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Abstract

In this paper we propose a notion of viscosity solutions for path dependent semi-
linear parabolic PDEs. This can also be viewed as viscosity solutions of non-Markovian
Backward SDEs, and thus extends the well known nonlinear Feynman-Kac formula to
non-Markovian case. We shall prove the existence, uniqueness, stability, and comparison
principle for the viscosity solutions. The key ingredient of our approach is a functional

It6’s calculus recently introduced by Dupire [6].

Key words: Path dependent PDEs, Backward SDEs, viscosity solutions, comparison prin-
ciple.
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1 Introduction

It is well known that a Markovian type Backward SDE (BSDE, for short) is associated
with a semi-linear parabolic PDE via the so called nonlinear Feynman-Kac formula, see
Pardoux and Peng [18]. Such relation was extended to Forward Backward SDEs (FBSDE,
for short) and quasi-linear PDEs, see e.g. Ma, Protter and Yong [15], Pardoux and Tang
[19], and Ma, Zhang and Zheng [16], and Second Order BSDEs (2BSDEs, for short) and

fully nonlinear PDEs, see e.g. Cheritdito, Soner, Touzi, and Victoir [3] and Soner, Touzi and
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Zhang [27]. The notable notion G-expectation, proposed by Peng [22], was also motivated
from connection with fully nonlinear PDEs.

In non-Markovian case, the BSDEs (and FBSDEs, 2BSDEs) become path dependent.
Due to its connection with PDE in Markovian case, it has long been discussed that general
BSDEs can also be viewed as a PDE. In particular, in his ICM 2010 lecture, Peng [23]
proposed the question whether or not a non-Markovian BSDE can be viewed as a Path
Dependent PDE (PPDE, for short).

The recent work Dupire [6], which was further extended by Cont and Fournie [4], pro-
vides a convenient framework for this problem. Dupire introduces the notion of horizontal
derivative (that we will refer to as time derivative) and vertical derivative (that we will refer
to as space derivative) for non-anticipative stochastic processes. One remarkable result is
the functional It6’s formula under his definition. As a direct consequence, if u(t,w) is a
martingale under the Wiener measure with enough regularity (under their sense), then its
drift part from the It6’s formula vanishes and thus it is a classical solution to the following

path dependent heat equation:
1
Opu(t,w) + §8g$u(t,w) =0. (1.1)

It is then very natural to view BSDEs as semi-linear PPDEs, and 2BSDEs and G-
martingales as fully nonlinear PPDEs. However, we shall emphasize that PPDEs can rarely
have classical solutions, even for heat equations. We refer to Peng and Wang [25] for some
sufficient conditions under which a semi-linear PPDE admits a classical solution.

The present work was largely stimulated by the recent paper Peng [24] which appeared
while our investigation of the problem was in an early stage. Peng proposes a notion of
viscosity solutions for PPDEs on cadlag paths using compactness arguments. However, the
horizontal derivative (or time derivative) in [24] is defined differently from that in Dupire [6]
which leads to a different context than ours. Moreover, [24] derives a uniqueness result for
PPDEs on cadlag paths. Given the non-uniqueness of extension of a function to the cadlag
paths, this does not imply any uniqueness statement in the space of continuous paths. For
this reason, our approach uses an alternative definition than that of Peng [24].

The main objective of this paper is to propose a notion of viscosity solutions of PPDEs
on the space of continuous paths. To focus on the main idea, we focus on semi-linear
case and leave fully nonlinear case for future study. We shall prove existence, uniqueness,
stability, and comparison principle for viscosity solutions.

The theory of viscosity solutions for standard PDEs has been well developed. We refer

to the classical references Crandall, Ishii and Lions [5] and Fleming and Soner [9]. As is



well understood, in path dependent case the main challenge comes from the fact that the
space variable is infinite dimensional and thus lacks compactness. Our context does not
neither fall into the framework of Lions [11, 12, 13] where the notion of viscosity solutions
is extended to Hilbert spaces by using a limiting argument based on the existence of a
countable basis. Consequently, the standard techniques for the comparison principle, which
rely heavily on the compactness arguments, fail in our context. We shall remark though, for
first order PPDEs, by using its special structure Lukoyanov [14] studied viscosity solutions
by adapting elegantly the compactness arguments.

To overcome this difficulty, we provide a new approach by decomposing the proof of the
comparison principle into two steps. We first prove a partial comparison principle, that is, a
classical sub-solution (resp. viscosity sub-solution) is always less than or equal to a viscosity
super-solution (resp. classical super-solution). The main idea is to use the classical one to
construct a test function for the viscosity one and then obtain a contradiction.

Our second step is a variation of the Peron’s method. Let u and u denote the supremum
of classical sub-solutions and the infimum of classical super-solutions, respectively, with the
same terminal condition. In standard Peron’s approach, see e.g. Ishii [10] and an interesting

recent development by Bayraktar and Sirbu [2], one shows that
u="u (1.2)

by assuming the comparison principle for viscosity solutions, which further implies the
existence of viscosity solutions. We shall instead prove (1.2) directly, which, together with
our partial comparison principle, implies the comparison principle for viscosity solutions
immediately. Our arguments for (1.2) mainly rely on the remarkable result Bank and
Baum [1], which was extended to nonlinear case in [26].

We also observe that our results make strong use of the representation of the solution
of the semilinear PPDE by means of the corresponding Backward SDEs [17]. This is a
serious limitation of our approach that we hope to overcome in some future work. However,
our approach is suitable for a large class of PPDEs as Hamilton-Jacobi-Bellman equations,
which are related to stochastic control problems, and their extension to Isaac-Hamilton-
Jacobi-Bellman equations corresponding to differential games.

The rest of the paper is organized as follows. In Section 2 we introduce the framework of
[6] and [4] and adapt it to our problem. We define classical and viscosity solutions of PPDE
in Section 3. In Section 4 we introduce the main results, and in Section 5 we prove some
basic properties of the solutions, including existence, stability, and the partial comparison

principle of viscosity solutions. Finally in Section 6 we prove (1.2) and the comparison



principle for viscosity solutions.

2 A pathwise stochastic analysis

In this section we introduce the spaces on which we will define the solutions of path de-
pendent PDEs. The key notions of derivatives were proposed by Dupire [6] who introduced
the functional It6 calculus, and further developed by Cont and Fournie [4]. We shall also

introduce their localization version for our purpose.

2.1 Derivatives on cadlag paths

Let 0 := D([0, T],RY), the set of cadlag paths, & denote the elements of 2, B the canonical
process, I the filtration generated by B, and A : [0,T] x Q). We define a norm on € and

a metric on A as follows: for any (t,@), (#/,&') € A,

@]l :== sup |@s|, doo((t,@), (', &) =t —¢| + sup |Dtns — Dy ps)- (2.1)
0<s<t 0<s<
Then (€, || - ||7) and (A, d) are complete metric spaces.

Let @ : A — R be an F—progressively measurable random field. Note that the progressive
measurability implies that (t,&) = a(t,&.n) for all (t,&) € A. Following Dupire [6],
we define spatial derivatives of 4, if exist, in the standard sense: for the basis e; of R,
i1=1,---,d,

0u,i(1,2) := Jim % [t + MLye) = (0. 0)]. Brur = (i), 00j = 1, d,(22)
and the right time-derivative of 4, if it exists, as:
dra(t, @) = lim 3[ (t+ hy @) —a(t,w)}, t<T. (2.3)
h—0,h>0 h
For the final time T', we define:

(T, w) = t<1¥?¢T oyu(t,w). (2.4)

We take the convention that & are column vectors, but 8,4 denotes row vectors and 92,

denote d x d-matrices.

Definition 2.1 Let 4 : A — R be I@'-progressively measurable.
(i) We say @ € CO(A) if @ is continuous in (t,&) under dug
(it) We say @ € CY(A) € C°(A) if @ is bounded.
(iii) We say G € C’;’2(A) c CO%A) if Byti, Bpta, and D20 exist and are in Cg(f&).



Remark 2.2 To simplify the presentation, in this paper we will consider only bounded
viscosity solutions. By slightly more involved estimates, we can extend our results to the
cases with polynomial growth. However, the boundedness of the derivatives 01, 0,4, and

02,7 is crucial for the functional Itd’s formula (2.6) below. [ |

2.2 Derivatives on continuous paths

We now let Q := {w € C([0,T],R?) : wy = 0}, the set of continuous paths with initial value
0, B the canonical process, F the filtration generated by B, Py the Wiener measure, and
A :=[0,T] x Q. Here and in the sequel, for notational simplicity, we use 0 to denote vectors
or matrices with appropriate dimensions whose components are all equal to 0.

Clearly ) C Q, A C A, and each w € Q can also be viewed as an element of 2. Then
|| - |+ and doo in (2.1) are well defined on © and A, and (£2,] - ||7) and (A,dy) are also
complete metric spaces. Given © : A — R and 4 : A— R, we say 4 is consistent with v on
A if

u(t,w) = u(t,w), forall (t,w) € A. (2.5)

Definition 2.3 Let u: A — R be F-progressively measurable.
(i) We say u € C°(A) if u is continuous in (t,w) under dwo.
(i) We say u € CY(A) C C°(A) if u is bounded.
(i1i) We say u € C'bl’Q(A) if there exists 4 € 05’2(/1) such that (2.5) holds.

By [6] and [4], we have the following important results.

Theorem 2.4 Let u € C;’Q(A) and u € C’;’Z(f\) such that (2.5) holds.
(i) The following definition

Opu = Oplt, Ogu = dptt, O2,u:= 02,4, on A,

is independent of the choice of .. Namely, if there is another @' € C;’Z(A) such that (2.5)
holds, then the derivatives of @/ coincide with those of @ on A.

(ii) If P is a semimartingale measure, then u is a semimartingale under P and
1
duy = Opurdt + itr (aixutd<B)t) + OpurdBy, P-a.s. (2.6)

Here and in the sequel, when we emphasize that w is a process, we use the notation u(w) :=
u(t,w) and often omit w by simply writing it as u;. Moreover, when a probability is involved,

quite often we use B which by definition satisfies Bi(w) = wy.



2.3 Localization of the spaces

For our purpose, we need to introduce the localization version of the above notions. Let
T = {F—stoping time 7 : {w: 7(w) > t} is an open subset of (€2, ] - ||T)} (2.7)
The following is a typical example of such 7.

Example 2.5 Let u € C°(A). Then, for any constant c,
7 :=inf {t cu(t,w) > c} AT isinT.

Proof For any t < T, {1 > t} = {suppcs;us < c}. Fix w € {7 > t} and set ¢ :=
Fle— Supg<s<t U(s,w)] > 0. For any s € [0,¢], since u is continuous at (s,w), there exists
a constant hy > 0 such that |u(r,&) — u(s,w)| < & whenever du ((r,@), (s,w)) < hs. Note
that the open intervals (s — 3hs, s + 3hs), s € [0,], cover the compact set [0, ], then there
exist 0 = 59 < 51 < --- < s, = t such that [0,¢] C Up<i<n(si — %hsi,si + %hsi). Now set
h := 3 ming<i<n hs, > 0. For any & € Q such that |© — w7 < h, for any s € [0, ], there

exists i such that |s — s;| < $hs,. Then

1
doo ((5,@), (si,w)) < [s = 85| + @ — w||r < §hsi +h < hg, forall sel0,t]

Thus,
u(s,w) < u(sj,w)+e < sup u(s,w)+e<c forall sel0,t].
0<s<t
This implies that 7(@) > ¢, and therefore, 7 € T. [ |
Denote

A(r) = {(t,w) EA:t< T(w)} and A(r) := {(t,w) eA:t< T(w)}. (2.8)
Then clearly A(7) is an open subset of (A, dw).

Definition 2.6 Let 7 € T and u : A(t) — R. We say u € 05’2(11(7')) if there exists
u € 05’2(A) such that

u=1a on A(T). (2.9)

The following result is the localization version of Theorem 2.4.



Proposition 2.7 Let T € T, u € 02’2(1_&(7)), e 02’2(1\) such that (2.9) holds.
(i) One may define

Opu = Oyll, Oy := Opli, 02 u:= 02,4, on A(T), (2.10)

and the definition is independent of the choice of .
(ii) Let P be a semimartingale measure. Then u is a P-semimartingale on [0, 7] and
(2.6) holds on [0, 7].

Proof First, for the derivatives defined in (2.10), (2.6) follows directly from Theorem
2.4. Next, assume @' € C;’Q(A) also satisfies (2.9). Denote @ := @ — @/. Then @ = 0 on
A(7). Now fix (t,w) € A(7). Since A(7) is open, there exists h := h(t,w) > 0 such that
(s,w) € A(7) whenever doo((s,®), (t,w)) < h. Now following the definition of the time
derivative we obtain immediately that 0;u(t,w) = 0. Moreover, let P = Py and applying
(2.6) to u we have

1
0= St (92,10)dt + OpdBy, 0<t<T, Ppas.
Thus, since 0,4 and 92,1 are bounded,

0y =0, 02,4=0, dtxdPyas. onA(T).

rxr

Since A(7) is open, and 9,4 and 92, are continuous in (,w) under d, it is clear that
;i =0, 02,4=0, onA(T).

This implies that the definition in (2.10) is independent of the choice of . |

2.4 Space shift

We first fix ¢t € [0, 7] and introduce the shifted spaces on cadlag paths.

- Let Qf := D([t, T],R%) be the shifted canonical space; B! the shifted canonical process
on f; F* the shifted filtration generated by B'; and A := [t,T] x Q.

- Define || - ||L and d’, in the spirit of (2.1);

- For F'-progressively measurable @ : A’ — R, define the derivatives in the spirit of (2.2)
and (2.3), and define the spaces CO(A?), CO(A?) and C;’2(At) in the spirit of Definition 2.1.

Similarly, we may define the shifted spaces on continuous paths.

- Let Q' := {w € C([t,T],RY) : w; = 0} be the shifted canonical space; B’ the shifted
canonical process on Qf; F' the shifted filtration generated by B', P the Wiener measure
on Q) and A := [t,T] x Q.



- Define CO(AY), CY(A?) and C,?(A?) in an obvious way.

- Let 7! denote the space of Fi-stopping times 7 such that, for any s € [t,T), the set
{w € Q! : 7(w) > s} is an open subset of Q! under || - |4

- For each 7 € T?, define Af(7), A(7), and Cbl’2(1§t(7')) in an obvious way.

We next introduce the shift and concatenation operators. Let 0 < s <t <T.

-For & e (5, & € O, and w € QF, W' € QF, define the concatenation paths & ®; &' €
and w ®; W' € QF by:

(@@ &)(r) 1= @rlsy(r) + (@ = ©f + 017y (r);

for all r € [s,T].
(W@ w)(r) == wplgy(r) + (we +00) 11y (7); [+ 7]

- Let & € QF. For fr}—measurable random variable f and Iﬁ’s—progressively measurable
process X on QS, define the shifted ]:':tp—measurable random variable ét":’ and Iﬁ‘t—progressively

measurable process X% on Q! by:
9@ =), XMW@ =X(@® ), foral & e

- Let w € °. For Fj-measurable random variable { and [F*-progressively measurable
process X on °, define the shifted F}-measurable random variable £ and F*-progressively

measurable process X*“ on Q by:

W) = fwp '), XM(W) = X(wew), forall o' €l

It is clear that all the results in previous subsections can be extended to the shifted
spaces, after obvious modifications. Moreover, for any 7 € T, (t,w) € A(7), and u €
02’2(A(T)), it is clear that 7% € T* and u** € C;’Z(]\t(Tt"”)).

For some technical proofs later, we shall also use the following space. Denote
Ti={reTl 7>t} fot<T and T! :={T}. (2.11)

Definition 2.8 Lett € [0,T], u : A* = R, and P be a semimartingale measure on Q. We
say u € C’%’z(At) if there exist an increasing sequence of Ft-stopping timest =19 < 1 --- <
T such that,

(i) For each i >0 and w € QF, Tﬁ_(fj)’w € 7:7(‘”) and uT W ¢ 02’2(1_XTi(w) (Tﬁ_(f))w));

(ii) For each i >0 and w € Q, u.(w) is continuous on [0, 7;(w)];

(iii) For P-a.s. w € Q, the set {i: ;(w) < T} is finite.



We shall emphasize that, for u € C_']%;Q(At), the derivatives of u are bounded on each interval
[Tz‘(w),TZ-z(fj )’w], however, in general they may be unbounded on the whole interval [¢,T].
Also, the previous definition and, more specifically the dependence on P introduced in item
(iii), is motivated by the results established in Section 6 below.

The following result is a direct consequence of Proposition 2.7.

Proposition 2.9 Let P be a semimartingale measure on Q' and u € O]%)’2(At). Then u is

a local P-semimartingale on [t,T] and

1
dus = Orusds + Etr (02,usd(B")s) + OyusdBt, t<s<T, P-as.

3 PPDEs and Definitions

In this paper we study the following semi-linear parabolic Path-dependent PDE (PPDE,
for short):

(Lu)(t,w) =0, 0<t<T, wel (3.1)
where (Lu)(t,w) == —0uu(t,w) — tr (02, u(t,w)) — f(t, w, u(t,w), pu(t,w)).

We remark that there is a potential to extend our results to a much more general setting.
In particular, all our results can be easily extended to semi-linear PPDEs with more general

generator:
(Lu)(t,w) = —0w(t,w)— %tr [aaTagxu] (t,w) — f(t,w,u(t,w), Spult,w)o(t,w)).

However, in order to focus on the main ideas, in this paper we content ourselves with the
simple PPDE (3.1) under somewhat strong technical conditions, and leave more general

cases, e.g. fully nonlinear PPDEs, for future studies.

Remark 3.1 In the Markovian case, namely f = f(t,ws,y,2) and u(t,w) = v(t,w;), the
PPDE (3.1) reduces to the following PDE:

(Lv)(t,x) =0, 0<t<T, zcR% (3.2)
where (Lv)(t,z) := —0w(t,z) — 3tr [D2 v(t,z)] — f(t, 2, v(t,x), Dyv(t, x)).
Here D, and D2, denote the standard first and second order derivatives with respect to

x. However, slightly different from the PDE literature but consistent with (2.3), d; denotes
the right time-derivative. |



As usual, we start with classical solutions.

Definition 3.2 Let u € C'bl’z(A). We say w is a classical solution (resp. sub-solution,
super-solution) of PPDE (3.1) if

(Lu)(t,w) = (resp. <,>)0  for all (t,w) € [0,T) x . (3.3)
It is clear that, in the Markovian setting as in Remark 3.1,

u is a classical solution (resp. sub-solution, super-solution) of PPDE (3.1)

iff v is a classical solution (resp. sub-solution, super-solution) of PDE (3.2).

Existence and uniqueness of classical solutions are related to the analogue results for
the corresponding backward SDE. In order to avoid diverting the attention from our main
purpose in this paper, we report these properties later in Subsection 5.1, and we move to
our notion of viscosity solutions.

For any L > 0 and t < T, let thL denote the space of F-progressively measurable R%-
valued processes  such that each component of 5 is bounded by L. By viewing [ as row

vectors, we define
S 1 S
M = exp ( /t B.dB! — 3 /t ]ﬁr|2dr), Ph-as., dPY .= MEPdP!, (3.4)
and we introduce for all ¢ € [0, 7] two nonlinear expectations: for any ¢ € L?(F¢, P}),

gFle) = inf (B[] Beut}s &l = sup {EFle]: B e Ut} (3.5)
Moreover, for any u € CP(A), define

Al (t,w,u) = {cp € 02’2(At) : there exists 7 € T such that
— (t,0) — u(t,w) = minser EE[(p — ut)
XL(t,w,u) = {cp € C’;g(At) . there exists 7 € T such that

0= (t,0) — ult,w) = maxser: & [(p — u)enr] }.

Definition 3.3 Let u € CP(A).

(i) For any L > 0, we say u is a viscosity L-subsolution (resp. L-supersolution) of
PPDE (3.1) if, for any (t,w) € [0,T) x Q and any ¢ € AX(t,w,u) (resp. ¢ € jL(t,w,u)),
it holds that

(L4“p)(t,0) < (resp. >)0, where, for each (s,&) € [t,T] x O,

(L) (s,@) := —Oyp(s, ) — %tr [8330@(5,@)} — ftw (s,d), go(s,cb),@xga(s,@)).

10



(i) We say u is a viscosity subsolution (resp. supersolution) of PPDE (3.1) if u is
viscosity L-subsolution (resp. L-supersolution) of PPDE (3.1) for some L > 0.
(iii) We say u is a viscosity solution of PPDE (3.1) if it is both a viscosity subsolution

and a viscosity supersolution.

In the rest of this section we provide several remarks concerning our definition of viscosity
solutions. In most places we will comment on the viscosity subsolution only, but obviously

similar properties hold for the viscosity supersolution as well.

Remark 3.4 As standard in the literature on viscosity solutions of PDEs:
(i) The viscosity property is a local property in the following sense. For any (f,w) €
[0,T) x 2 and any € > 0, define

TE ::inf{s>t: |B!| Ze}A(t—i—s).

To check the viscosity property of u at (t,w), it suffices to know the value of u** on [t, 7]
for an arbitrarily small € > 0.

(ii) Typically A" (t,w,u) and ﬂL(t, w, u) are disjoint, so u is a viscosity solution does not
mean (L4“p)(t,0) = 0 for ¢ in some appropriate set. One has to check viscosity subsolution
property and viscosity supersolution property separately.

(iii) In general AL(t,w,u) could be empty. In this case automatically u satisfies the

viscosity subsolution property at (¢, w). [ |

Remark 3.5 (i) For 0 < L; < Ly, obviously U c U2, gl < €1 and A% (t,w,u) C
AP (t,w,u). Then one can easily check that a viscosity Li-subsolution must be a viscosity

Lo-subsolution. Consequently,

u is a viscosity subsolution

iff there exists a L > 0 such that, for all L > L, u is a viscosity L-subsolution.

(ii) However, we require the same L for all (¢,w). We should point out that our definition of
viscosity subsolution is not equivalent to the following alternative definition, under which

we are not able to prove the comparison principle:

for any (t,w) and any ¢ € (59 A"(t,w,u), it holds that (L"“¢)(t,0) < 0.

11



Remark 3.6 We may replace A" with the following (A’)% which requires strict inequality:

At w ) = {go € Cp(AY) : there exists 7 € T such that

(3.7)
0= @(t,0) — u(t,w) < EF[(p — ut)zn,] for all 7 € 71}

Then w is a viscosity L-subsolution of PPDE (3.1) if and only if
(L) (t,0) < 0 for all (t,w) € [0,T) x Q and ¢ € A" (¢, w, ).

A similar statement holds for the viscosity supersolution.

Indeed, since A (t,w,u) C A" (t,w, u), then the only if part is clear. To prove the if part,
let (t,w) € [0,T)xQ and ¢ € AX(t,w,u). For any £ > 0, denote (s, ) := ¢(s,@)+e(s—t).
Then clearly ¢° € A’L(t,w, u), and thus

(L¢%)(t,0) = —Dpp(t,0) — & — %tr (92,¢(t,0)) — f1(t,w, p(t,0), 05(t,0)) < 0.

Send ¢ — 0, we obtain (L%*“¢)(t,0) < 0, and thus w is a viscosity L-subsolution. [ |

Remark 3.7 Consider the Markovian setting in Remark 3.1. One can easily check that «
is a viscosity subsolution of PPDE (3.1) in the sense of Definition 3.3 implies that v is a
viscosity subsolution of PDE (3.2) in the standard sense. |

Remark 3.8 We have some flexibility to choose A(t,w,u) and A(t,w, u) in Definition 3.3.
In principle, the smaller these sets are, the easier we can prove viscosity properties and thus
easier for existence of viscosity solutions, but the more difficult for the comparison principle
and the uniqueness of viscosity solutions.

(i) The following A”L(t, w,u) is larger than AF(t,w,u), but all the results in this paper
still hold true if we use A”L(t,w, u) (and the corresponding Z//L(t, w,u)):

At w,u) = {(p € Cp(AY) : for any 7 € T2,

(3.8)
0=(t,0) — u(t,w) < EF[(p — u*)zn-] for some 7 € 71}

(ii) However, if we use the following smaller alternatives of AL (¢, w,u), which do not
involve the nonlinear expectation, we are not able to prove the comparison principle and

the uniqueness of viscosity solutions:

A°(t,w,u) = {gp € 02’2(/\75) : there exists 7 € T{ such that

0=(t,0) —u(t,w) < (p—u")zr, for any 7 € 71}7

12



A (tw,u) = {g@ € C'I}’Z(At) . for all (s,@) € (t,T] x QF
0= (t,0) — ult,w) < (o —u')(s,3) }.

See also Remark 3.5 (ii). [ |

Remark 3.9 (i) Let u be a viscosity subsolution of PPDE (3.1). Then for any A\ € R,

A

@ = eMuy is a viscosity subsolution of the following PPDE:

Li = —8t11—%tr (Dpett) — f(t,w, 0, 00) < 0, (3.9)

where

Indeed, assume u is a viscosity L-subsolution of PPDE (3.1). Let (t,w) € [0,7T") x € and
¢ € AX(t,w,@). For any € > 0, denote
O = e M@, +e(s —t).
Then, noting that @; = eMu(t,w),
e A B e L | R )
— (€—>\S _ e—)ﬂf) (@S _ @t) 4 (e)\(s—t) _ 1)(”8 _ ut)
+(e_>‘(5_t) + X7t 2)uy + (s — t)
> o5 — 1) = Cls — 1)(16s — ol + s — wa] + (5 — 1)),

Let 7 € T} be a stopping time corresponding to ¢ € AL (t,w, @), and set

~ . = e 6
Te ::T/\lnf{8>t5‘¢s_@t|+‘us_ut|+(5_t)ZG}AT'

Then 7. € 71, by Example 2.5, and for any 7 € 7' such that 7 < 7., it follows from the

previous inequality that

€ t,w > 6_>\t[¢7 _ ﬂf_,w]

By the increase and the homogeneity of the operator §tL , together with the fact that ¢ €
AE(t,w, @), this implies that:

erler —ur] > Er[e M@ — )] = e NEM[pr —a] 2 0 = of — e



This implies that ¢° € AF(t,w,u), then L4¥p*(¢,0) < 0. Send ¢ — 0, similar to Remark
3.6 we get L49¢0(t,0) < 0, where ¢? := e *@,. Now by straightforward calculation we

obtain

~p(t, 0>—ftr [02,5(t,0)] — f(t,w, 3(t,0),0:4(t,0)) < 0.

That is, @ is a viscosity subsolution of PPDE (3.9).

(ii) If we consider more general variable change: u(t,w) := ¥(¢,u(t,w)), where ¥ €
CY2(0,T) x R) such that dy1p > 0. Denote by ¢ := ¢~! the inverse function of ¢ with
respect to the space variable y. Then one can easily check that u is a classical subsolution
of PPDE (3.1) if and only if @ is a classical subsolution of the following PPDE:

1 _
Lu = —0yu — §tr (0%,4) — f(t,w,@,0,1) < 0, where

1, - ) _ _ (3.10)
8tw(t y) + §8yyw(tv y)‘Z’ + f(tawvw@?y)’ 8@/1/’@73/)2) :

1
fltw,y,2) = 3,006 1)
However, if u is only a viscosity subsolution of PPDE (3.1), we are not able to prove that
@ is a viscosity subsolution of (3.10). The main difficulty is that the nonlinear expectation
§tL and the nonlinear function ¢ do not commute. Consequently, given ¢ € AL(t,w, u), we

are not able to construct as in (i) the corresponding ¢ € AL (t, w, u). [ |

We conclude this section by connecting the nonlinear expectation operators to backward

SDEs, and providing some tools from optimal stopping theory which will be used later.

Remark 3.10 (Connecting EX and & to backward SDEs ) For readers who are familiar
with BSDE literature, by the comparison principle of BSDEs, see e.g. El Karoui, Peng and
Quenez [8], one can easily show that £F[¢] = Y, and Ef [€] = Vi, where (Y, Z) and (), Z)
are the solution to the following BSDESs, respectively:

Y, =¢- /‘MZkh—/‘ZdBﬂ
t<s<T, Pias. (3.11)

Vs = §+/ L[Z, |dr—/ Z.dB,
S
Moreover, this is a special case of the so called g-expectation, see Peng [20].

Remark 3.11 (Optimal stopping under nonlinear expectation and reflected backward SDEs)
The definition of the set A" involves the optimal stopping problem under nonlinear expec-

tation

Y : _7'16n7f;t6 [ T/\T]
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for some stopping time 7 € 7} and some adapted bounded pathwise continuous process
X. A rigorous definition should be formulated using the regular conditional probability
distribution as in [28] and [26], but we refrain from doing this for ease of presentation.

For later use, we provide some key-results which can be proved by following the standard
corresponding arguments in the standard optimal stopping theory, and we observe that the
process Y is pathwise continuous, see (iv) below.

Following the classical arguments in optimal stopping theory, we have:

(i) §tL [Y;/\T] > Y, for all 7 € T, i.e. Y is an EX—submartingale.

(ii) If 7* € T is an optimal stopping rule, then

Y = & [Xrons] = inf Ef[Xins] = inf Ef[Yinr] = Ef [Yoenr]
FeTT FeTT
where the last inequality is a consequence of (i), and the third inequality follows from the
fact that X <Y on one hand, and inf EF.] > £F[inf ] on the other hand. This implies that
Y+ = X« and, by (i), that Y o« is an EL—martingale.

(iii) We then define 7! := inf{s > ¢ : ¥; = X;}. Since Yy = X, we have 7} < T,
a.s. Moreover, following the classical arguments in optimal stopping theory, we see that
{Ys/\nl}sz , Is an EL—martingale. With this in hand, we conclude that 7} is an optimal
stopping time, i.e. Y; = §f [Xﬁl]‘

(iv) For those readers who are familiar with backward stochastic differential equations,
we mention that Y = Y° where ()°, 2° K°) is the solution to the following reflected
BSDEs:

T T T

vi=X, - [z [ zzapi - [ ax:, (3.12)
S S S

V° < X,, and (Y0 — X,)dK; =0, s € [t,T], Pj —as. (3.13)

See e.g. [7]. In particular, it is a well-known result that the process Y is pathwise continuous.

(v) Similar results hold for supzcr+ [ X7nr]- [ |

4 The Main Results

We start with a stability result.

Theorem 4.1 Let (f,e > 0) be a family of coefficients converging uniformly towards a
coefficient f € C°(A) as ¢ — 0. For some L > 0, let u® be a viscosity L—subsolution
(resp. L—supersolution) of PPDE (3.1) with coefficients f¢, for all e > 0. Assume further

15



that u® converges to some u, uniformly in A. Then u is a viscosity L—subsolution (resp.

supersolution) of PPDE (3.1) with coefficient f.

The proof of this result is reported in Subsection 5.3. For our next results, we shall
always use the following standing assumptions, where g is a terminal condition associated
to the PPDE (3.1).

Assumption 4.2 (i) f is bounded, F-progressively measurable, continuous in t, uniformly
continuous in w, and uniformly Lipschitz continuous in (y,z) with a Lipschitz constant
Lo > 0.

(ii) g is bounded and uniformly continuous in w.

To establish an existence result of viscosity solutions under the above assumption, we
note that the PPDE (3.1) with terminal condition u(7,w) = g(w) is closely related to (and
actually motivated from) the following BSDE:

T T
Y = g(B.) +/ f(s, B, Y2, Z2%ds — / Z%B,, 0<t<T, Pyas. (4.1)
t t

We refer to the seminal paper by Pardoux and Peng [17] for the wellposedness of such
BSDEs. On the other hand, for any (t,w) € A, by [17] the following BSDE on [t,T] has a
unique solution:
T T
Y = gh(BY) + / fH9(r, BL YN Z009) dr — / ZY“dBY, Pp-a.s. (4.2)
s s

By the Blumenthal 0-1 law, Y;O’t’w is a constant and we thus define
uO(t,w) = Y. (4.3)

Theorem 4.3 Under Assumption 4.2, u® is a viscosity solution of PPDE (3.1) with ter-

minal condition g.

The proof is reported in Subsection 5.2. Similar to the classical theory of viscosity
solutions in the Markovian case, we now establish a comparison result which, in particular,
implies the uniqueness of viscosity solutions. For this purpose, we need an additional

condition:

Assumption 4.4 There ezist f : A x R x RY — R satisfying:
(ii) f is bounded, f(-,y, z) € CO(A) for any fixed (y,z), and f is uniformly Lipschitz

continuous in (y, z).
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Remark 4.5 In the Markovian case as in Remark 3.1, we have a natural extension: f =

f(t, @y, 2) for all @ € Q. In this case Assumption 4.2 implies Assumption 4.4. [ |

Theorem 4.6 Let Assumptions 4.2 and 4.4 hold. Let u' be a viscosity subsolution and u®
a viscosity supersolution of PPDE (3.1). If u'(T,-) < g < u*(T,-), then u* < u® on A.
Consequently, given the terminal condition g, u® is the unique viscosity solution of PPDE

(3.1).

The proof is reported in Section 6 building on a partial comparison result derived in

Subsection 5.4.

Remark 4.7 For technical reasons, we require a uniformly continuous function g between
. .. 1,2
u%p and UQT, see Section 6. However, when one of u! and u? is in C,“(A), then we need

neither the presence of such g nor the existence of f , see Lemma 5.7 below. |

5 Some Proofs of the Main Results

In this section we provide some proofs of the main results, and provide some more results.
We leave the most technical part of the proof for the comparison principle to next section.
5.1 Properties of classical solutions

We first recall from Peng [21] that an F-progressively measurable process Y is called a f-
martingale (resp. f-submartingale, f-supermartingale) if, for any F-stopping times 71 > 7o,

we have
Y, =(resp. <, >) V-, (12,Y,,), Pp-a.s.
where (Y, Z) := (V(12,Yr,), Z(72,Ys,)) is the solution to the following BSDE on [0, 72]:
V=Y, + /T2 F(s,B., Vs, Z5)ds — /T2 Z.dBs, 0<t<m, Pyas.
t t

Clearly, Y is a f-martingale with terminal condition g(B.) if and only if it satisfies the
BSDE (4.1).
Applying the It6’s formula of Proposition 2.9, we obviously have

Proposition 5.1 Let Assumption 4.2 hold and u € C;’Q(A). Then w is a classical so-
lution (resp. subsolution, supersolution) of PPDE (3.1) if and only if the process u is a

f-martingale (resp. f-submartingale, f-supermartingale).

17



In particular, if u is a classical solution of PPDE (3.1) with terminal condition g, then
Y =u, Z:=0u (5.1)
provides the unique solution of BSDE (4.1).

Proof We shall only prove the subsolution case. Let (Y, Z) be defined by (5.1).

(i) Assume u is a classical subsolution. By It6’s formula,

1
du; = (8tut + §tr [8§$Ut])dt + Oyurd By
= —(f(t, B yur, Ogur) + (Cu)y)dt + OyurdBy,  Po-as. (5:2)

Then for any 71 < 7, (Y, Z) satisties BSDE:

T2 T2
Y =un, + / (f(s,B.,Ys, Zs) + (Lu)(s, B.))ds — / ZsdBs, 0<t<1,Ppas.
t t

AN

Since Lu < 0, by the comparison principle of BSDEs, see [8], we obtain u, = Y
V5 (T2, ur,). That is, u is a f-submartingale.

(ii) Assume u is a f-submartingale. For any 0 < ¢t < t + h < T, denote 0Y; :=
Vs(t+ hyupyp) — Yy, 02 := Z5(t + hyupyp) — Zs. By (5.2) we have

t+h t+h
oY, = / [a0Y, + (B,0Z), — (Lu),|dr — / 0ZsdBs, t<s<t+h,Pya.s.
S S
where |a|, 5] < Lg. Define
S S 1 9
romexp ([ GaBo+ [ (ar - 515 R)ar), (5.3)
t t
we have
t+h
SY, = —E]fo [/ Fs(ﬁu)sds]
¢
Since Y = u is a f-submartingale, we get
1 1 t+h
0< —8Y, = —EP [f / Fs(ﬁu)sds].
h h J,
Send h — 0 we obtain
Lu(t,B.) <0, Poy-a.s.
Note that Lu is continuous in w and obviously the support of Py is dense, we have

Lu(t,w) <0 forall we .
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That is, u is a classical subsolution of PPDE (3.1).

(iii) When w is a classical solution, similar to (i) we know Y is a f-martingale and thus
(5.1) provides a solution to the BSDE. Finally, the uniqueness follows from the uniqueness
of BSDEs. |

Remark 5.2 This proposition extends the well known nonlinear Feynman-Kac formula of

Pardoux and Peng [18] to non-Markovian case. [ |

We next prove a simple comparison principle for classical solutions.

Lemma 5.3 Let Assumption 4.2 hold true. Let u' be a classical subsolution and v’ a
classical supersolution of PPDE (3.1). If u*(T,-) < u*(T,-), then u' < u? on A.

Proof Denote Y':=u', 7" := 0,u’, i = 1,2. By (5.2) we have
dy; = — [f(t, B.Y! Zi) + (Eui)t} dt + ZidB,, 0<t<T, Pyas.

Since Y% < Yi,g and Lu' < 0 < Lu?, by the comparison principle for BSDEs we obtain
Y1 < Y2 Thatis, u' < u?, Py-a.s. Since u' and u? are continuous, and the support of P

is dense in €, we obtain u!' < u? on A. |

5.2 Existence of viscosity solutions

We first establish the regularity of u” as defined in (4.3).
Proposition 5.4 Under Assumption 4.2, u® is uniformly continuous in A under ds.

Proof Since f and g are bounded, clearly u° is bounded. To show the uniform continuity,

let (t;,w’) € A, i = 1,2, and assume without loss of generality that 0 < ¢; <ty < T. By
t1

taking conditional expectations Eio , one can easily see that YOtw! can be viewed as the

solution to the following BSDE on [t, T]: for Py-a.s. BY,

T
0,t1,w!  _ to,wl®¢, Bt/ ot to,wl®Bt t 0,t1,wl 70,t1,w!
ypuet = gelenB gl g [ paeteBt g gl y et Z00 e dy
S
T
1
— / ZHdBl 1y <s < T, PR-as.
S

Denote

1 2 1 2
Swi=w! —w? §Y = YOI YOt 7= Z0het _ 70w
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Then
T T
§Y, = 8Yr +/ (v + o 8Y; + (B,62),)dr — / 6Z.dB2, ty < s < T, Pl-as.
S S
where |a| < Lo, 5 € thLO, and vy, 1= (Jm’wl@Bt1 — ftQ’WQ) (7“, B2, Yo’tl’wl,Zg’tl’wl).

Define I' as in (5.3) with initial time t2, then

T T
§Y, = IpéYr + / Ty dr — | 6Z.dB2, Pp-as.

to to

Let p denote the modulus of continuity function of f and g with respect to w. Note that

0Yr| = ‘g(wl ®1, B @1, B?) — g(w? @4, B®)
< pllot @ BY —?),,) < p(doo((tr,01), (t2,0) + [ B212).
Similarly,
il < p(doo((tr, 1), (t20) + 1 B213).
Then

T
9| = [E75 [0+ [ s | < Cp(dae (.00, (t2,6) + 18211,

to

Thus, noting that f is bounded,
0 0/ 2 0,t1,w! 0,t2,w?
‘utl(wl)_utz(w )’ = D/;fl h _Y;fg o ‘

t
2 t1 wl t1 0,t1 wl 0,t1 wl D,tg,w2
Firet (s, B YOhe! z0mety gy

_ Ptl 07t17w1
= [ e +
t1

IA

Clta — t1] + E70 |6, |
< Clta =] + O™ [p(dao((t1,01), (t2,67) + B 2)]- (5.4

For any € > 0, there exists h > 0 such that p(h) < 55 for the above C. Since f,g are
bounded, we may assume p is also bounded and denote by ||p|le its bound. Now for
doo ((t1, wh), (t2,w?)) < %, we obtain

W0 (W) —ud (W) < Cdoo((tr,w"), (t2,w7)) + Cp(h )+C||p||ooP“[HB“II Z}
< S Gl ((1,01), (t2,0%)) + AC plloch BR[| B [1)?]
= §+Cdoo((t1, , (ta,w )+4CHpHoo 2(t2 — 1)
< S+ O+ Aplloeh™) duo (1,01, (t2,07).
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By choosing duo ((t1,w'), (t2,w?)) small enough, we see that |uf, (w!) — uf, (w?)| < e. This

completes the proof. [ |

However, in general one cannot expect u” to be a classical solution to PPDE (3.1). We

refer to Peng and Wang [25] for some sufficient conditions, in a slight different setting.

Proof of Theorem 4.3. We just show that u° is a viscosity subsolution. We prove by

0

contradiction. Assume u° is not a viscosity subsolution. Then, for all L > 0, «° is not

an L—viscosity subsolution. For the purpose of this proof, it is sufficient to consider an

arbitrary L > Lg, the Lipschitz constant of f introduced in Assumption 4.2 (i). Then,
there exist (t,w) € [0,T) x Q and ¢ € AX(t,w,u°) such that ¢ := (L*¢)(t,0) > 0.
Denote, for s € [t,T],
Y, :=¢(s,BY), Zs:=0,0(s,BY), Y, =Y,-Y 67, =7, — 70
Applying It6’s formula, we have
A0Ys) = —=[(L)(s, BY) + [4(s, BL Y, Zo) — f4(s, BL YO, 290) ] ds + 674D
= - [(va@)(s, BY) + asdY; + (8, 5Z>8] ds +0Z,dB., Pi-as.
where |o| < Lo and 8 € U c U}, Observing that §Y; = 0, we define
70 := T Ainf {8 >t (L9 0) (s, BY) — LoldYs| < g}
Then, by Proposition 5.4 and Example 2.5, 79 € T} and

C

(L) (s, BY) + as6Ys > =, for all s € [t, 7). (5.5)

[\

Now for any 7 € T* such that 7 < 19, we have

0 =90y, = (5YT—|—/ [(ﬁt,w(p)(s,B.t)+045(5Y;+<,3,5Z>s}d8—/ 5stB§
t t
> 90(7-7 Bt) - u07t7w(7-7 Bt) =+ 5(7— - t) - / 0Zs (ng - Bst)-
t

Then & [(p — ut)(r, BY)] < EP” [(p — u)(r,B")] < 0. This contradicts with ¢ €
A (t,w,u0). ]

Following similar arguments, one can easily prove:

Proposition 5.5 Under Assumption 4.2, a bounded classical subsolution (resp. supersolu-

tion) of the PPDE (3.1) must be a viscosity subsolution (resp. supersolution).
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5.3 Stability of viscosity solutions

Proof of Theorem 4.1. We shall prove only the viscosity subsolution property by contra-
diction. By Remark 3.6, without loss of generality we assume there exists ¢ € A/L(O, 0,u)
such that ¢ := L¢(0,0) > 0, where A’L(O, 0,u) is defined in (3.7).

Denote
XV:=p—u, X°:=¢—u°, and 79 :=inf {t >0: Ly(t,B) < g} ANT.  (5.6)

Since f € CY(A), it follows from Example 2.5 that 7p € 7. By (3.7), there exists 7y € T

such that 71 < 7y and
Ef(m, X2) > 0= X{.
Since u® converges towards u uniformly, we have
EL(m, X:) > X§ for sufficiently small & > 0. (5.7)

Consider the optimal stoppping problem, under nonlinear expectation, together with the

corresponding optimal stopping rule:
Yii= inf £F[XZ.,] and 7 o= inf {t >0: Y = Xf}, (5.8)
see Remark 3.11. We claim that
Po[rg <7] > 0, (5.9)

because otherwise X§ > Yy = EF[XE ], contradicting (5.7).

Since X and Y are continuous, Pp-a.s. there exists £ C {75 < 71} such that Py(E) =
Po(7§ < 71) > 0, and for any w € E, denoting t := 7 (w) we have X;(w) = Y;(w). Notice that
Tf’w € 7'+t By standard arguments using the regular conditional probability distributions,
see e.g. [28] or [26], it follows from the definition of 7 together with the £X'—submartingale
property of Y that

Xi(w) = Yi(w) = V¥(w) < EF[VE] < EF[XEM] forall 7€ T 1 <7v.
This implies that
0 < EF[XTH — X5 (w)] = EF[ph — p(t,w) +uf(t,w) —ud]. forall 7eT,r<7{*
Define
05 = 90— p(t,w) + uf(t,w).
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Then we have ¢° € A"(t,w,u®). Since uf is a viscosity L-subsolution of PPDE (3.1) with

coefficients f¢, we have

1
0 > —6t(pg(t,0)—§tr (02,0 (,0) — f=(t, w, (2, 0), % (,0))

—Op(t,w) — étr [@%xcp] (t,w) — f° (t,w, u®(t,w), 8mg0(t,w))
= (Lo)(t,w) + f(t,w,u(t,w),@xgo(t,w)) - fe(t,w,ue(t,w)ﬁxgp(t,w))
g+ f(t,w,u(t,w),@xcp(t,w)) - f° (t,w,us(t,w),axgo(t,w)),

v

thanks to (5.6). Send ¢ — 0, we obtain 0 > §, contradiction. [ |

Remark 5.6 (i) We need the same L in the proof of Theorem 4.1. If v is only a viscosity
subsolution of PPDE (3.1) with coefficient f¢, but with possibly different L., we are not
able to show that u is a viscosity subsolution of PPDE (3.1) with coefficients (3.1).

(ii) However, if u° is a viscosity solution of PPDE (3.1) with coefficient f¢, by Theorems
4.3 and 4.6, it follows immediately from the stability of BSDEs that w is the unique viscosity
solution of PPDE (3.1) with coefficient f. [ |

5.4 Partial comparison principle

The following partial comparison principle, which improves Lemma 5.3, is crucial for this

paper. The main argument is very much similar to that of Theorem 4.1.

Lemma 5.7 Let Assumption 4.2 hold true. Let u' be a viscosity subsolution and u? a
viscosity supersolution of PPDE (8.1). If u'(T,-) < u?(T,-) and one of u' and u? is in
02’2(1\), then u! < u? on A.

Proof First, by Remark 3.9 (i), by otherwise changing the variable we may assume with-

out loss of generality that
f is strictly decreasing in y. (5.10)

We assume u? € C’b1 ’2(A) and u! is a viscosity L-subsolution for some L > 0. We shall prove

by contradiction. Without loss of generality, we assume
—c:=uf —up <0,

For future purpose, we shall obtain the contradiction under the following slightly weaker

assumptions:

u? e C’%f(A) bounded, and (Lu?) >0, «*(T,:)>u'(T,.) Pp-as. (5.11)
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Denote
X:=u’—u' and 7 ::inf{t>0:Xt20}/\T.
Note that Xg = —¢ < 0, X7 > 0, and X is continuous, Py-a.s. Then
>0, Xi<0, tel0,7), and X, =0, Ppas. (5.12)

Similar to Remark 3.11, define the process Y by the optimal stopping problem under non-

linear expectation:

— L
}/t T Tlél’]f:t ét [XTATO]7 te [077-0]7

together with the corresponding optimal stopping rule:
75 = inf{t >0: Y; =Xy}
Then 75 < 79, and we claim that
Po[ry <m0] > 0, (5.13)

because otherwise Xg > Yy = §OL [XTO], contradicting (5.12).
As in the proof of Theorem 4.1, there exists E C {r§ < 7o} such that Po(E) = Py[r§ <
7'0] > 0, and for any w € E, by denoting ¢ := 7§ (w) we have TS’“’ € 71 and

Xi(w) = Yi(w) = inf EF[X

¢
inf & r/\rS’“L Py — a.s.

Let {7;,4 > 0} be the sequence of stopping times in Definition 2.8 corresponding to u?.
Then Py[{r§ < 7} N E] > 0 for i large enough, and thus there exists w € E such that
t = 7§ (w) < 7(w). Without loss of generality, we assume 7;_1(w) < t. It is clear that
(toAT)" € T1 and (u?)' € C;’Q(/_V((To/\n)t’w)). In particular, there exists 4 € C;’Q(At)
such that (u?)"* = @2 on (19 A 7;)%).

Now for any 7 € 71 such that 7 < (19 A 7;)%% it follows from Remark 3.11 that:
Xi(w) = Yi(w) = Y < EF[YH] < EF[X0].
Thus
0 < EF (@) — (uh) — Xe(w)].

T T
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Denote ¢, := (@25 — X,(w), s € [t,T]. Then ¢ € A"(t,w,u'). Since u' is a viscosity

L-subsolution and u? is a classical supersolution, we have

0 > (£¢)(t,0):—8tﬂ2(t70)—%tr [02,32(t,0)] — £ (t,w, u (1, w), Bii?(£,0))

O, w) — %tr [02,02(t, )] — £(t, w, ) (), B (1, w))
(Lu?)(t,w) + f(t,w, u?(t,w), puP(t,w)) — f(t,w,u' (t,w), du?(t,w))
f(t,w,uQ(t,w),é?xuz(t,w)) — f(t,w,ul(t,w),ﬁxvf(t,w)).

Vv

By (5.12), u?(t,w) < u'(t,w). Then the above inequality contradicts with (5.10). [ |

6 A variation of the Peron’s approach
To prove Theorem 4.6, we define
u(t,w) :=inf {p(t,0): p € D(t,w)}, wu(t,w):=sup{p(t,0): ¢ D(t,w)}, (6.1)

where, in light of (5.11),

tw) = € CH2(AY) bounded : (Lp)i” <0, s € [t,T] and or < gt*, Ptas. b,
( ’ ) 12 P ¥ ) ¥ g, 0
0

(t,w) =1 € C’;;Q(At) bounded : (L)% >0, s € [t,T] and @7 > g, Ph-a.s. b; 6.2)
0

o Sl

By Lemma 5.7, in particular by its proof under the weaker condition (5.11), it is clear that
u<ud <. (6.3)
The following result is important for our proof of Theorem 4.6.
Theorem 6.1 Let Assumptions 4.2 and 4.4 hold true. Then
U= T. (6.4)
Proof of Theorem 4.6. By Lemma 5.7, in particular by its proof under the weaker
condition (5.11), we have u' < @ and u < u?. Then Theorem 6.1 implies that u! < u2.

This clearly leads to the uniqueness of viscosity solution, and therefore, by Theorem 4.3

u? is the unique viscosity solution of PPDE (3.1) with terminal condition g. |

Remark 6.2 In standard Peron’s method, one shows that u (resp. u) is a viscosity super-
solution (resp. viscosity sub-solution) of the PDE. Assuming that the comparison principle

for viscosity solutions holds true, then (6.4) holds.
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In our situation, we shall instead prove (6.4) directly first, which in turn is used to
prove the comparison principle for viscosity solutions. Roughly speaking, the comparison
principle for viscosity solutions is more or less equivalent to the partial comparison principle
Lemma 5.7 and the equality (6.4). To our best knowledge, such an approach is novel in the

literature. n

We decompose the proof of Theorem 6.1 into several lemmas. First, let ¢ < T and
LS (Cg(At))d satisfy

there exists 0 € (Cg(f&t))d such that = 0 in A

. 6.5
and 6 is uniformly continuous in @ under the uniform norm || - ||%.. (6.5)
Define
S S
Js=2 +/ Opdr, vg:= / ZsdB:, t<s<T, Phas. (6.6)
t t
By Ito’s formula, we have
S
vs = ZsB — / 0, BLdr.
t
Denote
A S ~ A S ~ A
;mm:zﬁ/@@w,ammzam@—/a@mm,waﬁ (6.7)
t t

Now for any w € Q and = € R, , let 4" denote the unique solution to the following ODE

(with random coefficients) on [t, T']:
S
W (s,0) = x — / Fo(r, @, 08 (r, @), Zp(@))dr + (s, @), t<s<T, o, (6.8)
t
and define
b(s,@) =" (s,0) for (s,@) € AL (6.9)
We then have

Lemma 6.3 Let Assumptions 4.2 and (6.5) hold true. Then for each (t,w) € A, the above
ut € Cg’z(At) and LE¥ut = 0.

Proof We first show that a'* € C;’Q(f\t), which implies that u’* € 02’2(At). For t <

$1 < s9 < T and &', &2 € OF, we have

N
©
|
&Y
©
\L\D
IA

s2 s1 R
/ \ar(aﬂ)\dw/ 10,(1) — B,.(2)dr

S1 t

S1 R R
< 0[82—51]+/ 10,(0) — 6,(0?)|dr.
t
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Note that df ((r, o, (r, (IJQ)) < d _((s1,0h), (82,(2)2)) for t < r < s;. Then one can easily
see that Z € CO(A?). Similarly one can show that o, @ € CO(A%).

Next, one can easily check that, for all w € Qt,

8tZAS<A) 05 ((f)) aIZS((’D) =0;
Dy 0(5,0) = 0s(0) s — Os(@0)s = 0,  0yd(s,0) = Zg(&), 9%,0(s,&) = 0;
t

@
Bt (5,00) = — F (5,0, 4" (5,0), Zs(@)), 0p1"(s,0) = Zs(@), 02,4"(s,&) = 0.

Since 6 and f are bounded, it is straightforward to see that 4"+ € Cg ’Q(At).

Finally, from the above derivatives we see immediately that £/“u* = 0. |

Our next two lemmas rely heavily on the remarkable result Bank and Baum [1], which
is extended to BSDE case in [26].

Lemma 6.4 Let Assumption 4.2 hold true. Let T € T, Z be F-progressively measurable
such that EPO[fTT]ZSPdS] < oo, and X,, X, € L*(F;,Py). For any e > 0, there exists
F-progressively measurable process Z¢ such that

(i) For the Lipschitz constant Ly in Assumption 4.2 (ii), it holds that

]P’o[ sup e LYXE— Xy >e+eloTX, — XT\} <eg, (6.10)
T<t<T

where X, X¢ are the solutions to the following ODFEs with random coefficients:

t
X, = X, fsBXWﬂ@+/Zﬂg
T T<t<T, Py-a.s. (6.11)
X: =X, R B,Xj,Zj)ds—ir/ ZZdB,,
T

(ii) 65 = %Zf exists for t € [1,T), where 05 is understood as the right derivative, and

for each w € Q, (0°)™W¥ satisfies (6.5) with t := 7(w).

Proof First, let h := h. > 0 be a small number which will be specified later. By standard
arguments there exists a time partition 0 = ¢y < --- < t, = T and a smooth function
Y2 [0,T] x R4 — R? such that 1 and its derivatives are bounded and
T
EPO[/ \Z, — Zty%zt} <h (6.12)
T

where  Zy(w) := th(t, Wi ngs - -+ s wine) for all (¢,w) € A.

Next, for some h := he > 0 which will be specified later, denote

L
Zy = ~/ Zrysds for te[r,T]. (6.13)
h Ji—h
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By choosing h > 0 small enough (which may depend on h.), we have

Now denote

Then

T
EPO[/ 25 — Z,2dt| < 2h.
T

675 :=7°—7, 6X°:=X°—X.

t t
5Xf:5X$—/ [a55X§‘+<B,5ZE)s]ds+/ 8Z:dBs,

where |a| < Ly and 8 € U°. Denote T'¢ := exp (th asds). We get

TS6XE = 6X5 — /

0 < sup e_L0t|5Xt€|

Then
T<t<T
< sup
T<t<T
<
Thus

IN

<

<

TS6XE — 6X°

T t
C / 162 |ds + sup ] / 2525dB,

t t
rg<5,5z€>sds+/ INTIATID

T T

T<t<T

r<t<T

Po| sup e L0UXF — Xy > e+ e OTIX, — XT@
Lr<t<T

Po| sup e Lot XE — X — e DoT|X, — X,| > g}
Lr<t<T

- T t
B[ / 625)ds + sup | / 524 B,

T<t<T

=

T t
%EM[( / 1625|ds) + sup ‘ / 12525dB, 2}
IS T T<t<T'Jr
C T Ch
B[ [ oz < 5

thanks to (6.14). Now set h := %, we prove (6.10).
Finally, by (6.13) and (6.12) we have,

92 - [ZS - Z(S—;L)\/’T]’ S E [T, T].

> =

28

e hrlxE| < e b [ sup TI6XG| - 16X
T<t<T

t t
= sup —/ Fi(ﬁ,6Z€>sds—|—/ I'$6Z5dBs

(6.14)



Fix w € Q and set ¢ := 7(w). For each & € O, set @ := w ®; & € Q, and define:

7 ~ ~ ~ eNt,w [~ 1. WA St,w ~
Z;’w(w) = 1/1(57wtms7 to 7wtn/\5)7 (0 )? (w) = T[Z? (w) - Zt’_” (w)]v s € [T7 T]'
h (s—h)Vt
Then we can easily check that (6°)5% satisfies (6.5). [ ]

Lemma 6.5 Assume Assumption 4.2 holds. Let x € R and Z be F-progressively measurable
such that EFo [fOT |Zs|?ds] < oo. For any e > 0, there exists F-progressively measurable

process Z° and an increasing sequence of F-stopping times 0 =19 < 11 < --- < T such that

(i) It holds that

sup | X; —X¢| <e,  Po-as., (6.15)
0<t<T

where X, X¢ are the solutions to the following ODFEs with random coefficients:

¢ ¢
thx—/ f(s,B,Xs,Zs)ds—{—/ ZdBs,
0

0, . 0<t<T, Py-a.s. (6.16)
X =2 _/ f(s, B, X%, Z5)ds +/ Z2dB,,
0 0

(ii) For each i, 0 := %Zf exists for t € [1;,Ti+1), where 65 is understood as the right
derivative. Moreover, there exists 0% on [7i, T| such that 025 =0 fort € [r,Titr1), and for
ecach w € Q, (67°) W satisfies (6.5) with t := 73 (w);

(iii) For Py-a.s. w € Q, for eachi, 7; < Tit1 whenever ; < T, and the set {i : 7;(w) < T}

is finite.

Proof Let ¢ > 0 be fixed, and set g; := 27" 2¢~LoT¢ § > 0. We construct 7; and
(Z%, X*¢) by induction as follows.

First, for i = 0, set 79 := 0. Apply Lemma 6.4 with initial time g, initial value x, and
error level g, we can construct Z%¢ and X% on [rg, T] satisfying the properties in Lemma

6.4. In particular,

Pg[ sup e_LOt\Xf’€ — Xy > 50} < &p.
To<t<T

Denote
71 = inf {t > 19 e_LOt]Xf’E — Xy > 50} AT. (6.17)
Since X and X°¢ are continuous, we have 7 > 79, Pp-a.s. We now define
Z5 = 2°, X{i= X5 teln,mn)
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Assume we have defined 7;, Z¢, X¢ on [r9,7;) and X*~1¢ on [r;_1,T]. Apply Lemma 6.4
with initial time 7;, initial value Xii_l’g, and error level €;, we can construct Z¢ and X»®

on [1;, T| satisfying the properties in Lemma 6.4. In particular,

IP’O[ sup e Lo XTE — Xy > e + efLOTi]XiZI’E - Xn” <eg;.
7 <t<T

Denote
= infdt > 1o e Lot XEE XL > e —Lomi| xi=le _ x T
Tit1 :=in >T1e |.X; | >eite | X7 e AT
Since X and X*¢ are continuous, we have Ti+1 > 7; whenever 7; < T'. We then define
Ztg = ZZ’E, th = XZ’E, t e [Ti,Ti+1).

From our construction we have Py(7;41 < T') < &;. Then

0o 0o
ZPO(TFA < T) < Z&i < 0.
=0 =0

It follows from the Borel-Cantalli Lemma that the set {i : 7;(w) < T’} is finite, for Pyp-a.s.
w € ), which proves (iii).
We thus have defined Z¢, X on [0, 7], and the statements in (ii) follows directly from

Lemma 6.4. So it remains to prove (i). For each i, by the definition of 7; we see that,

e—LOTi+1|X€ _ X7i+1| <&+ e—LoTi’Xf_i — XT7;|’ Po-a.S.

Tit+1

Since X7 = X7, = x, by induction we get
o0 o0 1
sup e*LO”\Xfi - X, < Zai < 2271726714)715 = §€7L0TE, Py-a.s.
! i=0 i=0

Then for each 1,

, 1
sup | Xf — X;| < eboT [Ei + | X5 — Xn” < eboT [2_1_2€_L0T€ + fe_LOTs] <eg, Po-as.
7 <t<Tiy1 2

which implies (6.15). [ |
Proof of Theorem 6.1 Without loss of generality, we shall only prove iy = uJ. Recall that
(Y?, Z9) is the solution to BSDE (4.1) and Y" = u? satisfies the regularity in Proposition

5.4. Set Z := Z° and x := Y} in Lemma 6.5, we see that X = «° and thus X satisfies the

regularity in Proposition 5.4.
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From the construction in Lemma 6.5 and then by Lemma 6.4 we see that 6, := 4 7)°

exists for all t € [0,T) and satisfies (6.5). Then by Lemma 6.3 we see that X< € 02’2(A)
and LX%¢ = 0. This implies that, for the 71 defined in (6.17), 71(w) > 7o for all w € © and,
by Example 2.5, 74 € T...

For i = 1,2,---, repeat the above arguments and by induction we can show that, for

Ti(w)s

each i and each w € Q, 7,1} Y e T_:i(w). Moreover, by Lemma 6.5, {i : 7, < T} is finite,
Po-a.s.
We now let u¢ be the solution to the following ODE:

t t
uf = X5 + eloTe - / f(s,B,u, Z5)ds +/ Z5dBs.
0 0

For i = 0,1,---, by the construction of Z¢ in Lemma 6.5 and following the arguments in

Lemma 6.3, one can easily show that
uf € Cp*([0,T]) and Luf =0. (6.18)
Moreover, note that
ué — X7 = eloTe - /Ot asfu; — X¢lds,
where |a| < Ly. By standard arguments one has

supT luf — X7 < e?toTe, and uf — X5 > e M uf — X§] = .
0<t<

Therefore, by (6.15) and noting that u® is bounded, u® is bounded and
Ui (w) > Xa(w) + e > Xp(w) = YP(w) = g(w), for Pp-as. w.
This, together with (6.18), implies that u® € D(0,0). Then, by the definition of %,
Tp < uf = X§ + ePole <ud 4 ¢ 4 eloTe,

Since € is arbitrary, we obtain ug < u8. |
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