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STOCHASTIC TARGET PROBLEMS WITH CONTROLLED LOSS∗
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Abstract. We consider the problem of finding the minimal initial data of a controlled process
which guarantees to reach a controlled target with a given probability of success or, more generally,
with a given level of expected loss. By suitably increasing the state space and the controls, we
show that this problem can be converted into a stochastic target problem, i.e., finding the minimal
initial data of a controlled process which guarantees to reach a controlled target with probability one.
Unlike in the existing literature on stochastic target problems, our increased controls are valued in an
unbounded set. In this paper, we provide a new derivation of the dynamic programming equation for
general stochastic target problems with unbounded controls, together with the appropriate boundary
conditions. These results are applied to the problem of quantile hedging in financial mathematics
and are shown to recover the explicit solution of Föllmer and Leukert [Finance Stoch., 3 (1999), pp.
251–273].
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1. Introduction. For 0 ≤ t ≤ T , we are given two controlled diffusion processes
{Xν

t,x(s), t ≤ s ≤ T } and {Y ν
t,x,y(s), t ≤ s ≤ T } with values, respectively, in Rd and

R+, satisfying the initial condition (Xν
t,x, Y

ν
t,x,y)(t) = (x, y). The main objective of

this paper is to study the stochastic target problem with controlled probability of
success:

V̂ (t, x, p) := inf{y ≥ 0 : P[Y ν
t,x,y(T ) ≥ g(Xν

t,x(T ))] ≥ p for some admissible control ν}.

In the case p = 1, V (t, x) := V̂ (t, x, 1) reduces to the stochastic target problem studied
in Soner and Touzi [15, 16], who concentrate on the case where the control ν takes
values in a bounded set.

For p < 1, this problem was introduced in the context of financial mathematics by
Föllmer and Leukert [9]. In this paper, the process X models the price of some given
securities and is not affected by the control ν, which corresponds to the portfolio strat-
egy of the investor. The process Y represents the value of the investor’s portfolio and
is defined by a diffusion whose coefficients are linear in the control variable. In this
special context, Föllmer and Leukert [9] use a duality argument to convert this prob-
lem into a classical test problem in mathematical statistics. An elegant solution is then
obtained by a direct application of the Neyman–Pearson lemma; see also the extension
in Cvitanic and Karatzas [6] and the references therein. This approach applies in the
case where the securities prices are driven by general semimartingales but the linearity
in the control is crucial in order to use Föllmer and Leukert’s duality argument.
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†CEREMADE, Université Paris Dauphine, and CREST-ENSAE, 75775 cedex 16, Paris, France

(bouchard@ceremade.dauphine.fr, elie@ceremade.dauphine.fr).
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3124 BRUNO BOUCHARD, ROMUALD ELIE, AND NIZAR TOUZI

In particular, the duality approach of [9] does not extend to the general nonlinear
controlled diffusion case.

Note that a possible approach consists of introducing the standard stochastic
control problem,

p(t, x, y) := max
ν

P
[
Y ν
t,x,y(T ) ≥ g

(
Xν

t,x(T )
)]
,

which corresponds to the inverse of V̂ (t, x, p) with respect to the p-variable, i.e.,
p(t, x, V̂ (t, x, p)) = p. Then, one can provide a characterization of the value function
p(·) by the dynamic programming equation (DPE), and obtain V̂ by inverting the
solution with respect to the y-variable. We may also translate the DPE for p(t, x, y)
into a partial differential equation (PDE) for V̂ by using the above relation. This,
however, requires some regularity of the value function p(t, x, y) which is a priori
difficult to prove. One could also solve numerically the PDE associated with p(·)
and then invert it numerically. This would nonetheless require the computation of
p(·) on a large grid of different values y and introduce an additional error due to the
numerical inversion.

In this paper, we propose a direct treatment of the problem V̂ along the lines
of [15]. The key idea is to convert the problem V̂ into a stochastic target problem by
diffusing the probability of reaching the target and considering it as an additional con-
trolled state variable Pα. This is a direct consequence of the martingale representation
theorem in our assumed Brownian filtration. This reformulation of the problem V̂
opens the door to the geometric dynamic programming approach of [15] but raises
additional difficulties. First, the additional control process in the increased state is
unbounded leading to a singular stochastic target problem. Second, the reformula-
tion is subject to the state constraint p ∈ [0, 1] which leads to nontrivial boundary
conditions.

Our first main result is an extension of the derivation of the DPE of [15] to the
general case where the control takes values in an unbounded set. This is achieved by
conveniently introducing a semilimit relaxation of the corresponding natural DPE.
While the subsolution derivation follows along the lines of the original argument
of [15], we provide a new method for the derivation of the supersolution property
which does not require any compactness and avoids delicate passages to the limits.
We also provide a description of the terminal condition in the present unbounded
control case.

Our second main result concerns the special case of the stochastic target problem
with controlled probability of success V̂ . Under fairly general conditions, we show that
the state constraint on p yields the natural boundary conditions V̂ (t, x, 1−) = V (t, x)
and V̂ (t, x, 0+) = 0 for t < T . At the final time T there is, however, no clear guess
of what should be the behavior of V̂ . Under some extra conditions, we prove that
V̂ (T−, x, p) = pg(x), which is a “face-lifted” version of the natural boundary condition
g(x)1p>0. Here, the term “face-lifted” is taken from [4], where a similar phenomenon
was first proved in the context of option hedging.

Notice that the geometric dynamic programming approach of this paper extends
to a larger class of problems, namely, stochastic target problems with controlled loss,

V �(t, x, p) := inf
{
y ≥ 0 : E

[
� ◦G (Xν

t,x(T ), Y
ν
t,x,y(T )

)] ≥ p for some admissible ν
}
,

where G(x, y) is nondecreasing in y and the loss function � is nondecreasing. The
above problem V̂ corresponds to the special case � := 1R+ .
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STOCHASTIC TARGET PROBLEMS WITH CONTROLLED LOSS 3125

Finally, we apply our result to the so-called quantile hedging example of Föllmer
and Leukert [9]. By using the supersolution property of V̂ , we reproduce the explicit
solution of [9] in the complete market case. The key idea is to observe that the convex
conjugate function of V̂ with respect to the p-variable solves a linear PDE.

The paper is organized as follows. Section 2 presents the general formulation
of singular stochastic target problems and contains the statement of the correspond-
ing DPE. The stochastic target problem under controlled probability of success is
discussed in section 3. We first reduce the problem to the setting of the preceding
section in order to obtain directly the corresponding DPE inside the domain. A del-
icate analysis of the boundary conditions is then provided. Section 4 shows how our
results reproduce the elegant explicit solution of Föllmer and Leukert [9] in the context
of a complete financial market application. The extension to general loss functions
is briefly discussed in section 3.5. Finally, sections 5 and 6 contain the proofs of the
main results.

Throughout this paper, elements of Rn, n ≥ 1, are identified as column vectors,
the superscript T stands for transposition, · denotes the scalar product on Rn, | · | the
Euclidean norm, andMn denotes the set of n-dimensional square matrices. We denote
by Sn the subset of elements of Mn that are symmetric. For a subset O of Rn, n ≥ 1,
we denote by cl(O) its closure, by int(O) its interior, and by dist(x,O) the Euclidean
distance from x to O with the convention dist(x, ∅) = ∞. Finally, we denote by Br(x)
the open ball of radius r > 0 centered at x ∈ Rn. Given a locally bounded map v on
an open subset B of Rn, we define the lower and upper semicontinuous envelopes:

v∗(b) := lim inf
B�b′→b

v(b′), v∗(b) := lim sup
B�b′→b

v(b′), b ∈ cl(B).

Throughout this paper, inequalities between random variables have to be understood
in the a.s. sense.

2. Singular stochastic target problems.

2.1. Problem formulation. Let T > 0 be the finite time horizon, and let
W = {Wt, 0 ≤ t ≤ T } be a d-dimensional Brownian motion defined on a complete
probability space (Ω,F , P ). We denote by F = {Ft, 0 ≤ t ≤ T } the P-augmentation
of the filtration generated by W .

Let Uo be a subset of the collection of progressively measurable processes ν
in L2([0, T ]) P-a.s., with values in a given closed subset U of Rd. For t ∈ [0, T ],
z = (x, y) ∈ Rd × R, and ν ∈ Uo, we define Zν

t,z := (Xν
t,x, Y

ν
t,z) as the Rd × R-valued

solution of the stochastic differential equation,

dX(r) = μ(X(r), νr)dr + σ(X(r), νr)dWr ,(2.1)

dY (r) = μY (Z(r), νr)dr + σY (Z(r), νr) · dWr, t ≤ r ≤ T,

satisfying the initial condition Z(t) = (X(t), Y (t)) = (x, y). Here,

(μY , σY ) : Rd × R× U −→ R× Rd,,

(μ, σ) : Rd × U −→ Rd ×Md

are locally Lipschitz and assumed to satisfy

(2.2) |μY (x, y, u)|+ |μ(x, u)|+ |σY (x, y, u)|+ |σ(x, u)| ≤ K(x, y)(1 + |u|),
where K is a locally bounded map.
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3126 BRUNO BOUCHARD, ROMUALD ELIE, AND NIZAR TOUZI

We denote by U a subset of elements of Uo for which (2.1) admits a unique strong
solution for all given initial data, and we assume that any constant controls with
values in U belongs to U . We also allow for state constraints, and we denote by X
the interior of the support of the controlled process X .

Given u ∈ U , we denote by Lu the Dynkin operator associated with the controlled
diffusion X ,

Luϕ(t, x) := ∂tϕ(t, x) + μ(x, u) ·Dϕ(t, x) + 1

2
Tr
[
σσT(x, u)D2ϕ(t, x)

]
,

for a smooth function ϕ, where ∂tϕ stands for the partial derivative with respect to t,
and Dϕ and D2ϕ denote the gradient vector and the Hessian matrix with respect to
the x variable.

Let G be a measurable map from Rd+1 to R such that for every fixed x, the
function

(2.3) y 	−→ G(x, y) is nondecreasing and right-continuous.

The stochastic target problem is defined by

(2.4) V (t, x) := inf
{
y ∈ R : G

(
Xν

t,x(T ), Y
ν
t,x,y(T )

) ≥ 0 for some ν ∈ U} .
Let us observe that this problem can be formulated equivalently as

(2.5) V (t, x) = inf
{
y ∈ R : Y ν

t,x,y(T ) ≥ g
(
Xν

t,x(T )
)
for some ν ∈ U} ,

where g is the generalized inverse of G at 0:

(2.6) g(x) := inf {y : G(x, y) ≥ 0} .
For the case when the set U is bounded, it was proved in [15] that the value function V
is a discontinuous viscosity solution of

(2.7) sup {μY (x, v(t, x), u) − Luv(t, x) : u ∈ N0 (x, v(t, x), Dv(t, x))} = 0,

where

N0(x, y, q) := {u ∈ U : Nu(x, y, q) = 0} and Nu(x, y, q) := σY (x, y, u)− σ(x, u)Tq.

(2.8)

Since N0(x, y, q) may be empty, we shall use the standard convention sup ∅ = −∞
throughout this paper.

The chief goal of this section is to provide an extension of this result to the case
where U is unbounded.

2.2. The dynamic programming equation. Because the control set U is not
necessarily bounded, we need to introduce the relaxed semilimits,

F ∗(Θ) := lim sup
ε↘0, Θ′→Θ

Fε(Θ
′) and F∗(Θ) := lim inf

ε↘0, Θ′→Θ
Fε(Θ

′),

where, for Θ = (x, y, q, A) ∈ Rd × R× Rd × Sd and ε ≥ 0,

Fε(Θ) := sup

{
μY (x, y, u)− μ(x, u) · q − 1

2
Tr
[
σσT(x, u)A

]
: u ∈ Nε(x, y, q)
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STOCHASTIC TARGET PROBLEMS WITH CONTROLLED LOSS 3127

and

Nε(x, y, q) := {u ∈ U : |Nu(x, y, q)| ≤ ε} , ε ≥ 0.

Observe that (Nε)ε≥0 is nondecreasing so that

(2.9) F∗(Θ) := lim inf
Θ′→Θ

F0(Θ
′).

For ease of notation, we shall often simply write Fv(t, x) in place of F (x, v(t, x),
Dv(t, x), D2v(t, x)). We shall similarly use the notation F ∗v and F∗v.

Our first main result is the derivation of the DPE corresponding to the stochastic
target problem in the present context of possibly unbounded controls. This is an
extension of [15] and [16], where the set U was assumed to be bounded; see also [3] for
the case of jump diffusions. This extension is crucial for our analysis of the stochastic
target problem under controlled probability and under controlled loss. The following
continuity assumption is needed in order to prove the subsolution property. Note that
this version is slightly weaker than Assumption 4.1 in [16].

Assumption 2.1 (continuity of N0(x, y, q)). Let B be a subset of X×R×Rd such
thatN0 
= ∅ on B. Then, for every ε > 0, (x0, y0, q0) ∈ int(B), and u0 ∈ N0(x0, y0, q0),
there exists an open neighborhood B′ of (x0, y0, q0) and a locally Lipschitz map ν̄
defined on B′ such that |ν̄(x0, y0, q0)− u0| ≤ ε and ν̄(x, y, q) ∈ N0(x, y, q) on B

′.
Throughout this paper, we shall always assume the standing assumption that V

is locally bounded, so that the semilimits V∗ and V ∗ are finite. Our first main result
characterizes V as a discontinuous viscosity solution of (2.7) in the following sense.

Theorem 2.1. The function V∗ is a viscosity supersolution of

(2.10) −∂tV∗ + F ∗V∗ ≥ 0 on [0, T )×X.

If in addition Assumption 2.1 holds, then V ∗ is a viscosity subsolution of

(2.11) −∂tV ∗ + F∗V ∗ ≤ 0 on [0, T )×X.

The proof of this result is reported in section 5. In particular, the supersolution
property is proved by a new approach and avoids delicate passages to limits that
appear in [16].

Let us now introduce the set-valued map

(2.12) N(x, y, q) :=
{
r ∈ Rd : r = Nu(x, y, q) for some u ∈ U

}
,

together with the signed distance function from its complement set Nc to the origin,

(2.13) δ := dist (0,Nc)− dist (0,N) ,

where we recall that dist stands for the (unsigned) Euclidean distance. Then,

(2.14) 0 ∈ int (N(x, y, q)) iff δ(x, y, q) > 0.

The upper- and lower-semicontinuous envelopes of δ are, respectively, denoted by
δ∗ and δ∗, and we will abuse notation by writing δ∗v(x) = δ∗(x, v(x), Dv(x)) and
δ∗v(x) = δ∗(x, v(x), Dv(x)).

Remark 2.1. From the convention sup ∅ = −∞ and the supersolution property
(2.10) in Theorem 2.1, it follows that

(2.15) δ∗V∗ ≥ 0 on [0, T )× Rd
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3128 BRUNO BOUCHARD, ROMUALD ELIE, AND NIZAR TOUZI

in the viscosity sense. Then, if Nc 
= ∅, this means that V is subject to a gradient
constraint.

Remark 2.2. Let us check that Theorem 2.1 reduces to the viscosity property
of Soner and Touzi [15] in their setting. Assume that for every (x, y, q) and r ∈ Rd,
there is a unique solution ū(x, y, q, r) to the equation Nu(x, y, q) = r, i.e.,

(2.16) Nu(x, y, q) = r iff u = ū(x, y, q, r).

Assume further that ū is locally Lipschitz continuous, so that Assumption 2.1 trivially
holds. For ease of notation, we set ū0(x, y, q) := ū(x, y, q, 0). For a bounded set of
controls U , it follows that for any smooth function ϕ, F ∗ϕ(t, x) ≥ 0 implies that

(2.17) ū0(x, ϕ(t, x), Dϕ(t, x)) ∈ U and −∂tϕ(t, x) + F0ϕ(t, x) ≥ 0,

where the operator F0 reduces in the present context to

F0ϕ = μY (·, ϕ, ū0)− μ(·, ū0) ·Dϕ− 1

2
Tr
[
σσT(·, ū0)D2ϕ

]
.

Similarly, F∗ϕ(t, x) ≤ 0 implies that

(2.18) either ū0(x, ϕ(t, x), Dϕ(t, x)) /∈ int(U) or −∂tϕ(t, x) + F0ϕ(t, x) ≤ 0.

Notice that (2.17)–(2.18) correspond to the PDE derived in [15].
We next discuss the boundary condition on {T } × X. By the definition of the

stochastic target problem, we have

V (T, x) = g(x) for every x ∈ Rd.

However, the possible discontinuities of V might imply that the limits V∗(T, .) and
V ∗(T, .) do not agree with this “natural” boundary condition. The following result
states that the constraint discussed in Remark 2.1 propagates up to the boundary.
Again, this phenomenon was already noticed in [15], among others. Here, the main
difficulty is due to the unboundedness of the set U .

Theorem 2.2. The function x ∈ X 	→ V∗(T, x) is a viscosity supersolution of

(2.19) min
{
(V∗(T, ·)− g∗)1{F∗V∗(T,·)<∞} , δ∗V∗(T, ·)

} ≥ 0 on X,

and, under Assumption 2.1, x ∈ X 	→ V ∗(T, x) is a viscosity subsolution of

(2.20) min {V ∗(T, ·)− g∗ , δ∗V ∗(T, ·)} ≤ 0 on X.

Remark 2.3. Note that δ(x, y, q) ≤ 0 whenever int (N(x, y, q)) = ∅, so that the
subsolution property carries no information. This is the case when the control set
U has empty interior, as in the context of a stochastic volatility model. A specific
analysis is needed in such cases; see [17] and [11].

Remark 2.4. In the context of Remark 2.2, observe that
• δ∗ϕ(x) ≥ 0 implies that ū0(x, ϕ(x), Dϕ(x)) ∈ U , and F ∗ϕ(x) < ∞ is always
satisfied;

• δ∗ϕ(x) > 0 implies that ū0(x, ϕ(x), Dϕ(x)) ∈ int(U).
Hence, for a convex set U with nonempty interior, we recover the boundary condition
of [15].
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When X = Rd (and under suitable conditions) a comparison result of viscosity
supersolutions of (2.10)–(2.19) and subsolutions of (2.11)–(2.20) can be proved in cer-
tain classes of functions. We do not pursue this issue any further, and we instead refer
to [5] for some general results in this direction and to [2] for a comparison result in
a similar setting. We recall that the main concern of this paper is the analysis of the
stochastic target problem under controlled probability or, more generally, controlled
loss. However, we shall assume that such a comparison result holds in order to es-
tablish the boundary conditions for the problem of stochastic target under controlled
probability and/or loss of the subsequent section.

Assumption 2.2. There is a class of functions C containing all nonnegative func-
tions dominated by V ∗ such that, for every

• v1 ∈ C, lower-semicontinuous viscosity supersolution of (2.10)–(2.19) on [0, T ]×
X,

• v2 ∈ C, upper-semicontinuous viscosity subsolution of (2.11)–(2.20) on [0, T ]×X,
we have v1 ≥ v2.

Note that, when the process X is subject to state constraints, the boundary
conditions on [0, T ] × ∂X have to be specified. We deliberately avoid this issue for
the sake of simplicity. However, in our subsequent analysis, it will appear from the
very nature of the problem, and we will deal with a special type of state constraints;
see subsection 3.3.

3. Target reachability with controlled probability of success. In this sec-
tion, we extend the model presented above to the case where the target has to be
reached only with a given probability p:

V̂ (t, x, p) := inf
{
y ∈ R+ : P

[
G
(
Xν

t,x(T ), Y
ν
t,x,y(T )

) ≥ 0
] ≥ p for some ν ∈ U} .(3.1)

In order to avoid degenerate results, we restrict the analysis to the case where the Y
process takes nonnegative values, by simply imposing the following conditions on the
coefficients driving its dynamics:

(3.2) μY (x, 0, u) ≥ 0 and σY (x, 0, u) = 0 for all (x, u) ∈ X× U.

Note that the above definition implies that

(3.3) 0 = V̂ (·, 0) ≤ V̂ ≤ V̂ (·, 1) = V

and

(3.4) V̂ (·, p) = 0 for p < 0 and V̂ (·, p) = ∞ for p > 1,

with the usual convention inf ∅ = ∞.

3.1. Problem reduction. Our first objective is to convert this problem into the
class of (standard) stochastic target problems so that the DPE for the target reacha-
bility problem with controlled probability can be deduced directly from Theorem 2.1.
To do this, we introduce an additional controlled state variable,

(3.5) Pα
t,p(s) := p+

∫ s

t

αr · dWr, s ∈ [t, T ],

where the additional control α is an F-progressively measurable Rd-valued process

satisfying the integrability condition E[
∫ T

0
|αs|2ds] < ∞. We then set X̂ := (X,P ),
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X̂ := X × (0, 1), Û := U × Rd, and denote by Û the corresponding set of admissible
controls. Finally, we introduce the function

Ĝ(x̂, y) := 1{G(x,y)≥0} − p for y ∈ R, x̂ := (x, p) ∈ cl (X× R) .

Proposition 3.1. For all t ∈ [0, T ] and x̂ = (x, p) ∈ X̂, we have

V̂ (t, x̂) = inf
{
y ∈ R+ : Ĝ

(
X̂ ν̂

t,x̂(T ), Y
ν
t,x,y(T )

)
≥ 0 for some ν̂ = (ν, α) ∈ Û

}
,

(3.6)

= inf
{
y ∈ R+ : Ĝ

(
X̂ ν̂

t,x̂(T ), Y
ν
t,x,y(T )

)
≥ 0

and Pα
t,p ∈ [0, 1] for some ν̂ = (ν, α) ∈ Û

}
.(3.7)

Proof. We denote by v(t, x, p) and w(t, x, p) the value functions appearing on the
right-hand sides of (3.6) and (3.7), respectively.

Step 1. We first show that V̂ ≥ v. For y > V̂ (t, x, p), we can find ν ∈ U such that
p0 := P

[
G
(
Xν

t,x(T ), Y
ν
t,x,y(T )

) ≥ 0
] ≥ p. By the stochastic integral representation

theorem, there exists an F-progressively measurable process α such that

1{G(Xν
t,x(T ),Y ν

t,x,y(T ))≥0} = p0 +

∫ T

t

αs · dWs = Pα
t,p0

(T ) and E

[∫ T

t

|αs|2ds
]
<∞.

Since p0 ≥ p, it follows that 1{G(Xν
t,x(T ),Y ν

t,x,y(T ))≥0} ≥ Pα
t,p(T ), and therefore y ≥

v(t, x, p) from the definition of the problem v.
Step 2. We next show that v ≥ V̂ . For y > v(t, x, p), we have Ĝ(X̂ ν̂

t,x̂(T ),

Y ν
t,x,y(T )) ≥ 0 for some ν̂ = (ν, α) ∈ Û . Since Pα

t,p is a martingale, it follows that

P
[
G
(
Xν

t,x(T ), Y
ν
t,x,y(T )

) ≥ 0
]
= E

[
1{G(Xν

t,x(T ),Y ν
t,x,y(T ))≥0}

]
≥ E

[
Pα
t,p(T )

]
= p,

which implies that y ≥ V̂ (t, x, p) by the definition of V̂ .
Step 3. The inequality v ≤ w is obvious. To see that the reverse inequality holds,

consider some y > v(t, x, p). Then, there exists some control ν̂ = (ν, α) ∈ Û such that

(3.8) 1{G(Xν
t,x(T ),Y ν

t,x,y(T ))≥0} ≥ Pα
t,p(T ).

Define

τ := T ∧ inf
{
s > t : Pα

t,p(s) = 0
}
and α̃s := αs1{s<τ} for s ∈ [t, T ].

Clearly, Pα
t,p(T ) = P α̃

t,p(T ) on the event set {τ = T }. Since P α̃
t,p(T ) = 0 on the event

set {τ < T }, it follows from (3.8) that

1{G(Xν
t,x(T ),Y ν

t,x,y(T ))≥0} ≥ P α̃
t,p(T ).

We finally observe that P α̃
t,p ≥ 0 by the definition of α̃, and that the last inequality

implies that P α̃
t,p(T ) ≤ 1. By the martingale property of the process P α̃

t,p, we conclude
that it is valued in the interval [0, 1]. Hence, y ≥ w(t, x, p).

Remark 3.1. 1. In the case where the infimum in the definition of V̂ (t, x, p) is
achieved and there exists a control ν ∈ U satisfying P

[
G
(
Xν

t,x(T ), Y
ν
t,x,y(T )

) ≥ 0
]
= p,
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the above argument shows that the corresponding process Pα
t,p coincides with the

conditional probability of the event set {G (Xν
t,x(T ), Y

ν
t,x,y(T )

) ≥ 0}, i.e.,

Pα
t,p(s) = P

[
G
(
Xν

t,x(T ), Y
ν
t,x,y(T )

) ≥ 0 | Fs

]
for s ∈ [t, T ].

2. Equation (3.7) shows that one can restrict to controls α such that Pα
t,p takes

values in [0, 1]. This is rather natural since the latter should be interpreted as a
conditional probability, and this corresponds to the natural domain [0, 1] of the vari-
able p. From the mathematical viewpoint, one can also allow controls such that Pα

t,p

takes nonpositive values as in (3.6), thus avoiding the introduction of a new con-
straint. Note, however, that the value function V̂ (·, p) is constant for p ≤ 0 and
equal to ∞ for p > 1; see (3.4). In both cases, the natural domain of V̂ is therefore
[0, T ]× cl(X)× [0, 1].

3.2. The dynamic programming equation. The above reduction of the prob-
lem V̂ to a stochastic target problem allows us to apply the general results of the
previous section. For û = (u, α) ∈ Û and x̂ = (x, p) ∈ X̂, set

μ̂(x̂, û) :=

(
μ(x, u)

0

)
, σ̂(x̂, û) :=

(
σ(x, u)
αT

)
.

We also introduce, for (y, q, A) ∈ R× Rd+1 × Sd+1 and û = (u, α) ∈ Û ,

N̂ û(x̂, y, q) := σY (x, y, u)− σ̂(x̂, û)Tq = Nu(x, y, qx)− qpα for q = (qx, qp) ∈ Rd × R,

N̂ε(x̂, y, q) :=
{
û ∈ Û : |N̂ û(x̂, y, q)| ≤ ε

}
, ε > 0,

F̂ε(x̂, y, q, A) := sup
(u,α)∈N̂ε(x̂,y,q)

{
μY (x, y, u)− μ̂(x̂, u, α) · q − 1

2
Tr
[
σ̂σ̂T(x̂, u, α)A

]}
,

and

N̂(x̂, y, q) :=
{
N û(x̂, y, q) : û ∈ Û

}
, δ̂ := dist

(
0, N̂c

)
− dist

(
0, N̂

)
.

The operators F̂ ∗ and F̂∗ are constructed from F̂ε exactly as F ∗ and F∗ are defined
from Fε. Finally, we define the function

ĝ(x̂) := inf
{
y ≥ 0 : Ĝ(x̂, y) ≥ 0

}
, x̂ = (x, p) ∈ X̂× [0, 1],

which is related to g by

ĝ(x, p) = g(x)1p>0 for x ∈ X and p ∈ [0, 1].

As an almost direct consequence of Theorem 2.1 and (3.6), we obtain the viscosity
property of V̂ under the following assumption, which is the analogue of Assumption 2.1
for the augmented control system X̂.

Assumption 3.1 (continuity of N̂0(x, p, y, q)). Let B be a subset of X × [0, 1]×
R × Rd+1 such that N̂0 
= ∅ on B. Then, for every ε > 0, (x0, p0, y0, q0) ∈ int(B),
and û0 ∈ N̂0(x0, p0, y0, q0), there exists an open neighborhood B′ of (x0, p0, y0, q0)
and a locally Lipschitz map ν̂ defined on B′ such that |ν̂(x0, p0, y0, q0)− û0| ≤ ε and
ν̂(x, p, y, q) ∈ N̂0(x, p, y, q) on B

′.
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Corollary 3.1. The function V̂∗ is a viscosity supersolution of

−∂tV̂∗ + F̂ ∗V̂∗ ≥ 0 on [0, T )× X̂.

Under the additional Assumption 3.1, V̂ ∗ is a viscosity subsolution of

min
{
V̂ ∗ , −∂tV̂ ∗ + F̂∗V̂ ∗

}
≤ 0 on [0, T )× X̂.

Proof. The supersolution property is a direct consequence of Theorem 2.1 and the
representation (3.6). The subsolution property is obtained similarly. The first term
accounts for the nonnegativity constraint on the state process Y in the arguments of
the proof in section 5.3.

Remark 3.2. Clearly, Assumption 3.1 holds true whenever the function ū intro-
duced in Remark 2.2 is well defined and locally Lipschitz continuous.

3.3. Boundary conditions and state constraint. The above result relies
on converting V̂ into a (singular) stochastic target problem. This was achieved by
introducing the new state variable p. Because the natural domain of this variable is
[0, 1] (recall (3.4)), we need to specify the boundary conditions at the endpoints 0
and 1. By definition of the stochastic target problem with controlled probability, we
have

(3.9) V̂ (·, 1) = V and V̂ (·, 0) = 0.

Also, since G is nondecreasing in y, we know that V̂ is nondecreasing in p. Hence

(3.10) 0 ≤ V̂∗(·, 0) ≤ V̂ ∗(·, 1) ≤ V ∗,

and one can naturally expect that V̂∗(·, 0) = 0 and V̂ ∗(·, 1) = V ∗. However, the
function V̂ may have discontinuities at p = 0 or p = 1, and, in general, the boundary
conditions have to be stated in a weak form (see (6.1) and (6.23) below), which
corresponds to classical state-space constraint problems (see [13], [14], [8], or [1] and
the references therein).

To obtain a characterization of V̂ on these boundaries, we shall appeal to the
following additional assumptions.

Assumption 3.2. For all (x, y, q) ∈ X× (0,∞)× Rd, we have N0(x, y, q) � U .
Assumption 3.3. For any compact subset A of Rd × R × Rd × Sd, there exists

C > 0 such that Fε(Θ) ≤ C(1 + ε2) for all ε ≥ 0 and Θ ∈ A.
Remark 3.3. Assumption 3.2 is natural and allows us to avoid degenerate cases

that would have to be discussed separately. It will be used only to derive the boundary
condition at p = 0. Assumption 3.3 is more technical and will be used only to discuss
the boundary condition at p = 1.

The main result of this section shows that the natural boundary conditions (3.9)
indeed hold true whenever the comparison principle of Assumption 2.2 holds and
under the above additional assumptions.

Theorem 3.1. Assume that the function supu∈U |σ(·, u)| is locally bounded on X
and that Assumption 3.1 holds true.

(i) Under Assumption 3.2, we have V̂ ∗(·, 0) = 0 on [0, T ) × X and V̂∗(·, 0) = 0
on [0, T ]×X.

(ii) Under Assumption 3.3, V̂ ∗(·, 1) is a viscosity supersolution of (2.10)–(2.19) on
[0, T ]×X. In particular, if in addition the comparison assumption, Assumption 2.2,
is satisfied, then V̂ ∗(·, 1) = V̂∗(·, 1) = V∗ = V ∗ on [0, T ]×X.

The proof is reported in section 6.
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3.4. On the terminal condition. The boundary condition at T for V̂∗ and V̂ ∗

can be easily derived from the characterization of Theorem 2.2.
Corollary 3.2. The function x̂ ∈ X̂ 	→ V̂∗(T, x̂) is a viscosity supersolution of

(3.11) min
{(
V̂∗(T, ·)− ĝ∗

)
1{F̂∗V̂∗(T,·)<∞} , δ̂∗V̂∗(T, ·)

}
≥ 0 on X̂.

If, in addition, Assumption 3.1 holds, then x̂ ∈ X̂ 	→ V̂ ∗(T, x̂) is a viscosity subsolu-
tion of

(3.12) min
{
V̂ ∗(T, ·)− ĝ∗ , δ̂∗V̂ ∗(T, ·)

}
≤ 0 on X̂.

Note, however, that ĝ∗ = g∗ so that the discontinuity in the p-variable of the
boundary condition on V̂ ∗ is not apparent in the above formulation. Moreover, the
condition F̂ ∗V̂∗(T, ·) < ∞ may not be satisfied because of the unboundeness of the
control α that appears in the definition of F̂ . It follows that the above boundary
condition may be useless in most examples.

In the rest of this section, we provide conditions under which a more precise
boundary condition can be specified. These assumptions will be satisfied in our ex-
ample of application; see section 4.

Proposition 3.2. (i) Assume that g is continuous and that for all sequences
(tn, xn, yn, pn, νn)n of [0, T )×X×R+×[0, 1]×U such that (tn, xn, yn, pn) → (T, x, y, p)
∈ {T }×X×R+ × [0, 1], there exists a P-absolutely continuous probability measure Q

such that

(3.13) lim sup
n→∞

EQ
[
Y νn
tn,xn,yn

(T )
] ≤ y and lim sup

n→∞
EQ
[∣∣g(Xνn

tn,xn
(T ))− g(x)

∣∣] = 0.

Then, V̂∗(T, x, p) ≥ pg(x) for all (x, p) ∈ X× [0, 1].
(ii) Let the conditions of Theorem 3.1 hold true and assume that V̂ ∗ is convex in its

p-variable and that V ∗(T, ·) ≤ g. Then, V̂ ∗(T, x, p) ≤ pg(x) for all (x, p) ∈ X× [0, 1].
Proof. It follows from Theorem 3.1 and the convexity property of V̂ ∗ that

V̂ ∗(t, x, p) ≤ pV ∗(t, x) for all (t, x, p) ∈ [0, T ) × X × [0, 1]. Since V ∗(T, ·) ≤ g by
assumption, we deduce that V̂ ∗(T, ·, p) ≤ pg by considering a sequence (tn, xn, pn)n in
[0, T )×X× (0, 1) such that (tn, xn, pn) → (T, x, p) and V̂ ∗(tn, xn, pn) → V̂ ∗(T, x, p).
On the other hand, given a sequence (tn, xn, pn)n in [0, T ) × X × (0, 1) such that
(tn, xn, pn) → (T, x, p) and V̂ (tn, xn, pn) → V̂∗(T, x, p), we can find (νn, αn) ∈ Û such
that

1{Y νn
tn,xn,yn

(T )−g(Xνn
tn,xn

(T ))≥0} ≥ Pαn
tn,pn

(T ),

where yn := V̂ (tn, xn, pn) + 1/n→ V̂∗(T, x, p). This implies that

Y νn
tn,xn,yn

(T ) ≥ Pαn
tn,pn

(T )g(Xνn
tn,xn

(T )),

and, since Pαn
tn,pn

(T ) is bounded by 1,

Y νn
tn,xn,yn

(T ) ≥ Pαn
tn,pn

(T )g(x)− ∣∣g(Xνn
tn,xn

(T ))− g(x)
∣∣ .

Taking the expectation under Q and recalling that Pαn
tn,pn

is a martingale, we get

EQ
[
Y νn
tn,xn,yn

(T )
] ≥ png(x)− EQ

[∣∣g(Xνn
tn,xn

(T ))− g(x)
∣∣] .

D
ow

nl
oa

de
d 

09
/0

2/
20

 to
 1

29
.1

04
.4

.1
46

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3134 BRUNO BOUCHARD, ROMUALD ELIE, AND NIZAR TOUZI

Passing to the limit and using (3.13) leads to V̂∗(T, x, p) ≥ pg(x).
The conditions of Proposition 3.2 are easily satisfied if the coefficients of Xν and

Y ν are Lipschitz continuous uniformly in the control variable. The condition on Y ν

also typically holds if, after a suitable change of measure, the control appears in its
dynamics only through the Itô integral. This is typically the case in finance, where
Y ν plays the role of the wealth process; see the example in section 4.

We now provide conditions ensuring the convexity of V̂ ∗ in its p-variable.
Proposition 3.3. Assume that V̂ ∗ > 0 on [0, T )×X× (0, 1) and that U = Rd.

Assume further that the function ū defined in (2.16) is locally Lipschitz continuous,
that ū(x, y, q, ·) is Lipschitz on Rd for all (x, y, q) ∈ X × R × Rd, and that for each
compact set Θ ⊂ X× R+ there exist C > 0 and ε ∈ (0, 2] such that

(3.14) |μY (x, y, u)|+ |μ(x, u)|+ |σ(x, u)|2 ≤ C(1 + |u|2−ε) for all (x, y, u) ∈ Θ×U.

Then, V̂ ∗(t, x, p) is convex in p.
Proof. Since U = Rd, it follows from the same argument as in Remark 2.2 that

the condition of Corollary 3.1 is satisfied. Since V̂ ∗ > 0, this implies that V̂ ∗ is a
viscosity subsolution of −∂tV̂ ∗+ F̂∗V̂ ∗ ≤ 0 on [0, T )× X̂. Let ϕ be a smooth function

and (t, x, p) be a local maximizer of V̂ ∗ − ϕ on [0, T )× X̂. Note that, by definition
of û and the assumption U = Rd,

N̂0(x, y, (qx, qp)) = {(ū(x, y, qx, αqp), α), α ∈ R} .
In view of the growth condition (3.14) and the Lipschitz continuity assumption on ū,
this implies that there exists C > 0 and ε ∈ (0, 2] such that, for all α ∈ R,

−1

2
|α|2Dppϕ(t, x, p) ≤ C(1 + |α|2−ε).

This implies that Dppϕ(t, x, p) ≥ 0. The convexity then follows from the same argu-
ments as in [7, Proposition 5.2].

3.5. Extension to target reachability with controlled expected loss. We
now briefly explain how to extend the key idea of Proposition 3.1 to the target reach-
ability problem with controlled expected loss, in the spirit of [10].

Let � : R −→ R be a nondecreasing function, and denote by

L := conv (� ◦G(X × R+))

the closed convex hull of the image of �◦G. For p ∈ L, we define the target reachability
problem with controlled loss:

V̂ �(t, x, p) := inf
{
y ∈ R+ : E

[
� ◦G (Xν

t,x(T ), Y
ν
t,x,y(T )

)] ≥ p for some ν ∈ U} .
Observe that for �(r) = 1r≥0 we recover the target reachability problem with con-
trolled probability. As in the previous section, we introduce an additional controlled
state variable defined by

(3.15) Pα
t,p(s) = p+

∫ s

t

αu · dWu, s ∈ [t, T ],

where the additional control α is an F-progressively measurable real-valued process

satisfying E
[∫ T

0
|αs|2ds

]
< ∞. We next denote by X̂ := (X,P ), X̂ = X × L, Û =

U × Rd, Û the corresponding set of admissible controls, and we define

Ĝ�(x̂, y) := � ◦G(x, y)− p, y ∈ R+, x̂ = (x, p) ∈ cl (X× R) .
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If � ◦G (Xν
t,x(T ), Y

ν
t,x,y(T )

)
is square integrable for all initial conditions and controls

ν ∈ U , we can then follow the arguments used in the proof of Proposition 3.1 and
relate V̂ � to a stochastic target problem with unbounded controls:

V̂ �(t, x̂) = inf
{
y ∈ R+ : Ĝ�

(
X̂ ν̂

t,x̂(T ), Y
ν
t,x,y(T )

)
≥ 0 for some ν̂ = (ν, α) ∈ Û

}
.

This allows us to provide a PDE characterization of V̂ � in the spirit of the one
obtained for V̂ above. The adaptation of the previous arguments to this context is
obvious.

4. Application to the quantile hedging problem. In this section, we spe-
cialize the discussion to the quantile hedging problem of Föllmer and Leukert [9]. We
first assume that the state space of the process X is X := (0,∞)d and that it is not
affected by the control:

(4.1) μ(x, u) = μ(x) and σ(x, u) = σ(x) are independent of u,

where μ and σ are Lipschitz continuous. In order to avoid arbitrage, we also assume
that σ is invertible and that

(4.2) sup
x∈(0,∞)d

|λ(x)| <∞ where λ := σ−1μ.

The coefficients of the controlled process Y are given by

(4.3) μY (x, y, u) = u · μ(x), σY (x, y, u) = σT(x)u,

Finally,

(4.4) G(x, y) = y − g(x) for some Lipschitz continuous function g : Rd −→ R+.

The process X is thus defined by the stochastic differential equation

dXt,x(s) = μ (Xt,x(s)) ds+ σ (Xt,x(s)) dWs, Xt,x(t) = x ∈ (0,∞)d

and should be interpreted as the price process of d risky securities. Here, we implicitly
assume that the coefficients μ and σ are such that Xt,x ∈ (0,∞)d P-a.s. for all initial
conditions (t, x) ∈ [0, T ]× (0,∞)d.

The control process ν is valued in U = Rd, with components νis indicating the
number of shares of the ith security held in a portfolio at time s. After the usual
reduction of the interest rates to zero, it follows from the self-financing condition that
the value of the portfolio is given by

Y ν
t,x,y(s) = y +

∫ s

t

νr · dXt,x(r), s ≥ t,

which leads to the definitions in (4.3). The stochastic target problem V (t, x) corre-
sponds to the problem of superhedging the contingent claim g(Xt,x(T )), and V̂ (t, x, p)
is the corresponding quantile hedging problem. Note that the above assumptions en-
sure that V is continuous and is given by V (t, x) = EQt,x [g(Xt,x(T ))], where Qt,x is
the P-equivalent martingale measure defined by

dQt,x/dP = exp

(
−1

2

∫ T

t

|λ(Xt,x(s))|2ds−
∫ T

t

λ(Xt,x(s)) · dWs

)
.
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In particular, V is a viscosity supersolution on [0, T )× (0,∞)d of

(4.5) 0 ≤ −∂tV − 1

2
Tr
[
σσTDxxV

]
.

For later use, let us denote by WQt,x := W +
∫ ·
t
λ(Xt,x(s))ds the Qt,x-Brownian

motion defined on [t, T ].
In [9], the quantile hedging problem is solved in the general nonnecessarily Markov

model of asset prices process, by means of the Neyman–Pearson lemma from mathe-
matical statistics. In our Markov setting, we shall recover the solution of [9] by using
only the supersolution property from the results of the previous sections.

First note that the conditions of Corollary 3.1, Theorem 3.1, and (i) of Propo-
sition 3.2 are trivially satisfied. This implies that V̂∗ is a viscosity supersolution of
[0, T )× X̂,

0 ≤ −∂tV̂∗ + F̂ ∗V̂∗(4.6)

= −∂tV̂∗ − 1

2
Tr
[
σσTDxxV̂∗

]
− inf

α∈Rd

(
−α(DpV̂∗)Tσ−1μ+Tr

[
σαDxpV̂∗

]
+

1

2
|α|2DppV̂∗

)
,

with the boundary conditions

V̂∗(·, 1) = V and V̂∗(·, 0) = 0 on [0, T ]×X; V̂∗(T, x, p) ≥ pg(x) on X× [0, 1].

(4.7)

For the sake of clarity, we extend V̂∗ to [0, T ]×X× R by setting

(4.8) V̂∗(·, p) := 0 for p < 0 and V̂∗(·, p) := ∞ for p > 1.

The key idea for solving (4.6)–(4.7) is to introduce its Legendre–Fenchel dual with
respect to the p-variable in order to remove the nonlinearity in (4.6):

(4.9) v(t, x, q) := sup
p∈R

{
pq − V̂∗(t, x, p)

}
, (t, x, q) ∈ [0, T ]× (0,∞)d × R.

Note that (4.8) and the second equality in (4.7) imply that

(4.10) v(·, q) = ∞ for q < 0 and v(·, q) = sup
p∈[0,1]

{
pq − V̂∗(·, p)

}
for q > 0.

Using the PDE characterization of V̂ and V above, we shall prove below that v
is an upper-semicontinuous viscosity subsolution on [0, T )× (0,∞)d × (0,∞) of

(4.11) −∂tv − 1

2
Tr
[
σσTDxxv

]− 1

2
|λ|2 q2Dqqv − Tr [σλDxqv] ≤ 0

with the boundary condition

(4.12) v(T, x, q) ≤ (q − g(x))
+
.

Since the above equation is linear, an explicit upper bound for v is available from the
Feynman–Kac representation result. Namely,

(4.13) v(t, x, q) ≤ v̄(t, x, q) := EQt,x

[
(Qt,x,q(T )− g (Xt,x(T )))

+
]
,
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on [0, T ]× (0,∞)d × (0,∞), where the process Qt,x,q is defined by the dynamics

(4.14)
dQ(s)

Q(s)
= λ(Xt,x(s)) · dWQt,x

s , Qt,x,q(t) = q ∈ (0,∞).

Given the explicit representation of v̄, we can now provide a lower bound for the
primal function V̂ by using (4.10). Clearly the function v̄ is convex in q and there is
a unique solution q̄(t, x, p) to the equation

∂v̄

∂q
(t, x, q̄) = EQt,x

[
Qt,x,1(T )1{Qt,x,q̄(T )≥g(Xt,x(T ))}

]
= P [Qt,x,q̄(T ) ≥ g (Xt,x(T ))] = p,

(4.15)

where we have used the fact that dP/dQt,x = Qt,x,1(T ). It follows that the value

function of the quantile hedging problem V̂ admits the lower bound

V̂ (t, x, p) ≥ V̂∗(t, x, p) ≥ pq̄(t, x, p)− v̄ (t, x, q̄(t, x, p))

= q̄(t, x, p)
[
p− EQt,x

[
Qt,x,1(T )1{q̄(t,x,p)Qt,x,1(T )≥g(Xt,x(T ))}

]]
+ EQt,x

[
g (Xt,x(T ))1{q̄(t,x,p)Qt,x,1(T )≥g(Xt,x(T ))}

]
= EQt,x

[
g (Xt,x(T ))1{q̄(t,x,p)Qt,x,1(T )≥g(Xt,x(T ))}

]
=: y(t, x, p).

On the other hand, it follows from the martingale representation theorem that we can
find ν ∈ U such that

Y ν
t,x,y(t,x,p)(T ) ≥ g (Xt,x(T ))1{q̄(t,x,p)Qt,x,1(T )≥g(Xt,x(T ))}.

Since, by (4.15), P [q̄(t, x, p)Qt,x,1(T ) ≥ g (Xt,x(T ))] = p, this implies that V̂ (t, x, p) =
y(t, x, p), which corresponds exactly to the solution of Föllmer and Leukert [9].

To conclude our argument, it remains to prove that v is a viscosity subsolution
of (4.11)–(4.12).

Proof of (4.11)–(4.12). First note that the fact that v is upper-semicontinuous
on [0, T ]× (0,∞)d× (0,∞) follows from the lower-semicontinuity of V̂∗ and the repre-
sentation in the right-hand side of (4.10), which allows us to reduce the computation
of the sup to the compact set [0, 1]. Moreover, the boundary condition (4.12) is an
immediate consequence of the right-hand-side inequality in (4.7) and (4.10).

We now turn to the PDE characterization inside the domain. Let ϕ be a smooth
function with bounded derivatives and (t0, x0, q0) ∈ [0, T )×(0,∞)d×(0,∞) be a local
maximizer of v − ϕ such that (v − ϕ)(t0, x0, q0) = 0.

(a) We first show that we can reduce to the case where the map q 	→ ϕ(·, q) is
strictly convex. Indeed, since v is convex, we necessarily have Dqqϕ(t0, x0, q0) ≥ 0.
Given ε, η > 0, we now define ϕε,η by ϕε,η(t, x, q) := ϕ(t, x, q) + ε|q − q0|2 + η|q −
q0|2(|q − q0|2 + |t − t0|2 + |x − x0|2). Note that (t0, x0, q0) is still a local maximizer
of U − ϕε,η. Since Dqqϕ(t0, x0, q0) ≥ 0, we have Dqqϕε,η(t0, x0, q0) ≥ 2ε > 0. Since ϕ
has bounded derivatives, we can then choose η large enough so that Dqqϕε,η > 0. We
next observe that, if ϕε,η satisfies (4.11) at (t0, x0, q0) for all ε > 0, then (4.11) holds
for ϕ at this point too. This is due to the fact that the derivatives up to order two of
ϕε,η at (t0, x0, q0) converge to the corresponding derivatives of ϕ as ε→ 0.

(b) From now on, we thus assume that the map q 	→ ϕ(·, q) is strictly convex. Let
ϕ̃ be the Fenchel transform of ϕ with respect to q, i.e.,

ϕ̃(t, x, p) := sup
q∈R

{pq − ϕ(t, x, q)}.
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Since ϕ is strictly convex in q and smooth on its domain, ϕ̃ is strictly convex in p and
smooth on its domain; see, e.g., [12]. Moreover, we have

ϕ(t, x, q) = sup
p∈R

{pq − ϕ̃(t, x, p)}

= J(t, x, q)q − ϕ̃(t, x, J(t, x, q)) on (0, T )× (0,∞)d

× (0,∞) ⊂ int(dom(ϕ)),(4.16)

where q 	→ J(·, q) denotes the inverse of p 	→ Dpϕ̃(·, p); recall that ϕ̃ is strictly convex
in p.

We now deduce from the assumption q0 > 0 and (4.10) that we can find p0 ∈ [0, 1]
such that v(t0, x0, q0) = p0q0 − V̂∗(t0, x0, p0) which, by using the very definition of
(t0, x0, p0, q0) and v, implies that

(4.17) (t0, x0, p0) is a local minimizer of V̂∗ − ϕ̃ such that (V̂∗ − ϕ̃)(t0, x0, p0) = 0

and

ϕ(t0, x0, q0) = sup
p∈R

{pq0 − ϕ̃(t0, x0, p)}(4.18)

= p0q0 − ϕ̃(t0, x0, p0) with p0 = J(t0, x0, q0),

where the last equality follows from (4.16) and the strict convexity of the map p 	→
pq0 − ϕ̃(t0, x0, p) in the domain of ϕ̃.

We conclude the proof by discussing three alternative cases depending on the
value of p0.

1. If p0 ∈ (0, 1), then (4.17) implies that ϕ̃ satisfies (4.6) at (t0, x0, p0), and the
required result follows by exploiting the link between the derivatives of ϕ̃ and the
derivatives of its p-Fenchel transform ϕ, which can be deduced from (4.16).

2. If p0 = 1, then the first boundary conditions in (4.7) and (4.17) imply
that (t0, x0) is a local minimizer of V̂∗(·, 1) − ϕ̃(·, 1) = V − ϕ̃(·, 1) such that (V −
ϕ̃(·, 1))(t0, x0) = 0. This implies that ϕ̃(·, 1) satisfies (4.5) at (t0, x0) so that ϕ̃ sat-
isfies (4.6) for α = 0 at (t0, x0, p0). We can then make the same conclusion as in
item 1.

3. If p0 = 0, then the second boundary conditions in (4.7) and (4.17) im-
ply that (t0, x0) is a local minimizer of V̂∗(·, 0) − ϕ̃(·, 0) = 0 − ϕ̃(·, 0) such that
0 − ϕ̃(·, 0)(t0, x0) = 0. In particular, (t0, x0) is a local maximum point for ϕ̃(·, 0)
so that (∂tϕ̃,Dxϕ̃)(t0, x0, 0) = 0 and Dxxϕ̃(t0, x0, 0) is negative semidefinite. This
implies that ϕ̃(·, 0) satisfies (4.5) at (t0, x0) so that ϕ̃ satisfies (4.6) at (t0, x0, p0) for
α = 0. We can then argue as in the first case.

5. Derivation of the dynamic programming equation for singular sto-
chastic target problems. This section is dedicated to the proofs of Theorems 2.1
and 2.2. We first recall the geometric dynamic programming principle of [16]. We
next report the proofs of the supersolution properties in subsections 5.1 and 5.2, and
those of the subsolution properties in subsections 5.3 and 5.4.

Theorem 5.1 (geometric dynamic programming principle). Let (t, x) ∈ [0, T )×
X, and let θ be an [s, T ]-valued stopping time. Then,

(5.1) V (t, x) = inf{y ∈ R : Y ν
t,x,y(θ) ≥ V

(
θ,Xν

t,x(θ)
)
a.s. for some ν ∈ U}.

The DPE (2.7) is the infinitesimal analogue of the above geometric dynamic
programming principle. The viscosity property stated in Theorem 2.1 is obtained in
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two steps. The supersolution property will be deduced from the following consequence
of (5.1).

(GDP1) If y > V (t, x), then there exists ν ∈ U such that for all stopping times
θ ≤ T ,

(5.2) Y ν
t,x,y(θ) ≥ V (θ,Xν

t,x(θ)).

The subsolution property will be proved using the following claim, which is again
implied by (5.1).

(GDP2) For every y < V (t, x), ν ∈ U , and all stopping times θ ≤ T ,

(5.3) P
[
Y ν
t,x,y(θ) > V (θ,Xν

t,x(θ))
]
< 1.

Notice that (5.1) is equivalent to (GDP1)–(GDP2).

5.1. The supersolution property on [0, T ) × X. This proof avoids delicate
limit arguments of the supersolution derivation in [15] and [16].

Step 1. Let (t0, x0) ∈ [0, T )×X, and let ϕ be a smooth function such that

(strict) min
[0,T )×X

(V∗ − ϕ) = (V∗ − ϕ)(t0, x0) = 0.

Assume to the contrary that (−∂tϕ+F ∗ϕ) (t0, x0) =: −2η for some η > 0, and let us
work towards a contradiction. By definition of F ∗, we may find ε > 0 such that

μY (x, y, u)− Luϕ(t, x) ≤ −η for all u ∈ Nε(x, y,Dϕ(t, x))(5.4)

and (t, x, y) ∈ [0, T )×X× R s.t. (t, x) ∈ Bε(t0, x0) and |y − ϕ(t, x)| ≤ ε,

where we recall that Bε(t0, x0) denotes the ball of radius ε around (t0, x0). Let
∂pBε(t0, x0) := {t0 + ε} × cl (Bε(t0, x0)) ∪ [t0, t0 + ε)× ∂Bε(x0) denote the parabolic
boundary of Bε(t0, x0) and observe that

(5.5) ζ := min
∂pBε(t0,x0)

(V∗ − ϕ) > 0

since (t0, x0) is a strict minimum.
Step 2. We now show that (5.4) and (5.5) lead to a contradiction to (GDP1).

Let (tn, xn)n be a sequence in [0, T ) × X which converges to (t0, x0) and such that
V (tn, xn) → V∗(t0, x0). Set yn = V (tn, xn) + n−1 and observe that

(5.6) γn := yn − ϕ(tn, xn) → 0.

For each n ≥ 1, we have yn > V (tn, xn). Then, there exists some νn ∈ U such that

(5.7) G (Zn(T )) ≥ 0 where Zn := (Xn, Y n) :=
(
Xνn

tn,xn
, Y νn

tn,xn,yn

)
.

We now define the stopping times

θon := {s ≥ tn : (s,Xn(s)) /∈ Bε(t0, x0)} ,
θn := {s ≥ tn : |Y n(s)− ϕ(s,Xn(s))| ≥ ε} ∧ θon

and set

(5.8) An :=
{
s ∈ [tn, θn] : μY (Zn(s), νns )− Lνn

s ϕ (s,Xn(s)) > −η
}
.
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Observe that (5.4) implies that the process

(5.9) ψn
s := Nνn

(Zn
s , Dϕ(s,X

n
s )) satisfies |ψn

s | > ε for s ∈ An.

By (5.7) and (GDP1), it follows that

Y n(t ∧ θn) ≥ V (t ∧ θn, Xn(t ∧ θn)), t ≥ tn.

Using the definition of ζ in (5.5) and θn, this implies that

Y n(t ∧ θn) ≥ ϕ (t ∧ θn, Xn(t ∧ θn)) +
(
ζ1{θo

n=θn} + ε1{θo
n>θn}

)
1{t=θn}

≥ ϕ (t ∧ θn, Xn(t ∧ θn)) + (ζ ∧ ε)1{t=θn}, t ≥ tn.

Since ϕ is smooth, it follows from Itô’s lemma, (5.6), the definition of ψn, (2.8), and
(5.8) that

− (ζ ∧ ε)1{t<θn} ≤ γn − (ζ ∧ ε) +
∫ t∧θn

tn

{
μY (Zn(s), νns )− Lνn

s ϕ (s,Xn(s))
}
ds

+

∫ t∧θn

tn

ψn
s · dWs

≤Mn
t := γn − (ζ ∧ ε) +

∫ t∧θn

tn

bns ds+

∫ t∧θn

tn

ψn
s · dWs,(5.10)

where we set bns :=
{
μY (Zn(s), νns ) − Lνn

s ϕ (s,Xn(s))
}
1An(s). Let Ln be the expo-

nential local martingale defined by Ln
tn = 1 and, for s ≥ tn,

dLn
s = −Ln

s b
n
s |ψn

s |−2ψn
s 1An(s) · dWs,

which is well defined by (5.9), (2.2), and our definition of the set of admissible con-
trols U .

By Itô’s formula and (5.10), we see that LnMn is a local martingale which is
bounded from below by the submartingale − (ζ ∧ ε)Ln. Then, LnMn is a super-
martingale, and it follows from (5.10) that

0 ≤ E
[
Ln
θnM

n
θn

] ≤ Ln
tnM

n
tn =Mn

tn = γn − ζ ∧ ε,
which contradicts (5.6) for n large enough.

5.2. The supersolution property on {T} × X. Let x0 ∈ X, and let ϕ be a
smooth function such that

(strict)min
X

(V∗(T, ·)− ϕ) = (V∗(T, ·)− ϕ)(x0) = 0.

The fact that δ∗ϕ(x0) ≥ 0 is deduced from (2.15) and the upper-semicontinuity of δ∗

by standard arguments; see, e.g., the proof of Lemma 5.2 in [15]. We now prove the
second assertion. Assume that

F ∗ϕ(x0) <∞ and ϕ(x0) = V∗(T, x0) < g∗(x0),

and let us work towards a contradiction. Since V (T, .) = g by the definition of the
problem, there is a constant η > 0 such that ϕ−V (T, ·) ≤ ϕ− g∗ ≤ −η on Bε(x0) for
some ε > 0. Since x0 is a strict minimizer, 2ζ := minx∈∂Bε(x0) V∗(T, x) − ϕ(x) > 0,
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and it follows that there exists r > 0 such that V (t, x)− ϕ(x) ≥ ζ > 0 for all (t, x) ∈
[T − r, T ]× ∂Bε(x0). Indeed, otherwise we could find (tr, xr) ∈ [T − r, T ]× ∂Bε(x0)
such that V (tr, xr) − ϕ(xr) ≤ ζ for each r > 0. Sending r → 0 would then lead to a
contradiction since ∂Bε(x0) is compact. Hence,

V (t, x) − ϕ(x) ≥ ζ ∧ η > 0(5.11)

for (t, x) ∈ ([T − r, T ]× ∂Bε(x0)) ∪ ({T } ×Bε(x0)).

We now use the fact that F ∗ϕ(x0) <∞ to deduce that, after possibly changing ε > 0,

μY (x, y, u)− Luϕ(x) ≤ C for all u ∈ Nε(x, y,Dϕ(t, x))

and (x, y) ∈ X× R s.t. x ∈ Bε(x0) and |y − ϕ(x)| ≤ ε

for some constant C > 0. Let ϕ̃(t, x) := ϕ(x) +C(t− T ). Then, for sufficiently small
r > 0, we have

V (t, x) − ϕ̃(x) ≥ 1

2
(ζ ∧ η) > 0 for (t, x) ∈ ([T − r, T ]× ∂Bε(x0)) ∪ ({T } ×Bε(x0))

and μY (x, y, u)− Luϕ̃(x) ≤ C for all u ∈ Nε(x, y,Dϕ̃(t, x)),

(x, y) ∈ X× R s.t. x ∈ Bε(x0) and |y − ϕ̃(x)| ≤ ε.

By following the arguments in Step 2 of section 5.1, the latter inequalities lead to a
contradiction of (GDP1).

5.3. The subsolution property on [0, T ) × X. We essentially adapt the
arguments of [15] and [16]. Since our controls are not bounded and Assumption 2.1
is weaker that their assumptions, we provide the complete proof.

Step 1. Let (t0, x0) ∈ [0, T )×X, and let ϕ be a smooth function such that

(5.12) 0 = (V ∗ − ϕ)(t0, x0) > (V ∗ − ϕ)(t, x), (t0, x0) 
= (t, x) ∈ [0, T )×X.

We have to show that (−∂tϕ+ F∗ϕ) (t0, x0) ≤ 0. Assume to the contrary that

4η := (−∂tϕ+ F∗ϕ) (t0, x0) > 0.

By (2.9), we may find ε > 0 such that

μY (x, y, u)− Luϕ(t, x) ≥ 2η for some u ∈ N0(x, y,Dϕ(t, x))

for all (t, x, y) ∈ [0, T )×X× R s.t. (t, x) ∈ Bε(t0, x0) and |y − ϕ(t, x)| ≤ ε.

For ε small enough, Assumption 2.1 then implies that

(5.13)
α(t, x, y) := μY (x, y, ν̂(x, y,Dϕ(t, x))) − Lν̂(x,y,Dϕ(t,x))ϕ(t, x) ≥ η

for all (t, x, y) ∈ [0, T )×X× R s.t. (t, x) ∈ Bε(t0, x0) and |y − ϕ(t, x)| ≤ ε,

where ν̂ is a locally Lipschitz map satisfying

(5.14) ν̂(x, y,Dϕ(t, x)) ∈ N0(x, y,Dϕ(t, x)) on Bε(t0, x0).

Observe that, since (t0, x0) is a strict maximizer in (5.12), we have

(5.15) −ζ := max
∂pBε(t0,x0)

(V ∗ − ϕ) < 0,
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where ∂pBε(t0, x0) := {t0 + ε} × cl (Bε(t0, x0)) ∪ [t0, t0 + ε) × ∂Bε(x0) denotes the
parabolic boundary of Bε(t0, x0).

Step 2. We now show that (5.13), (5.14), and (5.15) lead to a contradiction of
(GDP2). Let (tn, xn)n be a sequence in [0, T ) × X which converges to (t0, x0) and
such that V (tn, xn) → V ∗(t0, x0). Set yn = V (tn, xn)− n−1 and observe that

(5.16) γn := yn − ϕ(tn, xn) −→ 0.

Let Zn := (Xn, Y n) denote the solution of the SDE (2.1) associated with the
Markovian control ν̂n = ν̂(Xn, Y n, Dϕ(·, Xn)) and the initial condition Zn(tn) =
(xn, yn). Since ν̂ is locally Lipschitz, this solution is well defined. We next define the
stopping times

θon := inf {s ≥ tn : (s,Xn(s)) /∈ Bε(t0, x0)} ,
θn := inf {s ≥ tn : |Y n(s)− ϕ(s,Xn(s))| ≥ ε} ∧ θon.

Note that the first line in (5.13), (5.16), and a standard comparison theorem imply
that Y n(θn) − ϕ(θn, X

n(θn)) ≥ ε on {|Y n(θn) − ϕ(θn, X
n(θn))| ≥ ε} for n large

enough. Since V ≤ V ∗ ≤ ϕ, we then deduce from (5.15) and the definition of θn that

Y n(θn)− V (θn, X
n(θn)) ≥ 1{θn<θo

n} {Y n(θn)− ϕ (θn, X
n(θn))}

+ 1{θn=θo
n} {Y n(θon)− V ∗ (θon, X

n(θon))}
= ε1{θn<θo

n} + 1{θn=θo
n} {Y n(θon)− V ∗ (θon, X

n(θon))}
≥ ε1{θn<θo

n} + 1{θn=θo
n} {Y n(θon) + ζ − ϕ (θon, X

n(θon))}
≥ ε ∧ ζ + 1{θn=θo

n} {Y n(θon)− ϕ (θo, Xn(θon))} .

We continue by using Itô’s formula:

Y n(θn)− V (θn, X
n(θn)) ≥ ε ∧ ζ + 1{θn=θo

n}

(
γn +

∫ θn

tn

α(s,Xn
s , Y

n
s )ds

)
,

where the drift term α(·) ≥ η is defined as in (5.13) and the diffusion coefficient
vanishes by (5.14). Since ε, ζ > 0 and γn → 0, this implies that

Y n(θn) ≥ V (θn, X
n(θn)) for sufficiently large n.

Recalling that the initial position of the process Y n is yn = V (tn, xn) − n−1 <
V (tn, xn), this is clearly in contradiction with part (GDP2) of the geometric dynamic
programming principle.

5.4. The subsolution property on {T}×X. The proof combines arguments
used in sections 5.3 and 5.2. We explain only the main steps.

Let x0 ∈ X and ϕ be a smooth function such that

(strict)max
X

(V ∗(T, ·)− ϕ) = (V ∗(T, ·)− ϕ)(x0) = 0.

Assume that

(5.17) δ∗ϕ(x0) > 0 and 0 < 4η := ϕ(x0)− g∗(x0) = V ∗(T, x0)− g∗(x0).
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By (2.14) and Assumption 2.1, we can find r, ε > 0 and a locally Lipschitz map ν̂
satisfying

ν̂(x, y,Dϕ(x)) ∈ N0(x, y,Dϕ(x))(5.18)

for all (x, y) ∈ X× R s.t. x ∈ Br(x0) and |y − ϕ(x)| ≤ ε.

Set ϕ̃(t, x) := ϕ(x) +
√
T − t. Since ∂tϕ̃(t, x) → −∞ as t → T , we deduce that, for

r > 0 small enough,

(5.19)
α(x, y) := μY (x, y, ν̂(x, y,Dϕ̃(t, x))) − Lν̂(x,y,Dϕ̃(t,x))ϕ̃(t, x) ≥ η

for all (t, x, y) ∈ [T − r, T ) ×X× R s.t. x ∈ Br(x0) and |y − ϕ̃(t, x)| ≤ ε.

Also observe that, since V ∗ − ϕ̃ is upper-semicontinuous and (V ∗(T, ·)− ϕ)(x0) = 0,
we can choose r > 0 so that

(5.20) V (t, x) ≤ ϕ̃(t, x) + ε/2 for all (t, x) ∈ [T − r, T ]×Br(x0).

Moreover, combining the identity V (T, x0) = g(x0), (5.17), (5.19), and the fact that
x0 achieves a strict maximum, and using arguments similar to those of section 5.2,
we see that

V (t, x) − ϕ̃(t, x) ≤ −ζ for all (t, x) ∈ ([T − r, T ]× ∂Br(x0)) ∪ ({T } ×Br(x0))
(5.21)

for some r, ε, ζ > 0 small enough but so that the above inequalities still hold.
By following the arguments in Step 2 of section 5.3, we see that (5.18), (5.19),

(5.20), and (5.21) lead to a contradiction of (GDP2).

6. Derivation of the boundary conditions for the stochastic target with
controlled probability. We now prove Theorem 3.1. The Dynkin operator associ-
ated with (Xν, Pα) will be denoted by

L̂ûϕ(t, x̂) := ∂tϕ(t, x̂) + μ̂(x̂, û) ·Dϕ(t, x̂) + 1

2
Tr
[
σ̂σ̂T(x̂, û)D2ϕ(t, x̂)

]
.

6.1. The endpoint p = 1. In order to prove that V̂∗(·, 1) is a supersolution of
(2.10)–(2.19), it suffices to show that V̂∗(·, 1) is a supersolution of

(6.1) max
{
V̂∗(., 1)− V∗ , −∂tV̂∗(., 1) + F ∗V̂∗(., 1)

}
≥ 0 on [0, T )×X,

and that V̂∗(T, ·, 1) is a viscosity supersolution on X of

max
{
V̂∗(T, ., 1)− V∗(T, .),(6.2)

min
{(
V̂∗(T, ., 1)− g∗

)
1{F∗V̂∗(T,.,1)<∞}, δ∗V̂∗(T, ·, 1)

}}
≥ 0.

To convince ourselves, let us show, for instance, that (6.1) implies (2.10). Let (t0, x0)
be a local minimizer of V̂∗(·, 1)− ϕ for some smooth function ϕ. Then,

- either V̂∗(t0, x0, 1) < V∗(t0, x0) and (2.10) holds for ϕ at (t0, x0),
- or V̂∗(t0, x0, 1) = V∗(t0, x0) so that (t0, x0) is a local minimizer of V∗ − ϕ,

and (2.10) holds for ϕ at (t0, x0) by the viscosity property of V∗; see Theorem 2.1.
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Step 1. We first show that for any smooth function ϕ on [0, T ]×X × [0, 1] and
(t0, x0) ∈ [0, T )×X such that

(6.3) (strict) min
[0,T )×X×(0,1]

(V̂∗ − ϕ) = (V̂∗ − ϕ)(t0, x0, 1) = 0,

we have

(6.4) max
{
ϕ(t0, x0, 1)− V∗(t0, x0) ,

(
−∂tϕ+ F̂ ∗ϕ

)
(t0, x0, 1)

}
≥ 0.

If not, we can find η, ε > 0 such that

max
{
ϕ(t, x, p)− V (t, x) , μY (x, y, u)− L̂u,αϕ(t, x, p)

}
≤ −η(6.5)

for all (u, α) ∈ N̂ε(x, y,Dϕ(t, x, p)) and (t, x, p, y) ∈ [0, T )×X× (0, 1]× R

s.t. (t, x, p) ∈ Bε(t0, x0)× [1− ε, 1] and |y − ϕ(t, x, p)| ≤ ε.

Let (tn, xn, pn)n be a sequence in [0, T )×X× (0, 1) which converges to (t0, x0, 1) and
such that V̂ (tn, xn, pn) → V̂∗(t0, x0, 1). Set yn = V̂ (tn, xn, pn)+n

−1 and observe that

γn := yn − ϕ(tn, xn) → 0.

For each n ≥ 1, we have yn > V (tn, xn). Then, there exists some ν̂n := (νn, αn) ∈ Û
such that

(6.6) Ĝ
(
Ẑn(T )

)
≥ 0, where Ẑn := (Xn, Pn, Y n) :=

(
Xνn

tn,xn
, Pαn

tn,pn
, Y νn

tn,xn,yn

)
.

We now define the stopping times

θon := {s ≥ tn : (s,Xn(s), Pn(s)) ∈ D} ,
θn := {s ≥ tn : |Y n(s)− ϕ(s,Xn(s))| ≥ ε} ∧ θon,

where

D := (∂pBε(t0, x0)× [1− ε, 1]) ∪ (Bε(t0, x0)× {1− ε, 1}),
and ∂pBε(t0, x0) := {t0+ε}×cl(Bε(t0, x0))∪[t0, t0+ε)×∂Bε(x0) denotes the parabolic
boundary of Bε(t0, x0). It follows from (6.3) and (6.5) that

ζ := inf
D
(V̂ − ϕ) > 0.

By (6.6) and (GDP1), it follows that

Y n(θn) ≥ V̂ (θn, X
n(θn), P

n(θn)) ≥ ϕ(θn, X
n(θn), P

n(θn)),

where the second inequality follows from (6.3). Using the definition of θn and ζ > 0,
this implies that

Y n(θn) ≥ ϕ (θn, X
n(θn), P

n(θn)) + ζ ∧ ε.
By arguing as in section 5.1, this leads to a contradiction.

Step 2. We now show (6.1); i.e., for any smooth function ϕ on [0, T ] × X and
(t0, x0) ∈ [0, T )×X such that

(strict) min
[0,T )×X

(V̂∗(·, 1)− ϕ) = (V̂∗(·, 1)− ϕ)(t0, x0) = 0,
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we have

(6.7) max {ϕ(t0, x0)− V∗(t0, x0) , (−∂tϕ+ F ∗ϕ) (t0, x0)} ≥ 0.

(a) For every k > 0, we introduce the smooth function

ϕk(t, x, p) := ϕ(t, x) − |x− x0|4 − (t− t0)
2 − ψk(p),

where, for some fixed ρ > 0,

(6.8) ψk(p) := −ρk
∫ 1

p

e2k

ek(r+1) − e2k+1
dr, k > 0.

Observe that

−2ρk ≤ ψ′
k(p) = ρk

e2k

ek(p+1) − e2k+1
≤ − ρk

2(e− 1)
for k large enough,(6.9)

ψ′′
k (p) = −ρk2 ek(p+3)

(ek(p+1) − e2k+1)2
< 0 for all k > 0,(6.10)

lim
k→∞

(ψ′
k(pk))

2

|ψ′′
k (pk)|

= ρ if (pk)k is a sequence in [0, 1] s.t. lim
k→∞

k(1− pk) = 0.(6.11)

Let (tk, xk, pk) be a minimizer of V̂∗ − ϕk on [0, T ] × cl(BX
1 (x0)) × [0, 1], where

BX
1 (x0) := B1(x0) ∩ X and B1(x0) is the open unit ball centered at x0. Observe

that, by definition of (tk, xk, pk) and (t0, x0),

(V̂∗ − ϕ)(t0, x0, 1) = (V̂∗ − ϕk)(t0, x0, 1)

≥ (V̂∗ − ϕk)(tk, xk, pk)

= (V̂∗ − ϕ)(tk, xk, pk) + |xk − x0|4 + (tk − t0)
2 + ψk(pk)

≥ (V̂∗ − ϕ)(tk, xk, pk) + |xk − x0|4 + (tk − t0)
2 +

ρk

2(e− 1)
(1− pk),

where the last inequality follows from (6.9) for k large enough and the fact that
ψk(1) = 0. Since V̂∗ ≥ 0 by construction and ϕ is bounded, this implies that the
sequence (tk, xk, pk)k is bounded and therefore converges to some (t∗, x∗, p∗) up to a
subsequence. Clearly, p∗ = 1, since otherwise we would have k(1 − pk) → ∞. By
definition of (t0, x0), this implies that

(V̂∗ − ϕ)(t0, x0, 1)

≥ lim inf
k→∞

(V̂∗ − ϕk)(tk, xk, pk)

≥ (V̂∗ − ϕ)(t∗, x∗, 1) + |x∗ − x0|4 + (t∗ − t0)
2 + lim inf

k→∞
ρk

2(e− 1)
(1− pk)

≥ (V̂∗ − ϕ)(t0, x0, 1) + |x∗ − x0|4 + (t∗ − t0)
2 + lim inf

k→∞
ρk

2(e− 1)
(1− pk).

This shows that, after possibly passing to a subsequence,

(6.12) (tk, xk, pk) → (t0, x0, 1), k(1 − pk) → 0, and V̂∗(tk, xk, pk) → V̂∗(t0, x0, 1).

(b) In order to prove (6.7), we assume that

(6.13) V̂∗(t0, x0, 1)− V∗(t0, x0) < 0,
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and we intend to prove that

(6.14) (−∂tϕ+ F ∗ϕ)(t0, x0) ≥ 0 .

By the previous convergence results, it follows from (6.13) that the sequence (tk, xk, pk)
of minimizers of the difference V̂∗−ϕ satisfies V̂∗(tk, xk, pk)−V∗(tk, xk) < 0 after pos-
sibly passing to a subsequence. By Corollary 3.1 together with the result of Step 1,
we then deduce that(

−∂tϕk + F̂ ∗ϕk

)
(tk, xk, pk) ≥ 0 for every k > 1.

Now observe that by (6.12),

(∂tϕk, Dxϕk, D
2
xxϕk)(tk, xk, pk) → (∂tϕ,Dϕ,D

2ϕ)(t0, x0) as k → ∞,(6.15)

(Dpϕk, D
2
xpϕk, D

2
ppϕk)(tk, xk, pk) = (−ψ′

k(pk), 0,−ψ′′
k (pk)) for every k > 1.

By definition of F̂ ∗, we can then find sequences εk > 0, x̂k = (x0k, p
0
k) ∈ X × [0, 1],

yk ≥ 0, qk = (qxk , q
p
k) ∈ Rd × R, and a symmetric matrix Ak ∈ Sd+1 with rows

(Axx
k , Axp

k ) ∈ Sd × Rd and (Axp
k

T
, App

k ) ∈ Rd × R such that

(6.16) εk → 0, x̂k → (x0, 1), and
∣∣(yk, qk, Ak)− (ϕ,Dϕ,D2ϕk)(tk, xk, pk)

∣∣ ≤ k−1

and

−∂tϕ(t0, x0) + F̂εk (x̂k, yk, qk, Ak) ≥ −k−1.

By the definition of F̂εk , we may find a maximizing sequence (uk, αk) ∈ N̂εk (x̂k, yk, qk)
such that

−∂tϕ(t0, x0) + μY (x
0
k, yk, uk)− μ(x0k, uk) · qxk

− 1

2

(
Tr
[
σσT(x0k, uk)A

xx
k

]
+ |αk|2App

k + 2σT(x0k, uk)A
xp
k · αk

) ≥ −2k−1.

Observe that (uk, αk) ∈ N̂εk (x̂k, yk, qk) implies that uk ∈ Nεk+|qpkαk|
(
x0k, yk, q

x
k

)
.

Then

−∂tϕ(t0, x0) + Fεk+|qpkαk|
(
x0k, yk, q

x
k , A

xx
k

) ≥ − 2

k
+

1

2
|αk|2App

k + σT(x0k, uk)A
xp
k · αk,

(6.17)

and we deduce from Assumption 3.3 that, for some constant C > 0 (which may change
from line to line),

C
(
1 + |qpkαk|2

) ≥ 1

2
App

k |αk|2 + σT(x0k, uk)A
xp
k · αk

≥ 1

2
App

k |αk|2 + C|Axp
k ||αk|,(6.18)

where we used the condition that supu∈U |σ(x, u)| is locally bounded. From (6.9),
(6.10), (6.11), (6.12), (6.15), and (6.16), it follows that

(6.19) App
k −→ ∞, Axp

k −→ 0, and
(qpk)

2

|App
k | −→ ρ as k → ∞,
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and we deduce from (6.18) that, for small ρ,

|αk|2|App
k | ≤ C and |αk|2|qpk|2 ≤ Cρ

for some constant C. In view of (6.19), this implies that |αk| → 0. We now return
to (6.17) to deduce that

−∂tϕ(t0, x0) + Fεk+
√
Cρ

(
x0k, yk, q

x
k , A

xx
k

) ≥ − 2

k
+ σT(x0k, uk)A

xp
k · αk,

since App
k > 0, and we obtain the required result (6.14) by sending k → ∞ and then

ρ→ 0, and recalling that (|αk|, Axp
k ) → 0 and that σ is locally bounded, uniformly in

the control u.
Step 3. It remains to prove (6.2). The fact that V̂∗(T, ·, 1) is a viscosity super-

solution of

max
{
V̂∗(T, ., 1)− V∗(T, .) , δ∗V̂∗(T, ., 1)

}
≥ 0

is deduced from (6.7) of the previous step by using the same arguments as in sec-
tion 5.2. It remains to show that V̂∗(T, ·, 1) is a viscosity supersolution of

max
{
V̂∗(T, ., 1)− V∗(T, .) , (V̂∗(T, ., 1)− g∗)1{F∗V̂∗(T,.,1)<∞}

}
≥ 0 .

By combining the arguments of Step 1 with those of section 5.2, we first show that
for any smooth function ϕ̂ on X× [0, 1] and x0 ∈ X such that

(strict) min
X×(0,1]

(V̂∗(T, ·)− ϕ̂) = (V̂∗(T, ·)− ϕ̂)(x0, 1) = 0,

we have

(6.20) max
{
V̂∗(T, x0, 1)− V∗(T, x0),

(
V̂∗(T, x0, 1)− ĝ∗(x0)

)
1{F̂∗ϕ̂(x0,1)<∞}

}
≥ 0.

We then consider a smooth function ϕ on X and x0 ∈ X such that

(strict)min
X

(V̂∗(T, ·, 1)− ϕ) = (V̂∗(T, ·, 1)− ϕ)(x0) = 0

and

(6.21) ϕ̂(T, x0) < V∗(T, x0), F ∗ϕ(T, x0) <∞.

We follow the construction of Step 2 of modified test functions

ϕk(x, p) := ϕ(x) − |x− x0|4 − ψk(p),

where ψk is defined by (6.8). As in the above Step 2, we prove that the difference
V̂∗(T, .)−ϕk has a local minimizer x̂k = (xk, pk) satisfying all estimates derived in the
above Step 2 (forgetting about the t variable). In particular, since F ∗ϕ(x̂k) ≤ C for
some constantC > 0 independent of k by (6.21), we deduce from the same estimates as
in Step 2 that F̂ ∗ϕ(x̂k) ≤ 2C for all large k. It then follows from Corollary 3.2, (6.20),
and (6.21) that V̂∗(T, x̂k) ≥ ĝ∗(x̂k). Sending k → ∞, this provides V̂∗(T, x0, 1) ≥
ĝ∗(x0, 1), and the proof is completed by observing that ĝ∗(x0, 1) = g∗(x0).

D
ow

nl
oa

de
d 

09
/0

2/
20

 to
 1

29
.1

04
.4

.1
46

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

3148 BRUNO BOUCHARD, ROMUALD ELIE, AND NIZAR TOUZI

6.2. The endpoint p = 0. We organize the proof in three steps. As in the
previous subsection, Steps 1 and 2 focus on t < T , while Step 3 concentrates on
t = T .

Step 1. We first show that for any smooth function ϕ̂ on [0, T )×X × [0, 1] and
(t1, x1) ∈ [0, T )×X such that

(6.22) (strict) max
[0,T )×X×[0,1]

(V̂ ∗ − ϕ̂) = (V̂ ∗ − ϕ̂)(t1, x1, 0) = 0,

we have

(6.23) min
{
V̂ ∗ , −∂tϕ̂+ F̂∗ϕ̂

}
(t1, x1, 0) ≤ 0.

The proof is very similar to that of subsection 5.3 up to the modification explained
in the proof of Corollary 3.1 and the fact that we have to handle the state constraint
p = 0. For completeness, we report here the entire argument. Assume on the contrary
that

4η := min
{
V̂ ∗ ,

(
−∂tϕ̂+ F̂∗ϕ̂

)
(t0, x0, 0)

}
> 0,

i.e., for some ε > 0,

min
{
ϕ̂(t, x̂) , μY (x̂, y, û)− L̂ûϕ̂(t, x̂)

}
≥ 2η for some û ∈ N̂0(x̂, y,Dϕ̂(t, x̂))

(6.24)

for all (t, x̂, y) ∈ [0, T )× X̂× R s.t. (t, x̂) ∈ Bε(t0, x0)× [0, ε], |y − ϕ̂(t, x̂)| ≤ ε.

Assumption 3.1 implies that

α(t, x, y) := min
{
ϕ̂(t, x̂) , μY (x̂, y, ν̂(x̂, y,Dϕ̂(t, x̂)))− L̂ν̂(x̂,y,Dϕ̂(t,x̂))ϕ̂(t, x̂)

}
≥ η

(6.25)

for (t, x̂, y) ∈ [0, T ]× X̂× R s.t. (t, x̂) ∈ Bε(t0, x0)× [0, ε], |y − ϕ̂(t, x̂)| ≤ ε,

where ν̂ is a locally Lipschitz map satisfying

(6.26) ν̂(x̂, y,Dϕ̂(t, x̂)) ∈ N̂0(x̂, y,Dϕ̂(t, x̂)) on Bε(t0, x0)× [0, ε].

Observe that since (t1, x1) is a strict maximizer in (6.22), we have

−ζ := max
D

(V̂ ∗ − ϕ̂) < 0, where D := (∂pBε(t0, x0)× [0, ε]) ∪ (Bε(t0, x0)× {ε}).
(6.27)

Also, we deduce the following from (6.24) and the fact that V̂ (·, 0) = 0 by definition:

(6.28) 0 > −η ≥ max
Bε(t0,x0)

(V̂ − ϕ̂)(·, 0).

By following the arguments in Step 2 of section 5.3, we see that (6.25), (6.26), (6.27),
and (6.28) lead to a contradiction of (GDP2).

Step 2. Let ϕ be a smooth test function on [0, T ]×X, and let (t0, x0) ∈ [0, T )×X
be such that

(strict) max
[0,T )×X

(V̂ ∗ − ϕ)(·, 0) = (V̂ ∗ − ϕ)(t0, x0, 0) = 0.

D
ow

nl
oa

de
d 

09
/0

2/
20

 to
 1

29
.1

04
.4

.1
46

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

STOCHASTIC TARGET PROBLEMS WITH CONTROLLED LOSS 3149

By definition, we have V̂ ∗(t0, x0, 0) ≥ 0. Let us assume that

(6.29) V̂ ∗(t0, x0, 0) > 0

and work towards a contradiction. Recall the function ψk of (6.8), and define

ϕk(t, x, p) := ϕ(t, x) + |x− x0|4 + (t− t0)
2 + ψk(1− p).

Arguing as in Step 2 of the previous subsection, we see that the difference V̂ ∗ − ϕk

has a local maximizer (tk, xk, pk) on cl([0, T ]×X× [0, 1]) satisfying

(6.30) (tk, xk, pk) → (t0, x0, 0), kpk → 0, and V̂ ∗(tk, xk, pk) → V̂ ∗(t0, x0, 0),

so that

(∂tϕk, Dxϕk, D
2
xxϕk)(tk, xk, pk) −→ (∂tϕ,Dϕ,D

2ϕ)(t0, x0),(6.31)

(Dpϕk, D
2
xpϕk, D

2
ppϕk)(tk, xk, pk) = (−ψ′

k(1− pk), 0, ψ
′′
k (1− pk)).

Since V̂ ∗(t0, x0, 0) > 0, we have V̂ ∗(tk, xk, pk) > 0 for all k, after possibly passing to
a subsequence. Then, it follows from Corollary 3.1 and Step 1 that(

−∂tϕk + F̂∗ϕk

)
(tk, xk, pk) ≤ 0 for all k > 1.

By the definition of F̂∗, we can then find sequences εk > 0, x̂k = (x0k, p
0
k) ∈ X× [0, 1],

yk ≥ 0, and qk = (qxk , q
p
k) ∈ Rd × R, and a symmetric matrix Ak ∈ Sd+1 with rows

(Axx
k , Axp

k ) ∈ Sd × Rd and (Axp
k

T
, App

k ) ∈ Rd × R such that

(6.32) εk → 0, x̂k → (x0, 1), and
∣∣(yk, qk, Ak)− (ϕ,Dϕ,D2ϕk)(tk, xk, pk)

∣∣ ≤ k−1

and

−∂tϕ(t0, x0) + F̂εk (x̂k, yk, qk, Ak) ≤ k−1;

i.e., for every (u, α) ∈ N̂εk (x̂k, yk, qk),

−∂tϕ(t0, x0) + μY (x
0
k, yk, u)− μ(x0k, u) · qxk(6.33)

− 1

2

(
Tr
[
σσT(x0k, u)A

xx
k

]
+ |α|2App

k + 2σT(x0k, u)A
xp
k · α) ≤ k−1.

Observe that (6.9), (6.10), (6.11), (6.30), and (6.31) imply that

(6.34) App
k < 0, |qpk| > 0 for large k, lim

k→∞
Axp

k = 0, and lim
k→∞

(qpk)
2

|App
k | = ρ.

Now let u ∈ U be an arbitrary control, and define αk := Nu
(
x0k, yk, q

x
k

)
/qpk so that

(u, αk) ∈ N̂εk (x̂k, yk, qk), and it follows from (6.33) that

|App
k |

(qpk)
2

∣∣Nu
(
x0k, yk, q

x
k

)∣∣2 ≤ C

for some C > 0 independent of k and ρ. Sending k → ∞ in the above inequality, we
then deduce from (6.32) and (6.34) that

ρ−1 |Nu (x0, ϕ(t0, x0), Dϕ(t0, x0))|2 ≤ C.
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Since ρ > 0 can be chosen arbitrarily close to 0, this shows that Nu(x0, ϕ(t0, x0),
Dϕ(t0, x0)) = 0, and the arbitrariness of u ∈ U is in contradiction with Assump-
tion 3.2. Hence, (6.29) does not hold, and therefore V̂ ∗(·, 0) = 0 on [0, T )×X.

Step 3. We finally show that V̂∗(T, ·, 0) = 0 on X. Since V̂ ∗(t, x, 0) = 0 for
t < T and x ∈ X, we can find a sequence (tn, xn, pn)n in [0, T )×X× (0, 1) such that
(tn, xn, pn) → (T, x, 0) and 0 ≤ V̂ (tn, xn, pn) ≤ 1/n for all n ≥ 0. Passing to the limit
leads to the required result.
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[10] H. Föllmer and P. Leukert, Efficient hedging: Cost versus shortfall risk, Finance Stoch., 4

(2000), pp. 117–146.
[11] P.-L. Lions and J.-M. Lasry, Large investor trading impacts on volatility, in Paris-Princeton

Lectures on Mathematical Finance 2004, Lecture Notes in Math. 1919, Springer, Berlin,
2007, pp. 173–190.

[12] R. T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.
[13] H. M. Soner, Optimal control with state-space constraint I, SIAM J. Control Optim., 24 (1986),

pp. 552–561.
[14] H. M. Soner, Optimal control with state-space constraint II, SIAM J. Control Optim., 24

(1986), pp. 1110–1122.
[15] H. M. Soner and N. Touzi, Stochastic target problems, dynamic programming, and viscosity

solutions, SIAM J. Control Optim., 41 (2002), pp. 404–424.
[16] H. M. Soner and N. Touzi, Dynamic programming for stochastic target problems and geo-

metric flows, J. Eur. Math. Soc. (JEMS), 4 (2002), pp. 201–236.
[17] N. Touzi, Direct characterization of the value of super-replication under stochastic volatility

and portfolio constraints, Stochastic Process. Appl., 88 (2000), pp. 305–328.

D
ow

nl
oa

de
d 

09
/0

2/
20

 to
 1

29
.1

04
.4

.1
46

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


