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Abstract

We suggest a discrete-time approximation for decoupled forward-backward stochas-
tic differential equations. The LP norm of the error is shown to be of the order of the
time step. Given a simulation-based estimator of the conditional expectation operator,
we then suggest a backward simulation scheme, and we study the induced LP error.
This estimate is more investigated in the context of the Malliavin approach for the
approximation of conditional expectations. Extensions to the reflected case are also
considered.
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1 Introduction

In this paper, we are interested in the problem of discretization and simulation of the
(decoupled) forward-backward stochastic differential equation (SDE, hereafter) on the time
interval [0, 1] :

dX; = b(X)dt+o(X)dW,, dY, = f(t,X,,Y;, Z)dt — Z; - dW,

Xo=2 and Y7 = g(Xy1),

where W is a standard Brownian motion, b, o and f are valued respectively in R, M and
R. The analysis of this paper extends easily to the case of reflected backward SDE’s with
z-independent generator f. This extension is presented in the last section of this paper.

Notice that the problem of discretization and simulation of the forward components X is
well-understood, see e.g. [18], and we are mainly interested in the backward component Y.
Given a partition 7 : 0 =tg < ... < t, = 1 of the interval [0, 1], we consider the first naive
Euler discretization of the backward SDE :

}N/t:r - f/t?,l = f(ti—hXtt,l?Y;‘j,l?Zg,l)(ti - ti—l) - Zti—l ’ (Wtz - Wti—l) ’

together with the final data Ytﬁ = g(X7 ). Of course, given (Yi,, Zs,), there is no Fy, , —mea-

surable random variables (Y;, |, Z;, ,) which satisfy the above equation. A workable back-

i1
ward induction scheme is obtained by taking conditional expectations. This suggests natu-
rally the following backward procedure for the definition of the discrete-time approximation

(Y™, z7)
vro= g(X7) . 7

n

= (ti - ti—l)_lE [YZ(W% - Wti—l)‘fti—l]
Y;:-T_l = F [}/15?|-7:t1,1] + f(tiflaXZZ_la}/tzr_la Zg_l)(tz - tifl) )

for alli =1,...,n. Here {F;} is the completed filtration of the Brownian motion W. Our
first main result, Theorem 3.1, is an estimate of the error Y™ — Y of the order of |r|~1. A
similar error estimate was obtained by [27], but with a slightly different, and less natural,
discretization scheme.

The key-ingredient for the simulation of the backward component Y is the following
well-known result : under standard Lipschitz conditions, the backward component and the
associated control (Y, Z), which solves the backward SDE, can be expressed as a function
of X, ie. (Yi,Z) = (u(t,Xy),v(t, Xy)), t < 1, for some deterministic functions v and v.
Then, the conditional expectations, involved in the above discretization scheme, reduce to
the regression of Y™ and Y;T(W}, — Wj,_,) on the random variable X7 . For instance, one
can use the classical kernel regression estimation, as in [9], the basis projection method
suggested by [21], see also [11], or the Malliavin approach introduced in [15], and further
developed in [7], see also [19].

Given a simulation-based approximation EF | of E[-|F;, ], we then analyse the backward
simulation scheme

VE o= g(XD) . ZE, = (- te) B (VW - W)
VL= BT[] e XY 28 ) — i)
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Let 1 denote the maximum simulation error of (Ei_l — E;i1) [}A/Zr] and (Ei_l — FEi_1)

[Yt’:(th - Wti_l)} . Observe that 1 depends both on the number of simulated paths and the
time step |mw|. Also, given a number N of simulated paths for the regression approximation,
the best estimate that one can expect for n is N 1/2 the classical Monte Carlo error deduced
from the Central Limit Theorem. Our second main result, Theorem 4.1, states that the
LP—norm of the error due to the regression estimation is of the order |w|~'n. This rate
of convergence is easily understood in the case of a regular grid, as the scheme involves
|7r|_1 steps, each of them requiring some regression approximation. As a consequence of

this result, for |r| = n~!, we see that in order to achieve the rate n~1/2, one needs to use
at least N = n3 simulated paths for the regression estimation.

We next investigate in more details the error (Ei,l — E;i) [YJ] and (Ei,l — E;)

[Yg(th — Wi, _,)|. More precisely, we examine a common difficulty to the kernel and the
Malliavin regression estimation methods : in both methods the regression estimator is the
ratio of two statistics, which is not guaranteed to be integrable. We solve this difficulty
by introducing a truncation procedure along the above backward simulation scheme. In
Theorem 5.1, we show that this reduces the error to the analysis of the ”integrated stan-
dard deviation” of the regression estimator. This quantity is estimated for the Malliavin
regression estimator in §6. The results of this section imply an estimate of the LP”—error
Y™ — Y™ of the order of ||~ #4% N~1/2 where N is the number of simulated paths for
the regression estimation, see Theorem 6.2. In order to better understand this result, let
o= n-1 —-1/2

(n time-steps), then in order to achieve an error estimate of the order n™"/#, one

needs to use N = n®t4/2 gimulated paths for the regression estimation at each step. In

3+d/2

the limit case p = 1, this reduces to N =n . Unfortunately, we have not been able to

3 number of simulated paths.

obtain the best expected N =n

We conclude this introductory section by some references to the existing alternative nu-
merical methods for backward SDE’s. First, the four step algorithm was developed by [23]
to solve a class of more general forward-backward SDE’s, see also [13]. Their method is
based on the finite difference approximation of the associated PDE, which unfortunately
can not be managed in high dimension. Recently, a quantization technique was suggested
by [3] and [4] for the resolution of reflected backward SDE’s when the generator f does
not depend on the control variable z. This method is based on the approximation of the
continuous time processes on a finite grid, and requires a further estimation of the tran-
sition probabilities on the grid. Discrete-time scheme based on the approximation of the
Brownian motion by some discrete process have been considered in [10], [12], [8], [1] and
[22]. This technique allows to simplify the computation of the conditional expectations in-
volved at each time step. However, the implementation of these schemes in high dimension
is questionable. We finally refer to [2] for a random time schemes, which requires a further
approximation of conditional expectations to give an implementation.

Notations : We shall denote by M™% the set of all n x d matrices with real coefficients.
1/2
We simply denote R := M™! and M" := M™". We shall denote by |a| := (Z a? )

4,5 8]
the Euclydian norm on M™?, a* the transpose of a, a® the k-th column of a, or the k-th



component if ¢ € R?. Finally, we denote by x -y := >, xiy; the scalar product on R".

2 The simulation and discretization problem

Let (Q,{F(t)}o<t<1,P) be a filtered probability space equipped with a d—dimensional
standard Brownian motion {W(t) }o<¢<1.

Consider two functions b : RY — R? and ¢ : R? — M satisfying the Lipschitz
condition :

[b(u) = b(v)| + |o(u) —o(v)] < Klu—v| (2.1)

for some constant K independent of u,v € R%. Then, it is well-known that, for any initial
condition z € R?, the (forward) stochastic differential equation

X = x+ /t b(Xs)ds + o(Xs)dWs (2.2)
0

has a unique {F;}—adapted solution {X;}o<<1 satisfying
E{ sup |Xt|2} < o0,
0<t<1
see e.g. [17]. Next, let f: [0,1] x R x R x R? — R and g : R? — R be two functions
satisfying the Lipschitz condition
lg(u) —g()[+1f(€) = f(O] < K(ju—v[+]§-(]) (2.3)

for some constant K independent of u,v € R? and &,¢ € [0,1] x RY x R x R%. Consider the
backward stochastic differential equation :

1 1
Y, = g(X1)+/ f(s,XS,YS,ZS)ds—/ Zy-dW,, t<1. (2.4)
t t

The Lipschitz condition (2.3) ensures the existence and uniqueness of an adapted solution
(Y, Z) to (2.4) satisfying
1
E{ sup |Y[? +/ |Zt|2dt} < o0,
0<t<1 0

see e.g. [24]. Equations (2.2)-(2.4) define a decoupled system of forward-backward stochas-
tic differential equations. The purpose of this paper is to study the problem of discretization
and simulation of the components (X,Y") of the solution of (2.2)-(2.4).

Remark 2.1 Under the Lipschitz conditions (2.1)-(2.3), it is easily checked that :
Vil < aptar|Xef , 0<t<1,

for some parameters ag and a; depending on K, b(0), 0(0), g(0) and f(0). In the subse-
quent paragraph, we shall derive a similar bound on the discrete-time approximation of Y.
The a priori knowledge of such a bound will be of crucial importance for the simulation
scheme suggested in this paper. O



3 Discrete-time approximation error

In order to approximate the solution of the above BSDE, we introduce the following dis-
cretized version. Let m: 0 =ty < t; < ... <t, =1 be a partition of the time interval [0, 1]
with mesh

’W‘ = max ‘t,‘ _ti—l‘ .
1<i<n

Throughout this paper, we shall use the notations :

N

)

:ti_ti—l and NWi:Wti_Wti,lv i:1,...,n.

The forward component X will be approximated by the classical Euler scheme :

X = Xy
Xi = Xp  +0(X[ )X +o(XE AW, fori=1,...,n, (3.1)
and we set
X7 = X[ +bX]T_ )(t—tic)+o(XT ) (We—Wse,_,) for t e (tim1,t;).

We shall denote by {F] }o<i<n the associated discrete-time filtration :
Fr o= a(ij,jgi) .

Under the Lipschitz conditions on b and o, the following LP estimate for the error due to
the Euler scheme is well-known :

limsup |7|~V/2E
|| —0

1/p
sup | Xy — X[’ + max  sup [Xy— Xy, |" < o0, (3.2)
0<t<1 I<isn ¢, 4 <t<t,

for all p > 1, see e.g. [18]. We next consider the following natural discrete-time approxi-
mation of the backward component Y :

o= g(X7),
VI, = B S (e XEYE 2D ) A 1<, (3.3)
1
Zi, = o Bl [ sW] (3.4)
(2
where ET[-| = E[- | 77]. The above conditional expectations are well-defined at each step

of the algorithm. Indeed, by a backward induction argument, it is easily checked that YT
€ L? for all 4.

Remark 3.1 Using an induction argument, it is easily seen that the random variables Y;"
and Z[ are deterministic functions of X7’ for each i = 0,...,n. From the Markov feature
of the process X™, it then follows that the conditional expectations involved in (3.3)-(3.4)
can be replaced by the correponding regressions :

L) = B[V IXD] and BT [YOEW] = B[YIAEW | X]

ti—1
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For later use, we observe that the same argument shows that :
Ea[v7] = B[vr1xp,] and Boa[ypaw] = B[yoawi| X7 ]

where E;[-] := E[- | F,] for all 0 <i < n. 0

Notice that (Y7, Z™) differs from the approximation scheme suggested in [27] which in-
volves the computation of (2d + 1) conditional expectations at each step.

For later use, we need to introduce a continuous-time approximation of (Y, 7). Since Y;7
€ L? for all 1 < i < n, we deduce, from the classical martingale representation theorem,
that there exists some square integrable process Z™ such that :

tit1
Y;t7ir+1 E |:}/;Zr+1 | ‘7:751} +/t Z;T - dWs
tit1 l
= B[V, ]+ / Z7 - AW, . (3.5)
We then define :
t
YT o= YT = (t—t) f (e XTI YT ZT) +/ Z5 - dWs, tp <t <t .
t;

The following property of the Z™ is needed for the proof of the main result of this section.

t;
/ ZTds
ti—1

Proof. Since Y,T € L?, there is a sequence (£¥); of random variables in D2 converging to
Y/ in L2 Then, it follows from the Clark-Ocone formula that, for all k :

i

Lemma 3.1 For all 1 <i<n, we have :

77 N = B,

ti
¢ = B [¢f] + / CEeaw, where (&= B D" | F] i <s<ti.
ti—1

Using Remark 3.1, we now compute that :

25 K = B [YTAW)] = lim By [¢ AW
-
= lim B, / DR ds
k—o0 ti_1

t;
= lim B, / gjds], (3.6)

ti—1

by the Malliavin integration by parts formula and the tower property for conditional ex-

[ (@ Zg)QdS]

pectations. We then estimate that :

/t . (gf - Z;T) ds

1—1

1/2

E;_, < |Ei1




9|1/2
= |Eies ¢ - Batett - (7 - mroavz)]

o11/2
< 2 ‘Eil [Y}? — fk]

Since £* converges to Y/ in L?, the last inequality together with (3.6) provide the required
result. O

We also need the following estimate proved in Theorem 3.4.3 of [27].

Lemma 3.2 For each 1 < i < n, define

= 1
Zg—l = EE

7

t;
/ ZSdS | fti—l .
ti—1
t; B
/ Zy— Z7_Pdt| p < oo.
ti—1

We are now ready to state our first result, which provides an error estimate of the ap-

Then :

n
) B 2
limsup |7| 1 max  sup E‘Y} - Yti71| + E :E
|7|—0 1<i<n ti—1<t<t; i=1

proximation scheme (3.3)-(3.4) of the same order than [27].

Theorem 3.1

1
lim sup |7| ! { sup E|Y" —Y;|>+E {/ \ZF — Z,|? dt]} < 00.
0<t<1 0

|| =0

Proof. In the following, C' > 0 will denote a generic constant independent of ¢ and n that
may take different values from line to line. Let ¢ € {0,...,n — 1} be fixed, and set

5}/2 = YIf_Yt7T ) 6Zt = Zt_ZZr and 6ft = f(t7Xta}/tht)_f(tluXZZvniruZZ:)

for t € [t;, ti+1). By Ito’s Lemma, we compute that

tir1

? = E26Y,6f]ds, t; <t<tii1.
t

tit1
A = E|5Yt|2+/ E|0Z,[*ds — B|6Ys,.,
t

1. Let a > 0 be a constant to be chosen later on. From the Lipschitz property of f,
together with the inequality ab < aa® + b?/a, this provides :

t
A < E[C/ +1|6Y3|(|7r+]XS—XZ§\+\1{9—Ytﬂ+\ZS—ZZH)d5]
t

IN

ti+1 9
/ aFE|dYs|“ds
t

c bt 2 |2 7|2 |2
+a/ Bl + X, - Xp[ + [V, - V7P + |2, - 27| ds - (37)
t



Now observe that :

E|X,-X[|? < Cln (3.8)
B, -v7* < 2{BlY, - v+ Bov:, P} < c{ml+ B0l (39)

by (3.2) and the estimate of Lemma 3.2. Also, with the notation of Lemma 3.2, it follows
from Lemma 3.1 that :

E|z, - Z7|° < Q{E]ZS—ZQIQJrE\ZZ_th’HQ}

tz 1 2
= {E\Z Zr’+ E EZ, | F,]dr }
NZH
_ 1
< 2 E|ZS—ZZT\2+ / E|5ZT]2dr (3.10)
' A7TiJrl t

by Jensen’s inequality. We now plug (3.8)-(3.9)-(3.10) into (3.7) to obtain :

ti+1 9 C ti+1 2 _ 2
4, < / QE|3Ys| ds—l—/ E[|7r|+|5Y;ti| +|2, - 77| }ds
t o Jt

C tit1  fti+a

- / E|06Z,* drds (3.11)
ali y Ji
tit1

< / aE|5Y|d8+/ |7r|+|5Yt|+}Z thd
t
1+1

/ E6Z, ) dr . (3.12)

2. From the definition of A; and (3.12), we see that, for t; <t < t;41,

tzl

tit1
ElY® < Ey(sm2+/ El6Z,2ds < o [ E|§Y.ds+B;  (3.13)
t t
where
tit1 tit1 _
B, = E 6%, |* + g{]ﬂz—i-hr\E(SY}i\z—i-/ E](SZT\er—i—/ E\ZS—Z;;Fds} :
t; t;

By Gronwall’s Lemma, this shows that E ](51@\2 < Bje®!™ for t; <t < tjy1, which plugged
in the second inequality of (3.13) provides :

tit1
E\5n|2+/ E|6Z,|*ds < B; (1+a\nyea‘“|> < B; (1 + Calrl) (3.14)
t

for small |7|. For ¢t = ¢; and « sufficiently larger than C, we deduce from this inequality
that :

9 1 [ti+1 9 9 5 tit1 _ 9
BloYy,[" + 5 E|6Z%ds < (1+cyw|){E\5Yti+1\ + |m] +/ | Zs — ZT) ds},

ti t;

for small |7|.



3. Iterating the last inequality, we get :
o, 1 [ttt 2
E|6Y, | +2/ E|6Z4|"ds
t;

n t; _
< (14 C|rpY/!" {E|5Y1|2+ I+ :/t E\Zs - Zj_,
i=1 v ti-1

2
ds} .

Using the estimate of Lemma 3.2, together with the Lipschitz property of g and (3.2), this
provides :
o, 1 [tit 2 1/|x| 2
E|6Yy,|” + 3 E|0Zs|"ds < C((1+C|nl) E|oY1|"+ C|r|p < Clxl, (3.15)

7

for small |7|. Summing up the inequality (3.14) with ¢ = ¢;, we get :

1 1
/E|6Zs\2ds < E]5Y1\2—E|5Y0]2+g/ E|6Z,|*ds
0 0

n—1

c 2 2 bt
+Z{|w| + |7|E|6Yy,| +/ E
i ti

For « sufficiently larger than C, it follows from (3.15) and Lemma 3.2 that :

0,1
Zs— 2}

2
ds} .

1
/E|5Zs|2ds < Cl.
0

Together with Lemma 3.2 and (3.15), this shows that B; < C|r|, and therefore :

sup E|5Yt|2 < Cln|,
0<t<1

by taking the supremum over ¢ in (3.14). This completes the proof of the theorem. O

We end up this section with the following bound on the Y;’s which will be used in the
simulation based approximation of the discrete-time conditional expectation operators ET,
0<t1<n—-1.

Lemma 3.3 Assume that
19(O0)[ + [f(O)] + [blloc + llolle < K, (3.16)

for some K > 1, and define the sequence

ap = 2K , B = K
of = (1= KJx) " {1+ KIn)"2 (o, + A 4K ]) + 3K |}
gr = (1—K|7T|)71{(1+K|7r|)1/2K|7T|BZT+1+3K2\7r]} L 0<i<n—1.



Then, for all0 <t <n

v ‘,

< of + 07 |XT

(3.17)

T T
EL L |V

.2 V2 2
< {E;rl‘ng } < af 44 [(1+2K\7r|)‘X,§_1 —|—4K2|7r|} , (3.18)

BL, [V aw;

< \/W{a;wrﬁ;f [(1+2K|7r|)‘xg;1 2+4K2|7T|]} . (319)

Moreover,

lim sup max {af ™ < 00.
Opogign{ T8}

|7|—

Proof. We first observe that the bound (3.18) is a by-product of the proof of (3.17). The
bound (3.19) follows directly from (3.18) together with the Cauchy-Schwartz inequality. In
order to prove (3.17), we use a backward induction argument. First, since g is K —Lipschitz
and ¢(0) is bounded by K, we have :

Vil < KQ+IXT) < K (24 X7P) = of +87IXTP (3.20)
We next assume that
2
i < amaramalxz,| (3.21)

for some fixed 0 < i < n—1. From the Lipschitz property of f, there exists an RxR? xR xR%-
valued F3,-measurable random variable (7;,&;, v4, (;), essentially bounded by K, such that :

£ (b0 X0 Y (8,7 BT Y & Wi |) = £ (0)
= ity + GXT Y ()TN BT Y, 8 Wi

i tit1

By the definition of Y™ in (3.3), this provides
N A G R
A, {Titi +GXT + Y] A+ ()G ET [Yt;;lmwiﬂ} } :

Then, it follows from the Cauchy-Schwartz inequality and the inequality |z| < 1 + |z|?
that, for || < 1,

T
Y;fi-u

(1-K|x)|v7| < ET

(2

(1+C¢-NW1+1)‘ + Klr| (2+ ‘Xtﬂ)

IN

T
}/tz#—l

1/2
[Ei” 1 [Ef 11+ - A7rVVi+1|2} v + K|l <3 + ‘Xtﬂ2> (3.22)

Now, since (; is F;,-measurable and bounded by K, observe that :

EF[14+¢ - &AW < 1+ Kln].

10



We then get from (3.22) :

971/2
1 -Klx)|Y | < (1+K|a)? [E?r Y7 ] + K|x| (3+\Xg\2). (3.23)

7

Using (3.21), we now write that :

271/2 1/2
F e, } < afy B {Ef (XT + |=|b (X]) + 0 (XT) A”Wi+1)4} (3.24)

ki

where, by (3.16) and the assumption K > 1, direct computation leads to :

1/2

IN

(B (X7 +17lb (XT) + 0 (XF) &Wira) '} (|X7| + K|n])? + 3K ||

N

(1+ 2K (7)) | X7 |* + 4K2|x| . (3.25)

Together with (3.23)-(3.24)-(3.25), this implies that :
=Kl [¥7] < U+ Kl {af + B (1 + 2K | XT[* + 47| ) |

+Klr| (3+ Kirl |x7]°)

IN

(1+ Klmel)> {af + B (1 + 2K | X7 + 4K ) |
+3K2m (1+|x7[°) .

It follows that :

\Yiﬂ < a;f+1+ﬂf+1‘Xg]2

Now observe that for all 0 < i <mn :

n—1
Br = TK?n| Z (1+ K‘ﬂ‘)(j—i)/Q (1+ QKW)J'—Z' +(1 +K’7T|)(n_i)/2 (1+ 2K|ﬂ_‘)n—i ar

K3
j=i

1
8K? (1 + K|r|)? (1 4 2K|x|)

1
Ky

IN

[7e]
)

where the last term is uniformly bounded in |7|. The same argument shows that Jnax al
<i<n

is uniformly bounded in |r|. 0

4 Error due to the regression approximation

In this section, we focus on the problem of simulating the approximation (X7, Y™) of the
components (X, Y) of the solution of the decoupled forward-backward stochastic differential
equation (2.2)-(2.4). The forward component X™ defined by (3.1) can of course be simulated
on the time grid defined by the partition m by the classical Monte-Carlo method. Then,
we are reduced to the problem of simulating the approximation Y™ defined in (3.3)-(3.4),
given the approximation X™ of X.

11



Notice that each step of the backward induction (3.3)-(3.4) requires the computation of
(d + 1) conditional expectations. In practice, one can only hope to have an approximation
Ef of the conditional expectation operator ET. Therefore, the main idea for the definition
of an approximation of Y™, and therefore of Z™, is to replace the conditional expectation
ET by ET in the backward scheme (3.3)-(3.4).

However, we would like to improve the efficiency of the approximation scheme of (Y7, Z™)

when it is known to lie in some given domain. Let then p™ = { (pzr, @f) }0< _ be a sequence
— <i<n

of pairs of maps from R? into R U {—o0, +-00} satisfying :
p (X7) < Y7 < (X)) forall i=0,...,n, (4.1)

Le. pf < ; are some given a priori known bounds on Y;" for each 4. For instance, one
can deﬁne ™ by the bounds derived in Lemma 3.3. When no bounds on Y™ are known,
one may take p¥ = —oo and p; = +o0.

Given a random variable ¢ valued in R, we shall use the notation :

T (Q) = pf(X]) V ¢ A BrXT),

where V and A denote respectively the binary maximum and minimum operators. Since
the backward scheme (3.3)-(3.4) involves the computation of the conditional expecta-
tions K7 [Y/7] and E]_ 1[YTA’TW}] we shall also need to introduce the sequences R™ =

{ (E?, ﬁf) }0<‘< and 3™ = { (%;’, ?Zr) }0< _ of pairs of maps from R? into RU{—o0, +00}
<n Sisn
satisfying :

s
~ 71— ti— )
(X7 ) < EFL[YFAW] < S (X7 )

7

REA(X7_) < BL Y] < RL(X
]

for all ¢ = 1,...,n. The corresponding operators T?Wr and T?ﬁ are defined similarly to
TE’W. An example of such sequences is given by Lemma 3.3.

Now, given an approximation E{r of ET, we define the process (Y“, 2”) by the backward
induction scheme :

Yo=Y = g(X])

VL= B ] s (6 X7V 2 (4.2)
vrL,o= T (V) (4.3)
ST 1 [ Y

Zti—l = E i—1 |:Y;1AW1:| 5 (4.4)

2

for all 1 < i < n. Recall from Remark 3.1 that the conditional expectations involved
n (3.3)-(3.4) are in fact regression functions. This simplifies considerably the problem of
approximating E.

Example 4.1 (Non-parametric regression) Let ¢ be an F;,  -measurable random variable,
and (X”(J),C(j))év:l be N independent copies of (X7 ,..., X[ (). The non-parametric

12



kernel estimator of the regression operator ET is defined by :

prg o Do () (X0 - X))
i = Z;-Vzl"& ((hN)_l (Xg(j) —Xg;)) 5

where & is a kernel function and hy is a bandwidth matrix converging to 0 as N — oco. We

send the reader to [5] for details on the analysis of the error Ef — ET.
The above regression estimator can be improved in our context by using the a prior:
bounds ™ on Y7 :
Q™

Aiﬂ—l [Yt} = T?ﬂ (E?—l [Yt]) and EA;T—l [YMNWJ = Lim1 (7—1 [f/tNWzD :

Example 4.2 (Malliavin regression approach) Let ¢ be a mapping from R? into R, and
(X”(j));\f:1 be N independent copies of (X7 ,..., X7 ). The Malliavin regression estimator
of the operator ET is defined by :

SN ¢ (Xg;‘jj) Hx; ( X;j”) S0)
SN Hxg (X;;“)) 50)

)

BT o(x7,,)] =

where H, is the Heaviside function, H,(y) = Hle 1,icyi, and S () are independent copies
of some random variable S whose precise definition is given in §6 below. Notice that the
practical implementation of this approximation procedure in the backward induction (4.2)-
(4.4) requires a slight extension of this estimator. This issue will be discussed precisely in
§6.

As in the previous example, we use the bounds p™ on Y to define the approximations The
above regression estimator can be improved in our context by using the a priori bounds p™
on Y™ :

B[] = 1 (B2 [52]) s B[] = 1 (5 [faew])
Remark 4.1 The use of a priori bounds on the conditional expectation to be computed is
a crucial step in our analysis. This is due to the fact that, in general, natural estimators ET,
as in Examples 4.1 and 4.2, produce random variables which are not necessarily integrable.

O

We now turn to the main result of this section, which provides an LP estimate of the error
Y™ — Y™ in terms of the regression errors E’Zr - ET.

Theorem 4.1 Let p > 1 be given, and ™ be a sequence of pairs of maps valued in R U
{—00, 00} satisfying (4.1). Then, there is a constant C > 0 which only depends on (K, p)
such that :

|V v

c A A A A
o = e e - e, + e - mn [, smia] |, )
for all0 <i<mn.

13



Proof. In the following, C' > 0 will denote a generic constant, which only depends on
(K,p), that may change from line to line. Let 0 < i < n — 1 be fixed. We first compute
that :

R R LGRS
+AG {f (tuXt Y (Aq)” 'ET [Yt TAY Wz+1D
—f (1t XT YT (S) BT [V, A W] )} (45)
where
ei = (BF—E7) [, |+ o { (b X0 Vi (85,0 7 BT [V, A Wi )
(1t XT Y (85) T BT [V, X Wi )} -
From the Lipschitz property of f, we have :

lell < mo= o] & -en |,

e en ], )

Again, from the Lipschitz property of f, there exists an R x Re-valued J;,-measurable
random variable (v, (;), essentially bounded by K, such that :

f (thZZ,YJ, (X 4q) BT [YtLlNWMD —f (ti,ng,Yt;f, (&, ) ET {ﬁ?ﬂAwWiHD
= Vi (thzr o Y/Zr) + ( Z+1) 1<Z EW |:(}/tzr+1 tz+1) A VVz+1:| .
Then, it follows from (4.5) and the Holder inequality that :

(- K|z [V -Y7| < lal+E7

(¥, — Vi) (14 G- 8 W)

s T o |P 1/p T T q11/q
< el + [Ez Yti+1 - Yti+1 ] [EF 1+ G - AWipa|]
- p11/p 1/2k
< el + [EZF Vi — Y, ] [EZT 1+ G- NWiHl%]

where ¢ is the conjugate of p and £ > ¢/2 is an arbitrary integer. Recalling that Yt:r =
T (Y;7) and Y7 = T¢ (Y;7), by (4.1), this provides

1/2k

(1~ Kll) [vi7 - ¥ N7 (B4 ¢ Wi ™) as)

< el + [EZr

s
Yo, YT

141

by the 1—Lipschitz property of wa. Now, since (; is F¢,-measurable and bounded by K,
observe that :

2k
EFL+ G AW = Z( ) BT (G A Wis)
=0

- Z( V) EF (G A Wiga)Y

< 1+Clnl.
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We then get from (4.6) :

3 1/2k o
A -Ka) |z =Yz < lellp + @+ Cla) v, Y|
1 2k
< m Qo) v, v, o @D
For small |r], it follows from this inequality that :
: 1 Vil ( 1/(2klr)
™ ™ s s
[y =¥, = QKA O YD mas
< — P .
= |x 0<j o1
O

Remark 4.2 In the particular case where the generator f does not depend on the control
variable z, Theorem 4.1 is valid for p = 1. This is easily checked by noticing that, in this
case, (; = 0 in the above proof. O

5 Regression error estimate

In this section, we focus on the regression procedure. Let (R,S) be a pair of random
variables. In both Examples 4.1 and 4.2, the regression estimator is based on the observation
that the regression function can be written in
R
r(z) = E[R|S =1] = ‘21((;”)) where ¢%(z) == E[Re,(S)] ,

and e, denotes the Dirac measure at the point x. Then, the regression estimation problem
is reduced to the problem of estimating separately ¢**(z) and ¢'(z), and the main difficulty
lies in the presence of the Dirac measure inside the expectation operator.

While the kernel estimator is based on approximating the Dirac measure by a kernel
function with bandwidth shrinking to zero, the Malliavin estimator is suggested by an
alternative representation of ¢®(x) obtained by integrating up the Dirac measure to the
Heaviside function, see §6. In both cases, one defines an estimator :

~R
~ L QN( ’ )
v(z,w) = 7@11\/(95 ) wenN,

where ¢{(x,w) and ¢} (x,w) are defined as the means on a sample of N independent copies
{A9) (z,w), BY(2,w)}1<i<n of some corresponding random variables { A(z,w), B(z,w)} :

1 N
GR(z,w) = NZ and G\ (z,w) = Z

15



In the Malliavin approach these random variables { A(z,w), B(x,w)} have expectation equal
to {q'*(z), ¢'(z)}, see Theorem 6.1 below. Using the above definitions, it follows that :

(5.1)

In order to prepare for the results of §6, we shall now concentrate on the case where
E(A(z),B(z)) = (¢®(x),¢"(z)), so that (5.1) holds. A similar analysis can be performed
for the kernel approach, see Remark 5.1 below.

In view of Theorem 4.1, the L? error estimate of [Y™ — Y| is related to the L? error on
the regression estimator. As mentioned in Remark 4.1, the regression error 7x(S) — r(S5) is
not guaranteed to be integrable. Indeed, the classical central limit theorem indicates that
the denominator ¢yx[1](z) of 7x(z) has a gaussian asymptotic distribution, which induces
integrability problems on the ratio ¢&(z)/d} ().

We solve this difficulty by introducing the a priori bounds {p(z),p(x)} on r(z) :

plx) < r(x) < p(x) forall z,
and we define the truncated estimators :
in(z) = TP (in(z)) = p(z) Vin(z) Ap(z) .
We are now ready for the main result of this section.

Theorem 5.1 Let R and S be random variables valued respectively in R and R%. Assume
that S has a density q' > 0 with respect to the Lebesque measure on R%. For all x €
R?, let {A(i)(fv)}KKN and {B(i) (:E)}l<i<N be two families of independent and identically
distributed random variables on R satisfying

E[AD ()] = ¢®(x) and E[BY(2)] = ¢'(x) forall 1<i<N.

Set y(z) := |[p — p|(z), and assume that

DAV = [ 9@ Va2 + ()] +9(2) i@ 2] do < o0 (52

for some p > 1. Then :
1/
lin(S) = r(S)llp < (2007 VA, Vi) N72) 7
Proof. We first estimate that :

1PN (S) =r(e < ElIFN(S) —r(S)F Av(S)]

_ en(S) = r(S)en ()"
= FE Q}V(S) /\’y(S)p] (5.3)
where
en(w,w) = gi(z,w) — ¢ (z) and ej(z,w) = Gy(z,w) - ¢'(2)



For later use, we observe that :
lef @)l < llef(@)e < N7V2VR(a)'?,
leh @)l < llep(@)le < N7V2V(a)' 2,
by (5.1). Next, for all # € R, we consider the event set
M(z) = {we : |iy,w) —q'(x) <27 ()} ,
and observe that, for a.e. w € (),

en(@,w) —r(@)ey (@)

iy (7, w)

V4
M) < ]

AY(@)P 1) (W)
()" Ly (w) - (5.4)
As for the first term on the right hand-side, we directly compute that for p > 1 :

‘2 e (x) - r(a)el (@) eR () - r(a)ek (@)
(@) (@)

p
Ay(z)P < 2

y(x)P

so that
P

p H2 8(5) = r(S)h(5)

Ay(S)P 1M(S)}

IN

2 /Rd E ‘Eﬁ(x) - T(a:)s}v(:c)‘ 'y(x)pfldx
2 [ (@l + Ir@)eh(@)lzz) 2y da

_ Nl /R (VR 4 @) 72) () (5.5)

The second term on the right hand-side of (5.4) is estimated by means of the Tchebytchev
inequality :

IN

E [7(S)PLpsecs)] [E (7(S)P L pse(s)]9)]
[y(z)P P (M(S) 15)]

h(rv)” (2lan(S) = ¢'(S)] > ¢'(9)18)]

|
& = &

< 2B [y(2)"q"(S) T Elqn(S) — ¢ (9)]]
< 2B [y(@)q'(5) " Varlak(s)]?]
= 2N1/2/ v (z)PVi () 2d . (5.6)
Rd
The required result follows by plugging inequalities (5.4), (5.5) and (5.6) into (5.3). 0

Remark 5.1 Observe from the above proof, that the error estimate of Theorem 5.1 could
have been written in terms of Hsﬁ(aj)HLl and Hs}v(m)HLl instead of N~'/2Vg(x)/? and
N~12V;(z)'/2. In that case, the estimate of Theorem 5.1 reads :

[5(S) = r(S)I7, < 2 /Rﬂ@“ =R @l + (@)l +v(@)) [len @) ] de
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a result which does not require the assumption E(A(z), B(z)) = (¢"(z),¢'(z)). In the
5%(:10)HL1 and Hs%(z‘)HLl will typically go to zero as N tends to infinity.

kernel approach,
A detailed study of the above quantity is left to future researches. O

6 Malliavin Calculus based regression approximation

In this section, we concentrate on the Malliavin approach for the approximation of the
conditional expectation E] as introduced in Example 4.2. We shall assume throughout
this section that

b,o € C;° and inf {f*a(x)f c £ eR%and [¢] = 1} > 0 forallz e RY. (6.1)
For sake of simplicity, we shall also restrict the presentation to the case of regular sampling :

N, =ti—tioy = |m| foralll<i<n.

(2

6.1 Alternative representation of conditional expectation

We start by introducing some notations. Throughout this section, we shall denote by Jx
the subset of N¥ whose elements I = (i1,...,4) satisfy 1 <i; < ... < i, < d. We extend
this definition to k = 0 by setting Jp = 0.

Let I = (i1,...,im) and J = (j1,...,in) be two arbitrary elements in 7, and J,,. Then
{it, .. sim} U{J1,.. -, dn} = {k1,..., kp} for some max{n,m} < p < min{d, m + n}, and
1<k <...<kp...<d. We then denote I V J := (ki,...,kp) € Tp.

Given a matrix-valued process h, with columns denoted by A‘, and a random variable F,
we denote

S F) ::/ Fhj-dW; fori=1,....k and S}[F] := S o...0S}! [F]
0

for I = (i1,...,ix) € Jk, whenever these stochastic integrals exist in the Skorohod sense.
We extend this definition to k = 0 by setting Sé‘ [F] := F. Similarly, for I € J, we set :

St [F) = S}z [F] where I € Jy x and IV I is the unique element of J .

Let ¢ be a Cg (Ri), i.e. continuous and bounded, mapping from Ri into R. We say that
 is a smooth localizing function if

p(0) =1 and 9rp € CY(RL) forall k=0,...,dand I € Jj .

Here, 0rp = 8'%0/8%1 ...0x;,. For k =0, J, = 0, and we set dyp := . We denote by L
the collection of all smooth localization functions.

With these notations, we introduce the set H(X7) (1 <i < n —1) as the collection of all
matrix-valued L?(F) processes h satisfying

/ DtXZ:htdt = Id and / Dth;+lhtdt =0 (62)
0 0
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(here I; denotes the identity matrix of M¢) and such that, for any affine function a
R — R,

Sh [a (& Wis1) o (X[)] is well-defined in DM forall I € J;, k<dandp€ L.
(6.3)

For later use, we observe that by a straightforward extension of Remark 3.4 in [7], we
have the representation :

Shi la (& Wis1) @ Z YOS ds (X — ) S [a (K Wiga)] (6.4)

for any affine function ¢ : R¢ — R .
Moreover, it follows from that (6.1), that X € D> for each i € {1,...,n}, where the
Malliavin derivatives can be computed recursively as follows :

DtXtﬂi = O'(Xg) 1t§t1
DX[ = DiX[_, +Im|Vb (X7, ) (DX],)

S (80 TS o (.
j=1

In particular, for ¢ € (t;—1,%;), we obtain that D;XT = o (Xg_l). Let h; be the M%—valued
process defined :

h@t ‘71"
o(XF )7t ont e [ti1,t)

= —o(x7)! (Id | VB(XT) + X0 vaj(Xg;)NW5+1) ont € [ti,tis1)  (6.5)
0 elsewhere.

Since b, o, 0~! € C§° by (6.1), one easily checks that h; satisfies (6.2)-(6.3) and therefore
lies in H(XT).

Remark 6.1 For later use, let us observe that, for all s1,...,s; € [ti—1,ti41], it follows
from (6.1) that :

sSup {thtHLp'i‘HD& ----- s¢ thLp} < C‘W‘ l (6.6)
ti—1<t<tit1

for some constant C), which does not depend on |r|. Moreover, for any affine function a :

R — R,and all 1 <k, i <d,

h;
Stiy la

[a(&Wi1)] = a(&Wi)hyy, - W+ a(KWiga) by - X Wi
t7,+1
—a (A”Wi+1)/ Trace (Dthﬁti> dt
t;
ti+1
— Va-h,dt,

t;
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so that we also deduce the estimates :

|stiy la@win))|| < Glrl ™2 Doy Spiy la(EWin)]|| | < Golnl ™ (67)

(K} 1@ Se{k}

O

We now provide a slight extension of Corollary 3.1 in [7] which will be the starting point
for our conditional expectation estimator.

Theorem 6.1 Let g be a real-valued mapping and & be a (vector) random variable indepen-
dent of o(X[, 1 <i <n) with R:= o(X{  ,§)a(& W) € L2, for some affine function
a : R* — R . Then, for all localizing functions o, ¥ € L :

E|R| X[ =2z = 6.8
FIXE=2] = F Qv @) ©
where
QF hiol (1) = Ho(X7)o(XT,, &)™ [a (X Wipr) ¢ (X7 — )] ,
and Shi = S(hl e Moreover, if qf denotes the density of X[, then :

i (x) = E[Q" [hi,¢](2)] .

Remark 6.2 The above theorem holds for any random variable F' € D*°, instead of the
particular affine transformation of the Brownian increments a(AX'Wjt1). One only has
to change the definition of £ accordingly in order to ensure that the involved Skorohod
integrals are well-defined. However, we shall see in Section 6.2 that we only need this char-
acterization for the affine functions ax(x) = 1p—o + = 1k>1, 0 < k < d. Indeed, writing

f@’ll as o(X7, (), we are interested in computing ET [Y;’rﬂ] ET[ t“+1a0(A7‘W,-+1)] and
E”[}QT+INWZﬁ1] = ET| t7r+1ak(A Wit1)], 1 < k < d, see also the definition of R; after
(6.12). 0

6.2 Application to the estimation of ET

The algorithm is inspired from the work of [9] and [21]. We consider nN copies (X ARG
X 7r(nN)) of the discrete-time process X™ on the grid 7, where N is some positive integer.
Set

N; = {(i—1)N+1,...,iN}, 1<i<n.

For ease of notation, we write X ™ for X™. We consider the approximation scheme (4.2)-
(4.3)-(4.4) with an approximation of conditional expectation operator ET suggested by
Theorem 6.1. At each time step t; of this algorithm, we shall make use of a the subset X;
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= (X’rw, j € N;). The independence of the X;’s is crucial as explained in Remark 6.3
below.

Initialization : For j € {0} UN,,, we set :

AU T (X“(”) . (6.9)
Backward induction : For i =n,...,2, we set, for j € {0} UN;_1 :
Ytﬂm _ Eﬂu) [ :rm] il ( N 17XZ:(JiaYJ(]1)7Zﬂ<J>>
= () (6.10)
777 = ’717|E““) [W“)NW( )} (6.11)

The approximations of the conditional expectations E;T_(jl) [-] are obtained as follows.
1. We first compute the estimator suggested by Theorem 6.1 :

0 9, 4] (x2°)
@[] (x0)
where, for R; = Yga (&W;) and @ : R? — R is an affine function,

1
D

(6.12)

7r(J) |:R(J):|

ti—1

QW] ot Hgn (KEEDVE M [ (0wl ) ol - X22)

t;1

A j ) (l> O] O] )
Q' [n 0] (X7 = NZ oy TS [o(x7 - xg2)]

2. We next use the sequence ™ of a priori bounds on Y, see Section 4, together with the
induced sequences R™ and &7, to improve the above estimator :

E’T(]) [ng} _ T;ZR (Eﬂ—(]) [Yme

and
s . C\W( ) Ny .
B [Ytzrmﬁrwi(])} ——— (E’r(”) [ tf(J)AFWi(J)D .
Final step : For i = 1, the conditional expectations EI |[-] = EF[-] are computed by the

usual empirical mean :

Ford [Rl } = Z RY (6.13)
l6N1
Remark 6.3 Notice that by construction, foreachi=1,...,n—1land k € M, (Y, fw , Zg<k))

can be written as a square integrable function of X”( " and C = ( ‘W), je Uisis M)
This is precisely the reason why our simulation scheme uses n independent sets of N simu-
lated paths. Indeed, this ensures that the above random variable ( is independent of fl(k),
and therefore we fall in the context of Theorem 6.1. O

21



The following provides an estimate of the simulation error in the above algorithm.

Theorem 6.2 Let p > 1 and ¢ € L satisfying

d
Z Z /d lu** T2 8rp(u)?du < oo .
R

k=0I1€J}

Consider the function o™ (x) = o(|7|~'/2z) as a localizing function in (4.2)-(4.3)-(4.4)-
(6.12). Let o™, R™, ™ be the bounds defined by Lemma 3.53. Then :

. p
limsup max |r[PT¥/4N1/?2 HYZ: -Y7 < o0

|| —0 0<i<n

Lp

The above estimate is obtained in two steps. First, Theorem 4.1 reduces the problem
to the analysis of the regression simulation error. Next, for 1 < ¢ < n, the result follows
from Theorem 6.3 which is the main object of the subsequent paragraph. The case i = 0 is
trivial as the regression estimator (6.13) is the classical empirical mean.

Remark 6.4 In the particular case where the generator f does not depend on the control
variable z, the above proposition is valid with p = 1. This follows from Remark 4.2. O

Remark 6.5 In the previous proposition, we have introduced the normalized localizing
function ¢™(x) = @(7~'/2z). This normalization is necessary for the control of the error
estimate as |7| tends to zero. An interesting observation is that, in the case where R is of
the form (X7 ,()a (X Wi41) for some affine function a : R?¢ — R, this normalization is
in agreement with [7] who showed that the minimal integrated variance within the class of
separable localization functions is given by ¢(z) = exp(—7 - ) with

' 5 [{RZié(—l)k Sigreq, St [a (&Wir)] Tlje; ﬁj}ﬂ
(@) = Ceied

g [{R Shoo (1 Yigreg, S rvi la (Wi Tljes ﬁj}z] _

Indeed, we will show in Lemma 6.1 below that S¥[a (A& W;;1)] is of order |x|~H1/2 and

therefore the above ratio is of order |7|~1. O

6.3 Analysis of the regression error

According to Theorem 5.1, the LP estimate of the regression error depends on the integrated
standard deviation T' defined in (5.2). In order to analyze this term, we start by

Lemma 6.1 For any integerm = 0,...,d, I € T, and any affine function a : R* — R,
we have :

limsup |7|™? max “S?i[a(AWW/z’+l)]‘ < 00,

1<i<n—1

|7|—0 Lr

for allp > 1.
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Proof. Let d > j; > ... > j,, > 1 be m integers, and define I, := (jym—k,.-.,71)- For ease
of presentation, we introduce process h; := |7|h;, and we observe that S}” = |7r|mS;”, by
linearity of the Skorohod integral. We shall also write S;” for S;” [a (X" Wit1)]. In order to
prove the required result, we intend to show that

for all integers 0 < ¢ <k <m—1and all 7:=(s1,...,5¢) € [ti_l,ti_l,_l]g ,
hi _
HDTSIk S Cyln|-072, (6.14)

where C), is a constant which does not depend on m, and, 7 = (), D,F = F, whenever

£ = 0. We shall use a backward induction argument on the variable k. First, for k = m —1,

(6.14) follows from (6.7). We next assume that (6.14) holds for some 1 < k < m — 1, and

we intend to extend it to K — 1. We first need to introduce some notations. Let Sy be the

collection of all permutations o of the set (1,...,¢). For 0 € Sy and some integer u < ¢, we

set 7. 1= (85(1)s -+ 1 So(u)) AN 7 := (85(u+t1), - - - » So(r)), With the convention 7§ = 77 = 0.
Let £ < k — 1 be fixed. By direct computation, we see that :

hs _ ohy
HD ka 1 Z Z HDTUSIIC TZ S Jm—k+1 || 2p
Sgu=0
bt h 7 JIm—k
n Dyo D, S ‘thmfﬂ dt
ti—1 T L2 Tt L2p

by Cauchy-Schwarz inequality. By (6.7) and the induction hypothesis (6.14), this provides :

H S;L]€7L1 . < Czl; (|7‘r| (k— Z)/2’7T|1/2_’_Z| ‘k: u/2+’7r|2|7r| (k—u—1)/ )
oSy
< CZ (|ﬂ,‘ (k+1— eV?‘f‘Z’ﬂ"(kJrl Z/2+Z‘ﬂ" (k+1-20)/ )
oESy

where C' is a generic constant, independent of |r| and 4, with different values from line to
line. O

Lemma 6.2 Let i be a map from R? into R with polynomial growth :

()]

Sup —— < o0, forsomem>1.
mERd1+|x|

Let o € L be such that :

ZZ/ more(u)idu < oo.

k=01cJ,

Let Riy1 =0 (XQH,Q a (X Wiy1) for some deterministic function o, some affine function

a : R* — R, and some random variable ¢ independent of FF. Assume that R; 1 € L**¢
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for some € > 0. Then,

fimsup max (7l Rl 2o [ @V, (@hde < oo,
1<i< Rd ’

|| =0

where
Vi @) = Var [QF[hi,o")(2)]  and  ¢"(2) = o (I 72) .
Proof. We shall write S;” for S?i [a (X' W;y1)]. We first estimate that :
Vi (@) < B[(Q% [hi,™]())’]

= {H (X7 VRZ, 4 {Shz‘ la (& Wit1) o™ (XT — )] }2]

23" S E )R {07 (57— ) 87}

Jj=0JeJ;

IN

where we used (6.4). For ease of notation, we introduce the parameter 7 > 0 such that
2(1+7n)2 =2+¢cand 7 := 1+ 1/n is the conjugate of 1 4+ 7. Applying twice the Holder
inequality, we see that :

d
T 2

Lo @i < 23S B[R {3 [ mamu@ors (7 - ) ]
R §=0 JEJ,

d 2

2 hi
< 2| Ripall e > Y HS_J Lo Al (6.15)

j=0 JET;

where
Al = ’ HI(Xg)u(w)(?Jgoﬂ(XZ;—z:fdx
R4 L7

By definition of ¢, we observe that 8;¢™ () = |7|~1/1/20;¢(|w|~1/22). Tt then follows from
a direct change of variable together with the polynomial growth condition on u that :

4l = | / XG0 (2)? do
i
d/2—|J| - aik |12 |k 2
< Cn| —I—Z )‘Xti ’]7T| x’ Orp (z)" dx
k=0 L7
< C |x|#? VI {/ Ay (2)? dx+2CHX7rHLm,] /d |1‘|m6J30(:U)2dx}
R+

Notice that the right hand-side term is finite by our assumption on the localizing function.
Since maxj<i<p, HX;THLM] is bounded uniformly in 7 by (3.2), this proves that |A| <
C|r|??=11. Plugging this into (6.15), we obtain :

d
/R @V, @de < CRilfae >N (74|

j=0JeJ;

2

)

L27(1+m)
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and the required result follows from Lemma 6.1 (recall that | — J| = d — |J]), see the
definitions in §6.1. g

Theorem 6.3 Let R; 11 :=p (Xt7§+1,§) a (X' W;i1) for some deterministic function o, some

affine function a : RY — R, and some random variable ¢ independent of FT. Assume
that

p(Xg) <ri(X7) = Ef [Ripa] <p;(X7)

for some p; = (p,, p;) with polynomial growth :

pi<x>) +[7i(e)]

sup max < oo, forsomem2>0.

e N R

Let p > 1 be arbitrary, consider some localizing function ¢ € L satisfying :

ZZ [ b oretwPtn < oo,

=01€J)
and set " (x) == @(|x|~Y/2x). Let ET [Ri11] be defined as in (6.12), with localizing function
@™, and consider the truncated regression estimator ET [Riy1] = TV (E{r [Ri+1]>. Then,
. p
oy s, N (B = ) (el < e

Proof. Set v; :=p; — 2 and observe that «; inherits the polynomial growth of p;. With
the notations of Lemma, 6.2, it follows from Theorem 5.1 that :

Er— EN) [Rinl|” < 2NTVRD (i, VL VE
. — L [ Z-i-l] I = Tis Vis i, 10 Vi Ri1q1 ) >
provided that the right hand-side is finite. The rest of this proof is dedicated to the

estimation of this term. From the polynomial growth condition on p;, we estimate that :

I’(rl,%,Vl, ZRH—l) < C/ (1+ |z|)™PVT, H—l( )1/2+C/ 1—|—|x‘)mpV7T( )1/2

We only consider the first term on the right hand-side, as the second one is treated similarly.
In order to prove the required result, it is sufficient to show that :

4
h‘r;lli%p max ||/ /R(1+|90!)mp Thi (@7 < o0

Let ¢(x) = Cy(1+ |x]?)~! with Cy such that [p. ¢(z)dz = 1. By the Jensen inequality, we
get :

1/2
mp 1/2 < - 2mp
L™V @2 < 0 [ o) (675 (14 1a77) Vi, (0)
N 1/2
< o(/Rd (14 f2>+?) Z{me(x)) .
The proof is completed by appealing to Lemma 6.2. g
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7 Extension to reflected backward SDE’s

The purpose of this section is to extend our analysis to reflected backward SDE’s in the case
where the generator f does not depend on the z variable. We then consider K- Lipschitz
functions f :[0,1] x R x R — Rand g : R — R, for some K > 0, and we let (Y, Z, A)
be the unique solution of :

1 1

Y; = g(X1)+/ f(s,XS,YS)ds/ Zs-dWs + A1 — A (7.1)
t t

Y, > g(X), 0<t<1, (7.2)

such that Y; € L2 forall 0 <t <1, Z € L*([0,1]) and A is a non-decreasing cadlag process
satisfying :

1
| ti-ginda = o
0
We refer to [14] for the existence and uniqueness issue.

7.1 Discrete-time approximation

It is well-known that Y admits a Snell envelope type representation. We therefore introduce
the discrete-time counterpart of this representation :

Y= g(X7), (7.3)
vi, = max{ g (X7, ) B )4 (e XYL ) & L 1<i<n . (1)
Observe that our scheme differs for [4], who consider the backward scheme defined by
v o= max{ g (X7, ) BL VT4 f (6 XEYT) &) L 1<i<n,

instead of (7.4). By direct adaptation of the proofs of [4], we obtain the following estimate
of the discretization error. Notice that it is of the same order than in the non-reflected

case.

Theorem 7.1 For allp > 1,

limsup |7|~'/? sup HYf —Yill,, < .
|| —0 0<i<n
Proof. For 0 <i < n, we denote by OF the set of stopping times with values in {t;,...,t, =
1}, and we define :
n—1
RY = esssup B |g(X0) +[n] Y Loy f (15, X0, Vi)
TEOT L.
k3 J=1
T
Lj := esssup Ef [g(XT) —i—/ f(s,Xs,Ys) ds} , 0<i<n.
TEO,; t;
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From Lemma 2 (a) in [4], we have :

lim su 12 max ||LT - Y, < 7.5
o ™ g, 125 = Yillo (7:5)
A straightforward adaptation of Lemma 5 in [4] leads to
li —1/2 R} — L7} : 7.6
msup |7 nax 1B = Lg ||, < oo (7.6)
In order to complete the proof, we shall show that :
li —-1/2 Y™ _ RT . .
msup |7 nax Vi = REll, < o (7.7)
We first write YT in its Snell envelope type representation :
n—1
Vi = esswp B |g(XT) 4 lal 3 1o, f (15, X5, V)
TEOT .
7 J=

By the Lipschitz conditions on f and g , we then estimate that :

n
|RT. = Y| < Cesssup ¢ E |X] — X.| + 7| g ET <|7T| + ’th —X{;’ + ‘Ytj =Y )
TEO; . -
j=i
< C’{EZ7r LI%&%};‘XQ - X7 }

+’R§;—Yt§_“

)

It follows from the arbitrariness of i, that for each integer i < /¢ <n :

n
7l Y- BF (Inl + |v2, - RE
Jj=t

i<j<n

ET |Rf, Y| < C{E;T[max th—ngjH

s ™
+ ‘Rtj — Yy

)

n
7l Y EF (Inl + | v, - By
Jj=t

Using the discrete time version of Gronwall’s Lemma, we therefore obtain :

X, — XT

)i

for some constant C' independent of 7. (7.7) is then obtained by using (3.2)-(7.5)-(7.6). O

i<j<n

n
R} —YT| < C E{r[max ]—|—|7T|ZEZr (|7r|—|—‘Ytj—Rg_
j=i
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7.2 A priori bounds on the discrete-time approximation

Consider the sequence of maps
pr(z) = af + 7 |x| ,0<i<n,

Bf) are defined as in Lemma 3.3. Observe that pf > 97 | > [g],0 <i <n-—1.

where the (af,
= {(9: 9] ) }g<i<n- Then, it follows from the same arguments as in Lemma 3.3,

Let o™
that :

T () = Y7, 0<i<n.

7

In particular, this induces similar bounds on E ; [Y}ﬂ by direct computations.

7.3 Simulation

As in the non-reflected case, we define the approximation Y™ of Y™ by :

o= g(X7)

VL = B (e XYL ) A (7.8)
vr,o= T (V) = (9O ) VYT ) AR(XT ) 1<i<n,

where E7™ is some approximation of E7.

With this construction, the estimation of the regression error of Theorem 4.1 immediately
extends to the context of reflected backward SDE’s approximation. In particular, we obtain
the same LP error estimate of the regression approximation as in the non-reflected case :

Theorem 7.2 Let p > 1 be given. Then, there is a constant C > 0 which only depends on
(K,p) such that :

¥ -vell, < o o, 5 - Ep [

I mogg‘gn—1 i+

Lp

for all0 <i<n.

From this theorem, we can now deduce an estimate of the L? error Y™ — Y™ in the case
where E™ is defined as in Section 6.2. Let ¢ € £ satisfying

d
S5 [ osa < .
R

k=01€J}

for some p > 1. Consider the approximation Y™ obtained by the above simulation scheme,
where E7 is defined as in Section 6.2 with normalized localizing function ¢ (z) = ¢(|x|~1/2x).
Then, we have the following LP estimate of the error due to the regression approximation :

- N P
limsup max |r[Pt¥/4N1/2 HYt7r -y
0<i<n v v

< o0.

|| =0 Ly
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