1 and

sup J(P,) < oo, 0<J(P,) —V(pg,ut) — 0 as n — oo. (3.6)

n>1

By Assumption 3.3 it follows that sup,,>; EF» fol |vEn|Pds < co. Then, it follows from
Theorem 3 of Zheng [36] that the sequence (IP,;),>1, of probability measures induced
by (P, X, A¥» BF») on (Q, Fy), is tight. Moreover, under any one of their limit laws
P, the canonical process X is a semimartingale characterized by (A, B) such that
(A, B) are still absolutely continuous in t. Moreover, v € U, dP x dt—a.e. since
i(At — Ay, By — Bs) € U, dP—as. for every t,s € [0,1], hence P € P(ug, uu1). We
then deduce from (3.6), Proposition 3.1, and Lemma 3.2 that:

liminf V (uf, 4}') = liminf J(P,) = liminf J(P,) > J(P).

n—00 n—00 n—00
By Remark 3.3 and Proposition 3.1, we may find P € P(po, j11) such that J(P) > J(P).
Hence liminf,, o0 V (1, ) > J(P) > V (o, p1), completing the proof. O

Proposition 3.2. Let Assumptions 3.1, 3.2 and 8.8 hold true. Then for every uo,
w1 € M(R?) such that V(uo, p1) < 0o, existence holds for the minimization problem
V(po, p11). Moreover, the set of minimizers {P € P(uo, 1) : J(P) = V(po, 1)} is a
compact set of probability measures on 2.

Proof. We just let (i, put) = (1o, 1) in the proof of Lemma 3.3, then the required
existence result is proved by following the same arguments. O

10



3.4 Convexity

Lemma 3.4. Let Assumptions 3.1 and 3.3 hold, then the map (po, 1) — V(po, p1)

18 convex.

Proof. Given yug, pig, i}, p3 € M(R?) and o = O+ (1 — 0) g, 1 = Opg + (1 —0)p3
with 6 € (0,1), we shall prove that

V (ko p1) < OV (i i) + (1 = O)V (6, 143).

It is enough to show that for both P; € P(u, ut) such that J(P;) < oo, i = 1,2, we
can find P € P(uo, 1) satisfying

J(P) < 0J(P1) + (1 — 6)J(Py). (3.7)

As in Lemma 3.3, let us consider the enlarged space Q, on which the probability
measures P; are induced by (P;, X, A¥i B¥¥) i=1,2. By Proposition 3.1, (P;);=1 2 are
probability measures under which X is a F—semimartingale characterized by the same
process (A, B), which is absolutely continuous in ¢, such that J(P;) = J(P;), i=1,2.

By Corollary I11.2.8 of Jacod and Shiryaev [24], P := 0P; + (1 — §)Py is also a
probability measure under which X is an F—semimartingale characterized by (A, B).
Clearly, v € U, dP x dt—a.e. since it is true dP; x dt—a.e. for i = 1,2. Thus
P € P(uo, 1) and it satisfies that

J(P) =0J(Py) + (1 —0)J(Py) = 0J(P1) + (1 — 0)J(P2) < oo.
Finally, by Remark 3.3 and Proposition 3.1, we can construct P € P(ug, 1) such
that J(P) < J(P), and it follows that inequality (3.7) holds true. O

3.5 Proof of the duality result

If V(po, p1) is infinite for every py € M(RY), then J(P) = oo for all P € P(uo). It
follows from (3.1) and Lemma 3.1 that

V(po, p1) = V(po, p1) = oo.

Now, suppose that V' (ug,-) is not always infinite. Let M(Rd) be the space of all
finite signed measures on (R?, B(R)), with topology defined in section 2.2 of Deuschel
and Stroock [16]. As indicated in section 3.2 of [16], the topology inherited by M(R?)
as a subset of M(RY) is its weak topology. We then extend V' (uo, ) to M(R?) > M(R?)
by setting V (10, 1) = oo when iy € M(RY)\ M(R?), thus p1 +— V (po, f11) is a convex
and lower semicontinuous function defined on M(R?). Then, the duality result V =V
follows from Theorem 2.2.15 and Lemma 3.2.3 in [16], together with the fact that for
A1 € Cb(Rd):

1
sup  {p1(=M) = V(po, )} = —  inf EP[/ L(s, X,v;)ds + )\1(X1)}
H1€MRY) F'E P o) 0

1
:—'fEP/L,X,Pd+AX
st B[ LG5, X0 0 (X)|

= — po(Xo)-

11



3.6 Proof of Theorem 3.2

Let 1 € C2°([—1,1]%,R") be such that [, 1 (z)dz = 1, and define ¢, (z) := e~%p(z/e).
We claim that

S V(wa*u07w6*ul)
Vi) 2 —=7775

— A L(e). (3.8)

Since the inequality V >V is obvious, the required result is then obtained by sending
€ — 0, and using Assumption 3.4 together with Lemma 3.3.

In the rest of this proof, we denote ¢ := AzL(e). To prove (3.8), we first observe
from Assumption 3.4 that:

L(s,x +z,u)
1446
Here, x + z := (x(t) + 2)o<i<1 € Q. For an arbitrary \; € Cy(R%), we denote \j :=

(1+0)7 A x 9. € C5°, then for every P € P(u):

L(s,x,u) > — ¢, forall zeR satisfying |z| <e.

IE]P){/O]L L(s, X, v5)ds + /\i(Xl)}

= [ [ ne s+ My s

1+0
1
> 54 ng(z)EP[/ L(s,X—I—z,uf)ds—l—)\l(Xl—l—z)]dz.
]Rd 1+5 0

Let Z be a r.v. independent of X with distribution defined by the density function 1.
under P. Then the probability P. on € induced by (P, X + 7 := (X;+ Z)o<i<1, A¥, BY)
is in P(1be * po), and

EP[/OlL(s,X, vE)ds + X (X0)|

v

1 P ! P
ot g [ 2.+ 2 4 0064 2)

— 1 ﬁa '
= =4 B ) M Xods + 060)

1 - 1 -
—6+-—— inf EP / L(s, X, v5)ds + M\ (X1)],
S I [0 ( )ds + X (X1)]

where the last inequality follows from Proposition 3.1.
Notice that u1(A\f) = (1 + 8)~1(2be * p1)(A\1) by Fubini’s theorem. Then, by the
arbitrariness of A\; € Cy(R?) and P € P(ug), the last inequality implies (3.8). O

4 PDE characterization of the dual formulation

In the rest of the paper, we assume that

L(t,x,u) = L(t,x(t),u),

12



where the deterministic function ¢ : (t,z,u) € [0,1] x R x U + L(t,z,u) € R* is
non-negative and convex in u. Then, the function Ao in (3.2) is reduced to the value
function of a standard Markovian stochastic control problem:

1
Mo(z) = inf EP[/ U(s, X, V5 )ds + M (X1)]. (4.1)
PeP(5,) 0
Our main objective is to characterize Ay by means of the corresponding dynamic pro-
gramming equations.

We consider the probability measures IP on the canonical space (2, 7 ), under which
the canonical process X is a semimartingale on [t, 1], characterized by ft Vfds for some
progressively measurable process v¥. As discussed in Remark 2.2, ¥ is unique in sense

of dP x dt—a.e. To simplify the notation, we suppose that U contains the original point
0. Let

Pro = {IP’EP:IP[XS:m,Ogsgt]:l}. (4.2)

We notice that under probability P € P; ,, X is a semimartingale with VP =0, dP x
dt—a.e. on € x [0,¢]. The dynamic value function is defined for any A\; € C,(R?) by:

1

Mta) = inf EF / (s, XoE)ds + X (X)) (4.3)
PeEPt o t

As in the previous sections, we also introduce the corresponding probability measures

on enlarged space (Q, F). For all (t,z,a,b) € [0,1] x R? x R x R?, let

ft,ac,a,b = {ﬁ eP: @[<X57AS7BS) = (x,a,b),O <s< t] = 1}' (4'4)

By similar arguments as in Proposition 3.1, we have under Assumption 3.1 that

_ 1
At,z) = inf EF U 0(s, Xs,v5)ds + M\ (X1)| for all (a,b) € RY x R(4.5)
IEDE,Pt,z,cl,,b t

4.1 PDE characterization of the dynamic value function

The first step is as usual to establish the dynamic programming principle (DPP). We
observe that a weak dynamic programming principle as introduced in Bouchard and
Touzi [13] suffices to prove that the dynamic value function A is a viscosity solution of
the corresponding dynamic programming equation. However, our context is slightly
different from that of [13], and we will prove the standard dynamic programming
principle.

For bounded controls set U and bounded cost functions, the DPP is shown (implic-
itly) in Haussmann [21]. El Karoui, Nguyen and JeanBlanc [18] considered a relaxed
optimal control problem, and provided a scheme of proof without all details. Our
approach is to show that the value function (4.3) coincides with the corresponding
relaxation in the sense of [18], and to provide all details for their scheme of proof.

13



Proposition 4.1. Let Assumptions 3.1, 3.2, 3.3 hold true, and assume further that
A is locally bounded. Then, for all F—stopping time T with values in [t,T], and all
(a,b) € RT+d:

.
\t,z) =  inf EP[/ E(S,Xs,us)ds—i—)\(T,XT)]
[P)G,Pt,z,a,b t
The proof is reported in section 4.2. The dynamic programming equation is the
infinitesimal version of the above dynamic programming principle. Let

H(t,z,p,T) = inf [b e T+ Ut b)]. (4.6)
(a,b)eU 2

We observe that H is continuous under Assumptions 3.1 and 3.3. Indeed, under
these two assumptions, for every constant r > 0, there is a closed bounded domain
D, C Sg x R? such that every subgradient V((t,z,u) satisfies |V, £(t, 2, u)| > r, for
all (t,z,u) € [0,T] x R* x DE. Therefore, for every (p,T) such that |(p,I')| < r, the
infimum in (4.6) can be taken in the compact set U N D,. This implies that H is a
continuous function.

Theorem 4.1. Let Assumptions 3.1, 8.2, 3.8 hold true, and assume further that \ is
locally bounded. Then, X\ is a viscosity solution of the dynamic programming equation

—O\(t,x) — H(t,z, DX\, D?*\) = 0,
with terminal condition A\(1,x) = A\i(z).

The proof is very similar to that of Corollary 5.1 in [13], we report it in Appendix
for completeness.

4.2 Proof of the dynamic programming principle

We first prove that the dynamic value function A is measurable and we can choose “in

a measurable way” a family of probabilities (th’a,b)( rea+a2 Which achieves

t,z,a,b)€[0,1] x
(or achieves with € error) the infimum in (4.5).

There are many versions of the measurable selection theorem in the literature, see
e.g. Section 12.1 of Stroock and Varadhan [34], Chapiter 7 of Bertsekas and Shreve
[6], and Chapiter 3 of Dellacherie and Meyer [15]. In our context, we find it convenient
to use a result from El Karoui and TAN [19].

Let A\* be the upper semicontinuous envelope of the function A, and
~ o Tl
Pt,z,a,b = {]P S Pt,m,a,b : EP [/ E(S,XS, VS)dS + /\1(X1)] < )\*(t, :c)},
¢

P = {(t,z,a,b,P) : Pe ﬁt,x,a,b}‘

In the following statement, for the Borel o—field B([0, 1] x R24+4%) of [0,1] x R24+d
with an arbitrary probability measure p on it, we denote by BH([0,1] x R2+d%) jts
o—field completed by pu.
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Lemma 4.1. Let Assumptions 3.1, 3.2, 3.3 hold true, and assume that X is locally
bounded. Then, for any probability measure i on ([0, 1] x R24+4* B([0,1] x R2d+d2)) :

(i) the function (t,x,a,b) — A(t,z) is B*([0,1] x R2+4*)) _measurable,
(i) for any e > 0, there is a family of probability (@;x,a,b)(t7x,a,b)e[0,1]xR2d+d2 in P such

that (t,z,a,b) — @f’x’a,b is a measurable map from [0,1] x R2d+d* ¢, M(Q) and
_ 1
B0 [/ U(s, Xs,vs)ds + Al(Xl)] < At,z)+e, p—as.
t

Proof. By Lemma 3.2, the map P Eﬁ[ ftl ((s, Xs,v5)ds+ A1 (X1)] is lower semicon-
tinuous, and therefore measurable. Moreover 75t7x7a,b is non empty for every (¢, z,a,b) €
[0,1] x R2d+d?, Finally, by using the same arguments as in the proof of Lemma 3.3,
we see that P is a closed subset of [0,1] x R24+4* x M(Q). Then, both items of the

lemma follow from Corollary 1.20 in El Karoui and TAN [19]. O

We next prove the stability properties of probability measures under conditioning
and concatenations at stopping times, which will be the key-ingredients for the proof
of the dynamic programming principle.

We first recall some results from Stroock and Varadhan [34] and define some nota-
tions.

e For 0 <t <1,let Fty:=0((Xs, As,Bs) : t < s < 1), and let P be a probability
measure on (£, F¢1) with P((X;, A¢, By) = n:) = 1 for some 7 € C(]0, ¢], R2d+d?).
Then, there is a unique probability measure §, ®; P on (9, F1) such that Oy @4

P[(Xs, As, Bs) = 15,0 < s <] =1 and 6, ®; P[A] = P[A4] for all A € F;;. In
addition, if P is also a probability measure on (2, 1), under which a process
M defined on Q is a F—martingale after time ¢, then M is still a F—martingale
after time t in probability space (Q,F1,7 ®; P). In particular, for t € [0,1],
a constant ¢y € R2d+d2, and P satisfying P((Xy, A, B;) = co) = 1, we denote
Seo @t P = 8,00 @4 P, where % = cg, s € [0,1].

e Let Q be a probability measure on (€2, 1) and 7 a F—stopping time. Then, there

is a family of measures (Qy),,.q such that Qu((Xy, Ay, By) = w1 £ < 7(w)) = 1.

This is Theorem 1.3.4 of [34], and (Qu), g is called the regular conditional
probability distribution (r.c.p.d.)

Lemma 4.2. Let P € Py, o, T an F—stopping time taking value in [t, 1], and (@w)weﬁ

be a r.c.p.d. of P|F,. Then there is a P—null set N € F, such that 5w7(w) ®r(w) Qu €
ﬁT(w),wT@) for allw ¢ N.

Proof. Since P € Py 44, it follows from Theorem I1.2.21 of Jacod and Shiryaev [24]
that
(Xs - Bs)tﬁsﬁly ((Xs - Bs)2 - As)tgsgl

are all local martingales after time ¢. Then it follows from Theorem 1.2.10 of Stroock
and Varadhan [34] together with a localization technique that there is a P—null set
N; € F, such that they are still local martingales after time 7(w) both under Q,
and J ®r(w) Q,, for all w ¢ Ny. It is clear, moreover, that v € U, dQ,, x dt—a.e.

Wr(w)
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on Q x [1(w),1] for P—a.e. w € Q. Then there is P—null set N € F, such that
0w,y Or(w) Qu € Pr(w)w,, for every w ¢ N. 0

Lemma 4.3. Let Assumptions 3.1, 3.2, 3.3 hold true, and assume that X is locally
bounded. LetP € Py ap, T >t a F—stopping time, and (Qy)
measures such that Q,, € fT(w)

wea @ family of probability
W) and w — Qy, is F,—measurable. Then there is a

unique probability measure, denoted by @@T(,) Q., in ft%a’b, such that
PR,)Q =P on Fr, and (6, @) Qu)yeq s a r.c.p.d. of P@.y QFA4T)

Proof. The existence and uniqueness of the probability measure @@T(.) Q. on (Q, F1),
satisfying (4.7), follows from Theorem 6.1.2 of [34]. It remains to prove that P®, Q. €
ft,:c,a,b- _ B

Since Qu € Pr(w)w, (> X 18 & 0w @7 (y) Qu—semimartingale after time 7(w), charac-
terized by (A, B). Then, the processes X — B and (X — B)2 — A are local martingales
under &, ®;(,) Qu after time 7(w). By Theorem 1.2.10 of [34] together with a localiza-
tion argument, they are still local martingales under P ®, () Q.. Hence, the required
result follows from Theorem I1.2.21 of [24]. O

We have now collected all the ingredients for the proof of the dynamic programming
principle.

Proof of Proposition 4.1 Let 7 be an F—stopping time taking value in [t,1]. We
proceed in two steps.

{. For P € Pt 2,4, we denote by (Qy),,.q a r.c.p.d. of P|F;, and ]P’UTJ 1= 0w,y Or(w)
Qu- By the representation (4.5) of A, together with the tower property of conditional
expectations, we see that

—_r [T 1
At,x) = inf EF / E(S,Xs,us)ds—l—/ E(S,XS,VS)ds—i—)\l(Xl)]
PEPt 2,a,b t T

1

—  inf Eﬂ”'/ z(s,XS,VS)dHEPf{/ E(s,Xs,ys)ds+>\1(X1)H
]P’EPt,x,a,b -Jt T

> inf EF[ / (s, Xova)ds + A7, X)), (4.8)
IP)E,Pt,ac,a,b -Jt

where the last inequality follows from the fact that @f € ﬁT(w),wT ) by Lemma 4.2.
2. For € > 0, let (_‘;:x “ b)[0 ] R2d+d2 be the family defined in Lemma 4.1, and denote

Qs = (@i(w) iy’ Then w — QF, is F,—measurable. Moreover, for all P € 5t’m7a,b, we

may construct by Lemmas 4.1 and 4.3 P () Q. € ftw’a,b such that

_ _ T — T
EP@)T(‘)Q‘ |:/ E(S,Xs,Vs)ds'{’)\l(Xl)] < EP |:/ E(S,XS,VS)CZS-F)\(T,XT) + €.
t t

By the arbitrariness of P € Py, 5 and € > 0, together with the representation (4.5)
of A, this implies that the reverse inequality to (4.8) holds true, and the proof is
complete. O

We conclude this section by the
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Proof of Lemma 3.1 By the same arguments as in Lemma 4.1, we can easily deduce
that \g is B0 (RY)— measurable, and we just need to prove that

_ 1
,LL[)()\O) = inf EP[/ E(S,Xs,Vs)dS-i-)\l(Xl) .
PeP(10) 0

Given a probability measure P € P (), we can get a family of conditional probabilities

(Qu)weq such that Q, € Po.wo, Which implies that

_ 1
EF | / s, X va)ds + 2 (X0)] = po(ho). VB € Pluo)
0

On the other hand, for every ¢ > 0 and 1o € M(R?), we can select a measurable family
of (@3 € ﬁ07x7070)x€Rd such that

_ 1
E% | / (s, Xoyva)ds + M (X1)] < No(@) +&, po — .
0

and then construct a probability measure pg ®g Q° € P(ug) by concatenation such
that

_ 1
EHo®0Q7 {/ U(s, X, vs)ds + )\1(X1)} < po(No) +¢, Ve >0,
0

which completes the proof. O

5 Numerical approximation

In this section, we provide an implementable numerical scheme for the approximation
of the value function V' (uo, 1) in the Markovian context where L(t, x,u) = £(t,x(t), u),
under Assumptions 3.1, 3.2, 3.3, and 3.4. By our duality result of Theorem 3.1 together
with Theorem 3.2, we have that

V=V:i= sup v(\)=V:i= sup ov(\) where v(\):= puo(No) — p1(A\1)
Aler(Rd) /\1€C§°(Rd)

and the function Ao is defined in (3.2). We shall require the following additional
conditions to hold.

Assumption 5.1. [pq |z|(to + p1)(de) < oo.
Assumption 5.2. U is compact, and { is Lipschitz in x uniformly in (t,u).

Throughout this section, we denote:

M o= sl 60.) + [ )
(t,z,u)€[0,1]xREIXU

where \,0(t,z,u) is the gradient of ¢ with respect to  which exists a.e. under As-
sumption 5.2.
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5.1 First approximations

Let Lip(}( denote the collection of all bounded K —Lipschitz-continuous functions ¢ :
R? — R with ¢(0) = 0, and denote Lip? := Ug~oLip%. Since v(A\; + ¢) = v(A1) for
any A1 € Cp(R?%) and ¢ € R, we deduce that:

V = sup v(\).
AleLipO

As a first approximation, we introduce the function:

VE = sup w(\). (5.1)
neliph

Under Assumptions 5.1 and 5.2, we easily verify that V' < oo, see Lemma 5.1 below.
Then, it is immediate that:

(VE) k=0 is increasing and VX — V as K — oo, (5.2)

Our next approximation restricts the space variable x to the bounded subsets Opr :=
(—R, R)d of R, R > 0. Let 7 be the first exit time of the canonical process X from
Org:

Tr = inf{t: X; ¢ Or},

and define for all bounded functions \; € Cy(R?):

TrAL
)\R(tjx) = [[Dérf]l)f EP[/t E(S,XS,Vf)dS—F)\I(XTR/\l) .

By similar arguments as in Theorem 4.1, A¥ is a viscosity solution of equation
—O\E(t,2) — H(t,z, DAR, D*XB) =0, (t,z) €[0,1) x Og, (5.3)
with boundary conditions
At z) = A (z) forall (t,z) € ([0,1) x Og) U ({1} x Og). (5.4)

Here 0OR denotes the boundary of Or. Moreover, from discussions in Example 3.6 of
Crandall et al. [14], it satisfies a comparison result. Then A is the unique bounded
viscosity solution of (5.3) with boundary condition (5.4).

Lemma 5.1. Under Assumption 5.2, let \y € Lip% be arbitrary. Then \ and AT are
Lipschitz-continuous, and there is a constant C' depending on M such that:

AL, 0)| + [AE(t,0)] + [NA(E, )| + AR (L, 2)| < C(1 + K), (t,z) € [0,1] x R%

Proof. We only provide the estimates for A, those for Ar follows from the same
arguments. First, by Assumption 5.2 together with the fact that A\; is K —Lipschitz
and A;(0) = 0, for every P € Py,

1
EP[/ (s, Xy, F)ds + M (X1)| < M+ (M +K) sup EF|X,]|.
¢ t<s<1
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Recall that X is continuous semimartingale under PP whose finite variation part and
quadratic variation of the martingale part are both bounded by constant M. Sepa-
rating the two parts and using Cauchy-Schwarz’s inequality, it follows that IE]P‘X 5‘ <
M ++/M, Vt < s <1, and then [\(t,0)] < M + (M + K)(M +/M).

We next prove that A is Lipschitz and provide the corresponding estimate. Observe
that Py, = {P:=Po (X +y—a)"! : P€P,}. Then

(At ) —

IN

At y)|
1
sup EP‘ / 0(s, Xs, Vf) —l(s, Xs+y—uz, Vf)ds + M (X)) —M(Xi+y—2x)
PeEPy o t

< (M+K)ly —xf
by the Lipschitz property of £ and A in x. O

Define

M= 2E7(0,.), v(\) = oM 1oy,) — m1(Mloy), and VER .= sup KUR(/\l)(5.5)
AmeLip,

In the special case where U is a singleton, equation (5.3) degenerates to the heat
equation, Barles, Daher and Romano [2] proved that the error A — A\ satisfies a large
deviation estimate as R — oo. The next result extends this estimate to our context.

Proposition 5.1. Let Assumption 5.2 and 5.1 hold true, we denote |z| := maxl_, |z;|
for x € R and choose R > 2M . Then, there is a constant C such that:
(i) for all K >0, \; € Lipl$ and |z| < R — M,

INE — \|(t,2) < O(1 + K)e~(B-M—la)?/2M

(i) for all K > 0:

VER VK] < Cu+KKfW“M%ﬂ+/

O%y2

(1+ [2]) (5o + p)(d)) . (5.6)

Proof. 1. For arbitrary (¢,z) € [0,1]xR? and P € Py 5, we denote Y := supy< <1 | X7|
where X" is the i—th component of the canonical process X. By the Dubins-Schwartz
time-change theorem (see e.g. Theorem 4.6, Chapiter 3 of Karatzas and Shreve [25]),
we may represent the continuous local martingale part of X* as a time-changed Brow-
nian motion W. Since the characteristics of X are bounded by M, we see that:

S(R) == PY'> R < B[ sup [Wi|> R~ |ui|— M|
0<t<M

< 2}P’[ sup WtzR—\xﬂ—M}
0<t<M

|4

= 4(1-N(RM)), (5.7)

where RM := (R — M — |z;|)/v/M, N be the cumulative distribution function of the

|3
standard normal distribution N (0, 1), and the last equality follows from the reflection
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principle of the Brownian motion. Then by integration by parts as well as (5.7),

EP[YHWER} = RSYR)+ /R S(2)dz.
© 1 1

zZ — — |5 2
< 4/R i TWGXP(( A§M| ) )zdz
A/ M (RY))?
ﬁexp(— )

= (il + M) (1= N(RY ) ) +

|4

We further remark that for any R > 0,

(1—N(R)) /OO Lo Sa<t [ Ly Sq- L12
- = e = e =——e€2 .
R V27 TR Jr Vorm Vor R

2. By definitions of A, A, it follows that for all (¢,z) such that |z| < R — M,

_ 1
|A — )\R|(t,x) < sup EP / |0(s, Xs, Vf)’ds + ‘Al(XTR/\l) — )\1(X1)u
PEPt o -JTRrAL

< sup E]P_<M+\/&KR+(M+K) sup \Xsy>1m<1}

PEP: o t<s<1
d
< sw B[N (M + VAKR + VA(M + K)Y: ) 1y2z)
PEPt 2 T i=1
< C(1+ K)e_(R\If\P/Q, (5.8)
for some constant C' depending on M and d. This completes the proof of (i).
3. To prove item (ii) of the proposition, we start with:
VER_VE = | s {0 log) — milo)} = s {uo(o) = (M)}
A eLip) A eLip)
< sup |uo(Ailog) — Ho(o)| + K/ || p1 (dx).
)\1€Lip2< O??,

Now for all \; € Lip?(, we estimate that:

lo(Af1o,) — 1o(Mo)|

IN

po (1M = Rol10, ) + a0 (M + Yo} 10

o1+ K)( /O e~ P2 o de) + /( (1 + lal)pod) ).

Opr
T

IN

R )e
Pl

where we used Lemma 5.1 together with item (i) of the present proposition. Observing

that (RM)2 > R?/4M — R+ M on Og, this implies that
2

||

oA 1o,) — o(N)| < C(1+ K) (632/8M+R/2+/

(ORr)e
5

(1+ [ po(d) ).

and the required estimate follows. ]
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5.2 A finite differences approximation

In the remaining part of this paper, we restrict the discussion to the one-dimensional
case

d=1 sothat Ogr=(—R,R).

Let (I,7) € N? and h = (At, Az) € (RT)? be such that IAt = 1 and rAz = R. Denote
x; = 1Az, t, := kAt and define the discrete grids:

N:={x; : i€Z}, Ng:=NnN(-R,R),
Mr g = {(tk,z;) : (k,i) € Z" x Z} N ([0,1] x (R, R)).
The terminal set, boundary set as well as interior set of Mt g are denoted by
OrMrg={(1,2) : & € Ng}, OpMrp:={(ty,£R) : k=0,--- 1},
Mr g = Mr g\ (8rMr g UMz R).

We shall use the finite differences method to solve the dynamic programming equa-
tion (5.3), (5.4) on the grid Mr r. For a function w defined on M7 g, we introduce
the discrete derivatives of w:
w(ty, vix1) — w(tg, T;)

Ax

where b1 := max(0,b), b~ := max(0, —b); and

D w(ty, z;) == and (bD)w :=b"DTw +b" D w for b € R,

w(tg, T; —2w(tk, x;) + w(te, xi—
D*w(ty, ;) = (b, @i+1) (Ax2 i) + wt, @ 1).

We now define the function S\h’R(or ARAL o precise its dependence on the boundary
condition 5\1) on the grid M g by the following explicit finite differences approxima-
tion of the dynamic programming equation (5.3):
~ ~ - 1 ~ o
ARty 20) = (Ah’R + At inf {e(-, w) + (bD)ARE 4 faD2)\h’R}) (tsr, 2i) on Mg
u=(a,b)eU 2 ’
S\h,R(tk,xi) = ;\1(.1‘Z) on aT./\/lfnR U aRMT,Ra (5.9)

and we introduce the following natural approximation of v’
(A1) = po (linR[S\g’R]) — 1 (hnR[}\l]) where S\S’R = AR, (5.10)

and for all function ¢ defined on the grid Nz we denote by lin® [¢] the linear interpo-
lation of ¢ extended by zero outside [—R, R].

We shall also assume that the discretization parameters h = (At, Az) satisfy the
CFL condition

bl | la]
— 4+ —= ] <Z . .
At <Am +a5) <1 forall (a,b)eU (5.11)

Then the scheme (5.9) is L*°—monotone, so that the convergence of the scheme is
guaranteed by the monotonic scheme method of Barles and Souganidis [4]. For our
next result, we assume that the following error estimate holds.
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Assumption 5.3. There are positive constants L r, p1, p2 which are independent of
h = (At, Ax), such that

Mo(}linR[j\g’R] - )\01[_373}‘) < Lg p(At" + Axf?), VA € Lipé( and \j = ANg-

Let Lipé(’R be the collection of all functions on the grid N defined as restrictions
of functions in Lipg :

Lipé{’R = {5\1 = M|, for some A\; € Lipg}. (5.12)

The above approximation of the dynamic value function A suggests the following nat-
ural approximation of the minimal transportation cost value:

VhK’R = sup  0f (M) = sup g (hnR[;\g’R}) — <linR[5\1]). (5.13)
MieLipy AeLipg ™

Remark 5.1. Under the additional condition that £ is uniformly %—H&lder i t with
constant M, then in spirit of the analysis in Barles and Jakobsen [3], Assumption 5.3
holds true with p1 = %, po = 15 and Lx,gr = C(1+ K + KR) with some constant C
depending on M.

Theorem 5.1. Let Assumption 5.3 be true, then with the constants Lk r, p1, p2
introduced in Assumption 5.3, we have

(VIR VER] < Li p(At + Azf?) + KAz,

Proof. First, given \; € LipJ, we take A, := Mlng € Lip{){’R, then clearly [lin[\] —
A1l (=r,R) < KAw, and it follows from Assumption 5.3 and (5.5) as well as (5.10)
that vft(\;) < 17,?(5\1) + L r(AtP* + AzP?) + K Az. Hence,

VER <R L L p(AP 4+ AzP?) + K Az,

Next, given \ € Lipé(’R, let A\ := lin[;\l] € LipZ¥ be the linear interpolation of A1, it
follows from Assumption 5.3 that @,If(j\l) < vf(A\1)+ Lk r(AtPL + Azr?), and therefore,

VI < VR 4 L p(AtPF + AaP?).
]

Remark 5.2. In the d—dimensional case, we can use the generalized finite differences
method to approzimate VIF. To construct the generalized finite difference scheme,
we refer to section 5 of Kushner [27] when every a € Sy for (a,b) € U are diagonal
dominated, and to Bonnans and Zidani [12] as well as Bonnans, Ottenwaelter and
Zidani [9] for general cases.
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5.3 Gradient projection algorithm

~

In this section, we suggest a numerical scheme to approximate VhK’R = supy cLipk'R @,’f()\l)
1 0

in (5.13). The crucial observation for our methodology is the following. By B(NRg),
we denote the set of all bounded function on Ng.

Proposition 5.2. Under the CFL condition (5.11), the function A\ @,?(5\1) is
concave on B(NR).

_ _ s - _ 7 . ~h, @A
Proof. Let @ = (g ;)o<k<i,—r<i<r, With @y ; = (a4, br;) € U, we introduce A o (or

. ~hu . . . N . . . .
just A " if there is no risk of ambiguity) as the unique solution of the discrete linear
system on Mp g with a given Aq :

"t wa) = (X A0 1) + g DX + @i D) ) (b1, 20) on Mo,

_ \ (5.14)
A (tk,xi) = )\1(131'), for (tk,xi) S 8TMT7R U 8RMT7R.

Let Xg,a = Xh’ﬂ((), -), and define:
_R,i /% L . Ryhu . RiR
o7 (M) = po(lin® Ay ]) — pa (Lin"[Aq]).
We claim that
N . Ry
(A1) = ae(}lr(lePl) v, (A1)- (5.15)

Indeed, under the CFL condition (5.11), the finite difference scheme (5.9) as well as
(5.14) are both L*°—monotone in sense of Barles and Souganidis [4]. Moreover, the
linear interpolation Ao — linR[j\o] is also monotone. Then taking infimum step by step
in (5.9) and (5.13) is equivalent to taking infimum globally in (5.15).

Finally, the concavity of A; — ﬁf(ﬁq) follows from its representation as the infimum
of linear maps in (5.15). O

By the previous proposition, VhK’R consists in the maximization of a concave func-
tion, and a natural scheme to approximate it is the gradient projection algorithm.

Remark 5.3. Since U is compact by Assumption 5.2, then for every function A1, we

have the optimal control () = (ak,i(;\l))0<k<l _reicy Such that

S\SL’R _ Xg,ﬂ(h)

and 8 (Ar) = o (), (5.16)

Now we are ready to give the gradient projection algorithm for VhK’R in (5.13).

Given a function ¢ € B(NRg), we denote by PLipK,R (go) the projection of ¢ on Lipé(’R,
0

where Lipé(’R C B(NR) is defined in (5.12). Of course, the projection depends on the
choice of the norm equipping B(Ng) which in turn has serious consequences on the
numerics. We shall discuss this important issue later.

Let v := (yn)n>0 be a sequence of positive constants, we propose the following
algorithm:
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Algorithm 5.1. To solve problem (5.13):
o 1, Let A} := 0.
o 2, Given X', compute the super-gradient Vvh( ") of A — 0 R(\1) at N7
o 3, Let \PT! = Prin KR(Al + 1 VOR(AD)).
e 4, Go back to step 2.

In the following, we shall discuss the computation of super-gradient Vf}ff(ﬁq) the
projection P, Lip® as well as the convergence of the above gradient projection algo-

rithm.

5.3.1 Super-gradient

Let A, € B(NR) be fixed. Then, by Remark 5.3, we may find an optimal control
ﬁ(j\l) = (ﬁkvi(j\l))0<k<l,—r<i<r’ where ﬁ]m(&l) = (&k,i(ﬂl);i)k,i(j\l)) e U, for system
(5.15). We then denote by_ g;j the unique solution of the following linear system on
M g, for every —r < j <1

tk,xz (gj + At( b]” 5\ )D)gj + &ki(j\l)D2gj>>(tk+1,$i) on MT,R7

(5.17)
(tk, xl) (5 for (tk, xz) S 8TMTR U 8RMTR
Denote g} := ¢7(0,-) and &; be a function on Ng defined by d;(z;) := d; ;.
Proposition 5.3. Let CFL condition (5.11) hold true, then the vector
Vﬁf(jq) = (,uo (linR[gg]) — i1 (linR[éj])> 4 (5.18)
—r<j<r

is a super-gradient of ¢ € B(NR) — 98(p) € R at Al

Proof. Consider the system (5.14) introduced in the proof of Proposition 5.2. Under
the CFL condition (5.11), by (5.15), we have for every perturbation A\; € B(NRg),

@f(;h +A5\1) :6}1:3,11(/\1+AA1)(5\1 —|—A5\1) Sﬁf’ﬁ(m(j\l —I—qu),
which implies that

RO+ AA) — 0RO < oG+ AL -l “(*”(Al)

We next observe that for fixed A;, the function ¢ — vf u()‘l)(cp) is linear, it follows
that
Ru()\l) —R U(Al) 3
( (A +6;) — (Al))%m (5.19)

is a super-gradient of ¢ — 9%(p) at A1. Finally, by (5.14) and (5.17), ¢/ (ty, 2;) =
KAt (tg, i) — Xﬁ()\l)’h(tk,xi), where A"MH 55 the solution of (5.14) with
boundary condition A; + 0. By the definition of Ef’“(j\l) in (5.15), it follows that the

super-gradient (5.19) is equivalent to Vﬁ}?(j\l) defined in (5.18). O
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5.3.2 Projection

To compute the projection PLipK,R(cp), Vo € B(NR), we need to equip B(Ng) with
0

a specific norm. In order to obtain a simple projection algorithm, we shall introduce
an invertible linear map between B(Ng) and R**1, then equip on B(Ng) the norm

induced by the classical L?—norm on R?"+1,
Let us define the invertible linear map 75 from B(Ng) to R?" 1! as

90(:1:1-&-1) _QO(:L”L% 1= 17 Ty
i = Tr(®)i == { ¢(0), i=0,
90(:1:7,—1) _QO(‘IL,’L% v = _17 , — T,
and define the norm |- | on B(NR) (easily be verified) by
|¢lr == |TrR(9)|L2(R2r+1), Yo € B(NR).
Notice that
ELipé(’R = {1/; =Trp: @€ Lipé{’R}
= {¢ = i) —r<icr € [~ KAz, KAz g =0} .
Then the projection PLipK,R from B(NR) to Lipé(’R under norm | - | is equivalent
0
to the projection PT LipX® from R* ! to TRLipé(’R under the L?2—norm, which is
R 0

simply written as

(Prsipen),= 1" o
- K,R -
TrLip, i (KAz) Ny V (=K Ax),  otherwise.

5.3.3 Convergence rate

Now, let us give a convergence rate for the above gradient projection algorithm. In
preparation, we first provide an estimate for the norm of super-gradients.

Proposition 5.4. Suppose that CFL condition (5.11) hold, then |9 (p1) — 07 (p2)| <
2|1 —p2|oo for every p1, po € B(NR). And therefore, the super-gradient V”f),lf' satisfies

Vo), < 2,/% +1, for all A € BN). (5.20)

Proof. Under CFL condition, the scheme (5.9) is L®—monotone, then ‘j\g,Rm -
Ap e | < l¢1 — @2]o0, and it follows from the definition of ¢/ in (5.10) that

|68 (1) — DR (02)] < 201 — P2loo- (5.21)

Next, by Cauchy-Schwarz inequality,

1 — P2]00 < max (Z | Ta(er — p2)il, Y [ Trpr — @2)1'\) < Vr+1er — p2r.

=0 i=0
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Together with (5.21), this implies that (5.20) holds for every super-gradient Vo; R()p).
O

Let us finish this section by providing a convergence rate for our gradient projection
algorithm. Denote

IT:= ma |<p1 ©a|% < 2r(KAz)? < 2K?RAz,
<,017<P2€L1p0

it follows from section 5.3.1 of Ben-Tal and Nemirovski [5] that

. I N 21 vNR j\n 2
USVhK’ — max ol ()\ ) < + D =1 Yl VO, (AT) %
n<N ZN

n=1 Tn
2K?RAz +4 (£ +1) 2N, % (5.22)
B Zr]:[:l Tn

We have several choices for the series 7 = (7,)n>1 :

e Divergent series : v, > 0, > o0 v, = 400 and > o0, 72 < 400, then the right
hand side of (5.22) converges to 0 as N — oc.

e Optimal stepsizes : v, = W\%, [5] shows that

maxi <<y [VOR(AD) ) - V2T _ K(R+ VRAz)
n<N - \/N — \/N )

for some constant C' independent of K, R, At, Ax and N.

5.4 Numerical Example

We finally give a numerical example for the above algorithm. Let us consider the one-
dimensional case d = 1, and U = Uy x {0} where U; is a compact interval in RT, i.e. X
is a one-dimensional martingale under P for all P € P(ug, p11). Let the transportation
cost be given by:

((t,z,a,b) = a sothat J(P)=EF(X).

This example is motivated by an application in financial mathematics, where (X);
is the payoff of a financial derivative called variance swap. Then, the minimum cost
of transportation is the minimum no-arbitrage price of the variance swap given the
possibility of dynamic trading the underlying asset, with price X, together with the
static trading of the European options maturing at time 1 with all possible strikes.

Suppose that P(ug, p1) is nonempty, it follows from the duality Theorems 3.1 and
3.2 that

1
V (1o, = inf IEP/ Pat = inf EP(X
(1o, p11) el (B et (X0

- inf EF[(X; - Xo)?] = /RxQ/ﬂ(dx)—/szuo(dac).(5.23)

PEP (10,41)
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Figure 1: Numerical example: pu; = N(0,0?) with og = 0.1, 0y = 0.2, U = [0,0.1] x {0},
K=15 R=1, Az =0.1, At = 0.025.

We choose p; as normal distribution N(0,0?) with o9 = 0.1, 01 = 0.2 and U =
[0,0.1] x {0}, we implement the scheme suggested in the previous subsection, and we
compare to the explicit solution (5.23). The numerical result shows that with 105
iterations (which takes no more than 1 minute of calculation on a standard computer),
the relative error is less than 1%, see Figure 1.

A Appendix

We first report a theorem which provides the unique canonical decomposition of a
continuous semimartingale under different filtrations. In particular, it follows that an
It process has a diffusion representation, by taking the filtration generated by itself.
This is in fact Theorem 7.17 of Liptser and Shiryayev [28] in 1-dimensional case, or
Theorem 4.3 of Wong [35] in multi-dimensional case.

Theorem A.1. In a filtrated space (Q,F = (Fi)o<i<1,P) (here Q is not necessary the
canonical space), a process X is a continuous semimartingale with canonical decompo-
sition:

X¢ = Xo + By + M,
where By = My = 0, and B = (By)o<t<1 is of finite variation and M = (Mi)o<i<1
a local martingale. In addition, suppose that there are measurable and F—adapted
processes (a, B) such that

t 1 t
B; = / Bsds, / E|Bs|ds < oo, and Ay :== (M) = / ogds.
0 0 0

Let FX = (F{X)o<i<1 be the filtration generated by process X and F = (F;)o<i<1 be a
filtration such that FX C F; C F;. Then X is still a continuous semimartingale under
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F, whose canonical decomposition is given by
t ~ ~ ~ t
Xt = X() +/ ,Bst + Mt with At = <M>t = / dst,
0 0

where
,Bt = E(,B”ﬁt) and ar = oy, dP x dt — a.e.

Proof of Theorem 4.1. The characterization of the value function as viscosity
solution is a natural result of the dynamic programming principle. Here, we give a
proof, similar to that of Corollary 5.1 in [13], in our context.

1, We first prove the subsolution property. Suppose that (tg,zo) € [0,1) x R? and
¢ € C2([0,1) x RY) is a smooth function such that

0= (A= @)(to,z0) > (A — B)(t,2), V(t,) # (to, o).
By adding € (|t — to|* + |z — x0[*) to ¢(t,z), we can suppose that
o(t,x) > Mt,z) + ¢ (|t — tol* + |z — zo|*) (A1)
without loosing generality. Assume to the contrary that
— 0 (to, m0) — H (to, z0, Dad(to, 20), D2, d(to, x9)) > 0,

we shall derive a contradiction. Indeed, by definition of H, there is ¢ > 0 and (a,b) € U
such that

_8t¢(t7$) -b- DI¢(ta l‘) - %a’ ' Dgng(t,l') - f(t, z,a, b) > 07 \V/(t, IE) € Bc(t07x0)a

where B.(tg, z0) := {(t,z) € [0,1) x R? : |(t,x) — (to,x0)| < c}. Let 7 := inf{t >ty :
(t, Xt) ¢ Be(to, zo)}, then

Alto, z0) = ¢(to, z0) = inf  EF [/T (s, Xs,vs)ds + o(r, X‘r):|
t

PEPy,20,0,0

> inf EF [/ 0(s, Xs,vs)ds + (T, XT)} +n,
t

Pepto ,20,0,0

where 7 is some positive constant from (A.1) and the definition of 7. This is a contra-
diction to Proposition 4.1.

2, For the supersolution property, we assume to the contrary that there is (¢g, zo) €
[0,1) x R? and smooth function ¢ satisfying

0= (>‘ - ¢)(t0,$0) < ()‘ - d))(t,a:), V(t, .T) 7& (to,ﬂ?o).

and
—9d(to, z0) — H (to, 20, Dad(to, x0), D2,6(t0, 70)) < 0,

We also suppose without loosing generality that

o(t,x) < Nt z) — e ([t — to]* + |z — mo[*) . (A.2)
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By continuity of H, there is ¢ > 0 such that for all (¢,2) € B.(to,zo) and every
(a,b) € U,

—0p(t,x) —b- Dpop(t, ) — %a D2 ¢(t,x) — £(t,x,a,b) < 0.

Let 7 :=inf{t >ty : (¢, X¢) ¢ Bc(to,z0)}, then

)‘(t07x0) = ¢(t0,x0) < inf Eﬁ [Qb(Ta X‘r) + /T E(S7X57 Vs)d5:|

PEP1(,20.,0,0 to
< inf EF [)\(T, X;) +/ K(S,Xs,ys)ds] -7
Pepto,wo,o,o to
for some n > 0 by (A.2), which is a contradiction to Proposition 4.1. O
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