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Abstract

We study the dual formulation of the utility maximization problem in incomplete
markets when the utility function is finitely valued on the whole real line. We extend
the existing results in this literature in two directions. First, we allow for nonsmooth
utility functions, so as to include the shortfall minimization problems in our framework.
Secondly, we allow for the presence of some given liability, or a random endowment. In
particular, these results provide a dual formulation of the utility indifference valuation

rule.
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1 Introduction

Given a concave non-decreasing function U, finitely valued on the whole real line, we study
the dual formulation of the utility maximization problem

sup EU (X%’a — B) :

ocH

Here, X®? is the wealth process produced by an initial capital « together with an admissible
trading strategy 6 € H, and B is a given bounded contingent claim, which can also be
interpreted as a random endowment. We refer to [17] for an intuitive presentation of the
dual problem, although this overview does not address the existence issue.

This problem has been addressed by [7] in the context of exponential utility functions.
The case of arbitrary smooth utility functions, satisfying the Inada conditions, was studied
by [18] when B = 0. The case of a bounded B was addressed in [1] in the presence of
transaction costs.

In this paper, we focus on the case where the utility function is not assumed to be smooth.
Such situations arise naturally in financial markets with transaction costs as argued in [5].
They also appeared in many problems in frictionless incomplete markets, such as the shortfall
minimization problems studied by [2], [3], [8], [15] among others.

Our main contribution is the extension of the duality result of [18] and [14] to the above
context. In particular, it provides a dual formulation for the Hodges and Neuberger utility
based price, see [9], [1], and [14] among others.

This result is obtained by approximating the utility function by a sequence of utility
functions with bounded negative domain. As a by-product, we prove an extension, to the
non-smooth case, of the duality result of [12], which was formulated for utility functions
with positive effective domain and B = 0. We finally discuss the important issue of the
choice of the set of admissible strategies, as addressed by [7] and [19]. We show that the
conclusions of [19] extend immediately to our context.

The paper is organized as follows. The precise formulation of the problem is presented in
Section 2. The main duality results are reported in Section 3, and the discussion on the set
of admissible strategies is contained in Section 4. The proofs are collected in the remaining

sections.

2 Problem formulation

2.1 The financial market

Let T be a finite time horizon and (€2, F, P) be a complete probability space endowed with
a filtration I = {F;,0 < t < T} satisfying the usual conditions.
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The financial market consists of one bank account, with constant price S°, normalized
to unity, and d risky assets S',...,S% As usual, there is no loss of generality in normalizing
the non-risky asset price process, since we may always choose it as numéraire under very
mild conditions. We shall denote S := (S*,...,S%) the price process of the d risky assets.
The vector process S = {S;,0 < ¢t < T} is assumed to be a (0, 00)%valued semimartingale

on the filtered probability space (2, F, IF, P). Moreover, we assume that the condition
ME(S) == {Q ~ P : Sisa Q-local martingale} # 0 (2.1)

holds. This condition is intimately related to the absence of arbitrage opportunities on the
security market, see [6].

A trading strategy 6 is an element of L(.S), the set of all IR¢—valued predictable processes
which are integrable with respect to S. In economic words, each component 6! represents
the number of shares of the i-th risky asset held at time ¢.

Given a trading strategy 6 € L(S) and an initial capital x € IR, it follows from the
self-financing condition that the wealth process is defined by:

P t
X0 = gy / 6,d5, .
0
The possible terminal values of such wealth processes are collected in the set
X(x) = {X e’ : X =X5" for some § € L(S)} .

In order to exclude arbitrage opportunities, it is well-known that we need to impose some

lower bound on the wealth process. We therefore introduce the following subset of X'(x) :

Xy(w) = {XeX(@) : [X |lo < oo} .

2.2 The utility maximization problem

Let U be a non-constant, non-decreasing, concave function defined and finite on the whole

real line :
dom(U) := {x € R : [U(x)|] <o} = R.

Observe that U is not assumed to be smooth.

In this paper, we focus on the problem of maximizing the expected utility from terminal
wealth for an agent subject to some liability B € L>. We refer to [14] and [10] for possible
extension in the unbounded case. Since existence may fail to hold in X,(x) (even in the
smooth utility case with B = 0), we follow [18] by defining the set X () of random variables
X € L° such that there exists a sequence X,, € X,(z) satisfying

U(X,—B) — U(X—-B) inL".
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We then define the utility maximization problem :

V(z) == sup FEU(X-B).

XeXxy (CC)

Observe that, with this definition, V' (z) is also the supremum of the expected terminal wealth
over X,(z). We conclude this paragraph by some examples of interest in the literature which

fit in our framework.

Example 2.1 (Smooth utility functions, no liability) If U is continuously differentiable,
strictly concave, and B = 0, the above problem has been addressed by [18]. The particular

exponential utility case U(z) = —e™"* has been extensively studied in [7] and [11].

Example 2.2 (Smooth utility functions with liability) When U is continuously differentiable
and strictly concave, the extension to B # 0 is performed in [1] and [14]. The main result

of this paper improves the results of [14] by allowing for a nonsmooth utility function U.

Example 2.3 (Shortfall utility) Let ¢ be a convex non-decreasing function defined on the

non-negative real line. The shortfall minimization problem is defined by :

inf E(([B-X]") .

XEXb(:IS)

We refer to [2], [3], [8], [15] among others. Defining U(z) = —¢(2~), we see that this problem

fits in our framework under mild conditions on ¢, see Example 2.4 below.

2.3 The dual problem

Let U be the Legendre-Fenchel transform defined by :

Uly) = sup U(z) —zy,

z€lR

and observe that dom(U) N (—o00,0) = (. We shall assume that the utility function U
satisfies :

inf |JOU(z) =0 and r :=sup | dU(z) ¢ |J 0U(x), (2.2)

z€R zelR zeR

which can be stated equivalently on U as :

int[dom(U)] = (0,7) and 7 ¢ dom(U). (2.3)

Without loss of generality, we may assume that :

U@ > 0 (2.4)



so that U > 0. Observe that 7 > 0 since U is not constant. The natural set of dual variables
is
Y, = {(Y)e Ry x L} : EXY < ayforallz € Ry and X € X, (x)} , (25)
the positive polar of the set of non-negative elements of X(x) :
Xi(z) = X(x)NLY. (2.6)

However, since we are dealing with a utility function finitely defined on the real line, it turns
out that

Y, = {(,Y)€Y, : EY =y} (2.7)

is the appropriate set of dual variables, as was observed by [18]. This set is clearly non
empty as it contains all pairs (1,Y") where Y = dQ/dP with @ € M*(S).
We define the dual problem :

W) = inf_ E[UY)+2y-YB|.
(y7Y)€Y+
Clearly, we have
W(z) > V(z), forallz € R. (2.8)

The purpose of this paper is to find conditions under which equality holds in the above
inequality, and to relate the solutions of both problems by the classical Fenchel duality

results.

Example 2.4 (Back to shortfall utility) In the case of the shortfall utility function U(z) :=
—{(z~), we directly compute that
Uly) = —inf ({(x)—uzy) .

x>0

Observe that inf U, gOU () = 0 so that this example fits in our framework as long as /¢ is
not linear near +oc. For instance, for ¢(x) = 22, we compute directly that U(y) = 32/4

and dom(U) = [0, 00). However, the case U(x) = —x~ studied in [2] is not covered by this
paper.

2.4 Asymptotic elasticity in the non-smooth case

Asin [12] and [18] we shall need conditions on the asymptotic elasticity of the utility function
in order to prove the required duality relation. In the non-smooth case, it is argued in [5]

that these conditions have to be written on the conjugate function U. We then define :

AEy(U) := limsup sup lq]y and AE,(U) := limsup sup lq’y ,

N0 geat(y) Uy) v/r o geoi(y) U(Y)




where 7 is the right boundary of the domain of U, see (2.3). We shall show in Lemma 2.2

below that the asymptotic elasticity condition AE,(U) < oo together with (2.3) imply that

the domain of U is unbounded. We start with the following Lemma :

Lemma 2.1 Let f be a convex function with int[dom(f)] C (0,7) for some r € (0,00] \
dom(f). For k = (ki,k2) € Ry x IR, define

ffy) = fly) —kiy+ ko, y € dom(f).

Then :

(i) if £(0+) > 0, then AEy(f) < oo = AEy(f*) < co.

(ii) if f(r—) >0 and lim/infminE)U(y) = 00, then AE,.(f) < 0o = AE,(f*) < oo.
y/'r

Proof. (i) Assume that AF(f) < oo, then there exists a constant C' > 0 such that, for all
sufficiently small y > 0 and all ¢ € 9f(y), |qly < Cf(y). It follows that, for small y > 0

lg—kily < |lqly+kiy < C(fly)+ks —ky) +(C+ Dky < C (1 + fk(y)) .

Since f(0+4) > 0, there exists some € > 0 such that f*(y) = f(y) + ks — k1y > € for small
y > 0, and therefore

lq — Faly k
—— < C(1/f"(y)+1) < C(1/e+1).
) (1/ff ) +1) < C1/e+1)
The result follows.
(ii) Assume that AE,(f) < oo, then there exists a constant C' > 0 such that, for all y in a

neighborhood of r and ¢ € 9f(y), |qly < Cf(y). This implies :
ay—ky < C(fly)+hk—ky) +(C-Dhy = Cfiy) +(C - Dy
Since y > 0, it follows that :
¢k < Cff(y)/y+(C— 1k .

Since lim/inf mindf(y) = oo and ¢ € 0f(y), we see that, on a neighborhood of r, g — k; > 0,
y/r

fE(y) > 0 and f*(y)/y > € for some ¢ > 0. It follows that

lg — kaly (C -1k _ -
7]%@) < C+ )y < C+(C—1)ky/e,

which concludes the proof. O

Remark 2.1 Let U be a concave function on IR satisfying (2.2), and let U be the associated
Fenchel transform. Then, writing that —z € dU(y) = y € dU(x) (see e.g. [16]), implies
that liminf, - min 9U(y) = co. In view of (2.3), we see that the above Lemma 2.1 applies
for f = U. For later purpose, observe that this implies that U is non-decreasing near r €
(0, o0].



Lemma 2.2 Assume that the conjugate function satisfies (2.3) as well as the asymptotic

elasticity condition AE,(U) < co. Then r = +o0.

Proof. We assume that r < oo and work towards a contradiction.

1. We first prove that we can assume w.l.o.g. that U is positive and non-decreasing
near r. To see this, define U*(z) = U(x — k1) + ko for k = (k1,k2) € Ry x Ry. From
(2.3), observe that we can choose k such that U*(0) > 0 and max dU*(0) < r, so that U* is
positive and non-decreasing near r. Using Lemma 2.1 and Remark 2.1, we can then reduce
the statement of the Lemma to U*(y) = U(y) — kiy + ko since dom(U) = dom(U*) and
AE,(U) < oo implies AE,.(U*) < oo.

2. From Step 1, we can assume that U is positive and non-decreasing near r. Now observe
that AF,(U) < oo implies the existence of some constant C' such that max dU (y)/U(y) <
C for all y € [r,r) for some ' < r. Then, for all y € [',r), U(y) < ae for some real o
Since r < oo, this implies that U (r—) < oco. We conclude the proof by observing that any
2 € OU(r—) satisfies € OU(—z') by the classical connection between the gradients of U
and U, see e.g. [16]. This is in contradiction with (2.3). O

In view of this result, we rewrite (2.3) in
int[dom(U)] = (0,00) . (2.9)

The following result is an extension to the non-smooth case of the implications of the

asymptotic elasticity conditions derived in [18]. We postpone its proof to Section 7.

Lemma 2.3 Let f be a positive convex function, with clldom(f)] = IR,. Assume further
that f is non-increasing near 0, non-decreasing near oo and satisfies the asymptotic elasticity

conditions
AEy(f) < oo and AEL(f) < oo. (2.10)

Then for all 0 < pg < py < o0, there exists a constant C' > 0 such that

(i) f(py) < Cf(y) for all p € [po, 1] and y > 0.
(il) ylg| < Cf(y) forally >0 and q € Of(y).

3 The main result

3.1 Utility functions with unbounded domain

Remark 3.1 Up to now, we have not assumed that S is locally bounded. In turns out that

this technical assumption is not needed for our result. However, as pointed out in Remark

7



2.6 of [18], the set of strategies Ay may not be adapted when S is not locally bounded.
More precisely, one can construct easy examples where the primal problem has a natural
solution outside Ay, and the restriction of the strategies to A leads to a zero investment
strategy as optimal solution, which makes no sense from an economic point of view. For
instance, set B = 0 and consider a market with one risky asset S! such that S* =1 on [0,7)
and Sk is lognormally distributed, i.e. S jumps at T. Then, it is easily checked that X, (z)
= {x} and therefore V(z) = U(x), i.e. the optimal strategy in Xy (z) is X, = x. Assume
that U is strictly concave and smooth, since X (r) = {r} for r > 0, we see that (y.,Yi) =
(U'(z),U'(z)) € Y. Since U(U'(x)) + 2U'(z) = U(x), we also see that the usual duality
holds, that (y.,Ys) is optimal for W (z), and we easily check that all the requirements of
Theorem 3.1 below are satisfied, except that Y, /y. = 1 does not define a local martingale
measure if FS}H # 1.

In view of this Remark, we shall assume in this subsection that S is locally bounded.

This will prevent us from the above described phenomenon.

Remark 3.2 Define the sequence of stopping times 7,, := inf{t > 0 : [S;| > n}. Since S
is locally bounded, we have S¢ € A,(Si) and —S? € Ay(—Si). By definition of Y, we
deduce that, for each (y,Y) € Y, with y > 0, the measure Q := (Y/y)- P € M%(S), the set

of all local martingale measures for S which are absolutely continuous with respect to P.

Theorem 3.1 Let U be a nonconstant concave non-decreasing function, finitely valued in
IR, satisfying (2.4), and such that the associated Fenchel transform U satisfies (2.9) as well
as the asymptotic elasticity conditions (2.10). Given some bounded contingent claim B,

consider the optimization problems :

V(z) == sup EUX —-B) and W(z) := inf E[U(Y)+y$—YB} .

XEXU(x) (yvy)€?+

Assume further that W (z) < oo for some x € IR. Then,

(i) Ezistence holds for the dual problem W (x), i.e.

W(z) = FE [U(Y*) -Y.B+ my*} for some (y.,Y.) € Y.

Moreover, if y, > 0, then Q, = % - P e M*(9).

(ii) FEzistence holds for the portfolio optimization problem V(x), i.e.

V(z) = EU(X.— B)] forsome X, € Xy(z).



(iii) The above solutions are related by :
X, € B=oU(YY,) P—as. and E[X)Y.)] = zy.,
so that the duality relation V(x) = W (x) holds.

(iv) IfY, > 0 P — a.s., then X, = X3° for some 6 € L(S) where X is a uniformly

integrable martingale under the measure QQ, = Z— - P e Me(S).
The proof of this result is reported in Section 5.
Remark 3.3 It is immediately checked that

W(z) < oo for some x € IR if and only if E[U(Y)} < oo forsome (y,Y) € Y,
if and only if W(x) < oo forallz € IR.

We next focus on the attainability issue of Theorem 3.1 (iv) above. Clearly, since U(0) =
U(c0), it follows from Remark 3.3 that Y, > 0 whenever U(oo) = co. More generally, we

shall prove the following sufficient condition in Section 5.

Proposition 3.1 Assume that L :=inf{l : U(l) = U(co)} = oco. In the context of Theorem

3.1, assume further that Y+ contains some (y,Y) satisfying :
EUY) < oo and Y > 0P —a.s. .
ThenY, >0 P — a.s.

Remark 3.4 We now discuss the uniqueness issue when the utility function U is strictly
concave. Observe that Xy is a-priori not convex. However, we shall see in this Remark, that
this property holds if we restrict to the set of optimal strategies, thus providing uniqueness.
Let X! and X? be two solutions of the utility maximization problem, and let X! X2 €
Xy(x) be such that U(X! — B) — U(X!— B) in L', i € {1,2}. Since U is increasing, we see
that, possibly after passing to subsequences, X! — X! P —a.s., i € {1,2}. Since, for all \
€ (0,1),

UAX +(1=NX2=B) > A(X,-B)+(1-NU(X2-B)
— MN(X!-B)+(1-\NU(X2—-B) in L',

and AX! 4+ (1 — N\) X2 € Xy(x), it follows that

V(z) = lim EU (AX}+(1-\X2-B) ,

n—oo



and

UM+ (1-MNX2-B) — UMNX!+(1-MNX2-B) in L!
V(r) = BEUMX!+(1-)NX2?2-B) = AEU(X! - B)+(1-)NFEU(X?-B).
It follows that, in the case where U is strictly concave, there is a unique solution to the
utility maximization problem. However, if U is not smooth, the Fenchel transform U is not
strictly convex and uniqueness in the dual problem is not guaranteed. We shall continue

this discussion in Remark 4.2 below. We thank the anonymous referee for pointing this

important issue to us.

In order to prove Theorem 3.1, we shall use the methodology of [18], consisting in ap-

proximating U by utility functions U,, whose domain is bounded from below. Set
U, := U on dom(U,) := (—n,00) for n > 2||Bl« ,

so that U, converges to U and dom(U,) is bounded from below. Let Un be the associated

Fenchel transform :

Unly) = sup (Un(2) = y2) -

Observe that our approximating utility functions are non-smooth and that
U, = U ondom(U,) and U, = U on OU,(dom(U,)) . (3.1)
We follow [1] by defining
Ty = :U—l—g and B, Z:B-i-g,

together with the corresponding approximating optimization problems

Vo(z) == sup FEU,(X —B,)
XEC(a:n)
Wo(z) := inf EU,(Y)=YB,+ zny .
(z) o, (Y) y

where Y is defined in (2.5) and
Cr) = {XeLl-L*: EXY <ay forall (y,Y) €Y } .
The reason for introducing the sequences (x,,), and (B,), will appear in Lemma 5.4.

Remark 3.5 Since Y, contains all pairs (1,dQ/dP) for @ € M*(S5), it follows from the

classical dual formulation of the super-replication problem that
C(z) C {XEL&—L"O : X <X°P—as. forsomeXseXb(x)} )
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i.e. all contingent claims in C(x) can be super-replicated starting from the initial capital .

By definition of Y, the reverse inclusion holds for non-negative contingent claims, so that
Clz)nLy = {XEL?r : X < X for some X* €X+(I)} :

The first step in the proof of Theorem 3.1 is to establish existence for the above approx-
imating control problems as well as the duality connection between them. This is the main

object of the following subsection.

3.2 Utility functions with bounded bounded negative domain

We now concentrate on the case where the utility function has a domain which is bounded

from below.

Theorem 3.2 Let 8 > 0 be an arbitrary constant and consider some contingent claim B

with ||Bllee < 5. Let U be a non-constant concave non-decreasing function with

cl[dom(U)] = [-206,00), U(cc) > 0, cl[dom(U)] = R,

and satisfying the asymptotic elasticity condition AEy(U) < oo. Consider the optimization

problems :

V(z) == sup BEU(X—-B) and W(z) = inf E[U(Y)—I—yx—YB

XeC(z) (y,Y)EY 4

Assume that W(z) < oo for some v > 0. Then :
(i) Exzistence holds for the dual problem W (x), i.e.

W(x) = E [U(Y*) + Y — Y*B} for some (y.,Ys) € Yy .
(ii) Ewistence holds for the optimization problem V(x), i.e.
V(z) = E[U(X.— B)] for some X, € C(x) such that X, — B > =20

Moreover, if X, > 0 then X, € X, (x).

(iii) The above solutions are related by :
X, € B=oU(Y,) P—as. and E[X.Y) = zy,,
so that the duality relation V(x) = W (x) holds.

The proof is postponed to Section 6.
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Remark 3.6 The technical assumption U(occ) > 0 can clearly be relaxed by adding a

constant to U.

Remark 3.7 Corollary 6.3 below states that the solution of the dual problem, introduced
in Theorem 3.2, satisfies Y, > 0 P — a.s. whenever L := inf{l : U(l) = U(c0)} = oc.

Remark 3.8 As in Remark 3.4, we assume that U is strictly concave, so that the solution
to the utility maximization problem is unique. Recalling that for all (X,y,Y) € C(x) x Y
EXY < zy, we see by similar arguments as in Remark 4.2 below that uniqueness holds in

the dual problem outside of the set where U’ is constant.

Remark 3.9 Let us specialize the discussion of Theorem 3.2 to the case B = 0.

1. First let 8 = 0. Then, obviously, X, is non-negative and therefore

V(r) = sup EU(X) = EU(X,).
Xexy (ZL‘)
We are in the context of the portfolio optimization problem of [12], except that the utility
function is not assumed to be smooth. Hence, Theorem 3.2 extends the corresponding results

to the non-smooth utility case. It is also easy to check that we have the additional result :

W(z) = inf inf )E [17( d

it E |V gp) W]

by the same arguments as in [12].
2. For § > 0 and z > —20, the same argument as in [18] Section 2, shows that existence
holds for the problem :

sup FU(X),

Xex, (Ct)

and that the solution X, of the above problem is related to the solution X, of the problem
defined on the utility function U(- — 23) with initial wealth z = x + 23 by X, = X, — 20.
3. Because of the connection between ||B||, and the domain of U and the nature of the set

of primal variables C(x), Theorem 3.2 does not compare to [4] and [10].

4 Complements on the set of admissible strategies in

the unbounded domain case

Following [18], we shall now consider alternative sets of admissible strategies for the problem
of Subsection 3.1.
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In view of Remark 3.1, we assume that S is locally bounded. Recall from Remark 3.2
that, under this condition, for each (y,Y) € Y, with y > 0, the measure Q := (Y/y) - P €
Me(S).

Let z € IR be some fixed initial capital, and assume that the conditions of Theorem 3.1
hold, so that solutions X, of V(z) and (y., Yi) of W(x) do exist and satisfy the conditions
of the theorem. Then, if y, > 0, the induced measure

Q. = ;/*.P e ML(S) = {QeM“(S) : EO(Q/dP) < o} .

Throughout this section, we shall assume that Y, satisfies the additional condition :
Y, > 0 P—as.,

so that y, > 0, Q. € M*(S) and

. ~ ( dQ dQ
= f b O - P 4 .
Wiz) y>O,C$I€1M€(5’) E [U (ydP> BydP] Ty

(. is the so-called minimal local martingale measure associated to the problem f/(y*), where

Vi) = inf_ E[U(Y)-YB|.

(y,Y)EY

Under the assumption Y, > 0, we also know from Theorem 3.1 that X, = X%’e* for some 6*
€ L(S).

A simple restatement of items (iii) and (iv) of Theorem 3.1 reveals that
the wealth process X%% is a uniformly integrable martingale under Q, ,
and

V(z) = inf V(y)+ 2y sothat = € —aV(y,),

y>0

where we used the (obvious) convexity of V. The following sets of strategies have been

studied by [7] and [19] :

Hi(z) = {9 eL(S) : U (X;’i’e — B) el' and X*isa Q, — supermartingale} ,
Hi(z) = {9 € Hi(z) : X isaQ, — martingale} ,
Ha(z) = {6’ € Hy(z) : XY is a supermartingale under all Q € M“U(S)} :

We now have the following extension of [19] to the nonsmooth utility context of this paper.
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1. Clearly, since EU(X%? — B) < W(x) for all § € Hi(x), and 0, € H)(z) C Hi(x), it

follows that :

- EUX® —B) = EUX® — B).
Vir) = max EU(Xr ) B U(X7 )

2. Also, observe that X,(z) € {X%% : 0 € Hy(x)}. Therefore :

. - ( dQ 0

< EUX® - B) < f B %), XB
Vie) < oeHa(e) VX =B) < y>0.QEM(S) [U (%P) Yap +W]
dQ,

Q.

< Elﬁ<y*dP>_y*dPB+y*4 = W(x) = V(x).

Hence equality holds in all above inequalities. In particular, this proves that :

V(z) = sup EUXZ —B).
0eH2(x)

3. We now prove that 0, € Hy(x) so that
— EU(X% - B).
Viz) =  max BU(Xp" - B)
Let F' be the conjugate of the function z —— U(z — || B|«), i.€.
F ooy — Uy) —ylBlls -

Arguing as in Lemma 5.1 below, we may assume without loss of generality that

F(0) > 0, F is non-increasing near 0 ,

AE)(F) < oo and AEL(F) < oo.

Notice that, by Remark 2.1 and (2.9), F' is clearly non-decreasing near +occ.

(4.1)

(4.3)

To see that (4.1) holds, it suffices to prove that the conjugate function V inherits, from
the function U, the asymptotic elasticity conditions AEy(V) < oo and AE, (V) < co. In

view of the above assumptions (4.2), we need to show that :

for all 0 < pg < p1, there exists some C' > 0
V() < CV(y) forall X\ € [ug, 1] and y >0.

(4.4)

With this property of V the proof of Proposition 2.2 in [19] applies immediately to the

nonsmooth case.

The characterization of the asymptotic elasticity conditions of Lemma 2.3 hold for F' by
(4.2), (4.3) and the fact that it is non-decreasing near 4+oco. Let (y,Y?) € Y be such that

E[U(Y*)-Y°B] < V(y) +¢.
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Fix 0 < po < p1. Then, by Lemma 2.3 and (4.3), there exists some C' > p; such that for all
A S [MO?/J’IL

V(y)+e > E[F(Y?)+Y(|Blw—B)] > éE[F(AY5)+Y€<||B||oo—B>J
= LB[IOY) - w7 B] + (1~ 2)BY(IBl - B)
> éE [U(Y*) —aveB| > éf/(ky),

and (4.4) follows by arbitrariness of € > 0.
Remark 4.1 It is known from [19] that considering sets of admissible strategies such as
{0 € L(S) : X®is a Q — supermartingale (resp. martingale) under some @ € ./\/le(S)} :

may lead to paradoxical results from an economic point of view. They are therefore not

discussed in this paper.

Remark 4.2 We continue the discussion on the uniqueness issue of Remark 3.4. It follows
from the above analysis that, if S is locally bounded and y, > 0, then we are reduced
to considering the sets Hy(x), for the primal problem, and M%(S) for the dual problem.
Recall from Remark 3.4 that, if U is strictly concave, then uniqueness holds in the utility
maximization problem. Then, writing that E[(dQ/dP)X*%] < z for all Q € ME(S), we
see that a necessary and sufficient condition for ) to be optimal for the dual problem is
that :

dQ x,04 ,04 & dQ
E [MXT’G] = T and XTﬂ € —aU <y*dp> .
It follows that, if U is strictly concave, and therefore U is continuously differentiable, the
optimum for the dual problem is unique outside of the set where U’ is constant, i.e. {y >

0 : y € dU(x), for some = where U is not differentiable}.

5 Proofs for the unbounded negative domain case

In this section, we report the proofs of Theorem 3.1 and Proposition 3.1. We shall split
the proof of Theorem 3.1 in different Lemmas. We start by a convenient reduction of the

problem.

Lemma 5.1 Suppose that statements (i)-(iv) of Theorem 3.1 hold for © > ||B|ls and U

non-increasing near 0. Then Theorem 3.1 holds.
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Proof. First notice from (2.9) and U(0) > —oo, that for all sufficiently large k = (k1, k2),
the shifted utility function U* : z € IR — U(z — ki) + ky satisfies maxdU*(0) > 0 and
U*(0) > 0. It follows that the associated Fenchel transform function U* is positive, and,
by the classical connection between the gradients OU* and U (see e.g. [16]), that U* is
non-increasing near 0.

Now, choose k so that the additional condition zy := x + k1 > || B||e holds. By Lemma
2.1 and Remark 2.1, U* satisfies the asymptotic elasticity condition of Theorem 3.1, see (5.1)
below. By assumption of the Lemma, it follows that Theorem 3.1 holds for the problems
VF(xy) = sup EU*(X—B) and W) = inf E (f]k(Y) — YB) + Yy, .

XeXy(zr) (y,Y)eEY 4
We denote by (y¥, YF) (resp. XF) the solution of the problem W¥#(x;) (resp. V*(zy)).
Observing that for y > 0,

—0UMy) = =0U(y) + k1 . UMy) =Uly) —yki + k2, (5.1)
it is easily checked that (v.,Y.) := (y%, V) (resp. X, := X*¥ — k) is optimal for the problem
W (z) (resp. V(z)) and that these quantities satisfy all the statements of Theorem 3.1. O

In view of this result, we shall assume from now on that
z > ||Blleo, U is positive and non-increasing near 0 .

We recall from Remark 2.1 and (2.9) that

U is non-decreasing near oo ,
so that the conditions of Lemma 2.3 hold for U.

Remark 5.1 We isolate the following arguments which will be used repeatedly.

(i) Since X (1) contains the constant random variable 1, we have
EY <y forall (y,Y)eY,, (5.2)
and, for all constant M > 0,
the family {(y,Y) €Y, : |yl < M} isbounded in L'(P).

(ii) Then, for any sequence (y,,Yn), C Y with bounded (y,)n, it follows from Komlos

Lemma together with the convexity of Y, and Fatou’s Lemma that

there is a sequence (f,, Y,

)
such that P — a.s. (n, Yy

€ conv{(yx, Yx), k > n}
) - (gay) € Y+ .
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We now apply Theorem 3.2 to the approximating non-smooth utility function U,, for

some n > 2||Bl|s. Obviously, AE(U,) = AEy(U) < oo by (3.1). We only need to check

that W, () < oco. In view of Remark 3.3, this is a consequence of the following Lemma.
Lemma 5.2 The sequence (W, (z)), is non-decreasing and bounded from above by W (x).

Proof. Fix m > n € IN and consider some (y,Y) € Y. Since {Un} is increasing and y >
EY | we obtain :

E[0,(Y) +yz, — YB,| < mon

[Um(Y) +yx, — YBR} +
O (Y) + Y2 — Y By -

It follows that (W, (x)), is non-decreasing. Now fix (y,Y) € Y4 and n € IN. Since U, < U,

(y— EY)

!

E
= F

E[U.(Y)+yz, —YB,| < E[UY)+yz—YB|+5(y—EY).

n
2

The required result follows from the fact that EY =y, and Y, C Y. O

We are then in the context of Theorem 3.2. Throughout this section, we shall denote by
(Yn, Yn) € Y a solution of problem W, (z) and X,, € C(x,) a solution of problem V,,(z),
that satisfy the assertions of Theorem 3.2. We recall the connection between these solutions.
From (3.1), it follows that

[U(Ya) + @atn = YaBa| = Valz) = E[UX, =B,  (5.3)
(

W,(x) = E Y
oUL(Y,) = B, —0U(Y,) and EX,Y,] = zoyn . (5.4)

X, € B, —

By Remark 3.5, there exists some X? € X,(x,,) satisfying X7 > X,, P —a.s. We shall denote
by V#(x) the associated expected utility :

Observing that X7 —n/2 € X,(x), we directly see that
Valz) < Viz) < Vi(x). (5.5)
The following result follows from the same argument as in Step 2 of [18].
Lemma 5.3 The sequence (Y,,), is uniformly integrable.

The next result completes the proof of Theorem 3.1 (i) and prepares for the proof of the

remaining items.
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Lemma 5.4 (i) There is a sequence (in, Yy, J,) € conv{(ye, Vi, U(Y2)), k > n} such that

(o, Yo Jy) — (4., Y2, U(Y)) € Yo x LY(IRy) P —a.s. andin L'
(i) (v, Ys) is optimal for W(z), i.e. (y.,Ys) € Yy, and E {f/(Y;) + Y — Y*B} = W(x).
(ili) Vi(z) =Wy(z) T W(z) =V (x) < 0o and Vi(z) — V().

Proof. 1. By (5.2), (5.3), Lemma 5.2, and the positivity of U, it follows that :

n
0o > W(x) = (z—|[Bllec)yn+ 5

_EY,) .
2(1/ )

This proves that y,, — 3. > 0, and y,,— E'Y,, — 0 along some subsequence, as x—|| B||s > 0,
Yn > 0 and y, — EY,, > 0. The existence of a sequence (g}n,?) € conv{(yx, Y, k > n}
which converges P — a.s. to (yx, Yi) € Y, follows from Remark 5.1 (ii). From Lemma 5.3,

the convergence of Yn to Y, holds in L' and therefore EY, = y,, proving that (Y., Ys) € i@.

2. Let C be such that for all n > 2||B||«

Un(Y,) =Y,B > Uy(—B) > —C > —o0.

~

Let (42%),,x denote the coefficients of the convex combination defining the sequence (g, Yy, )n.

Using Fatou’s Lemma, the inequality y, > EYj, Step 1 and (3.1), we get

E(U(Y.)+yx~Y.B) < E (hgiogf > uk (T(V0) + g — YkB))

k>n

< liminf (Z ,uﬁ (Uk(Yk) + YT — YkB))

n—00
k>n

~ k
< lim inf >k (E [Uk(Yk) + Ypr — YkB} + 5(% - EYk))
k>n
= liminf Wi (a) < W(z) < oo (5.6)
k>n

Since (y,,Y,) € Yy, it is optimal for W (z). By Lemma 5.2 and (5.3), it follows that :

E(UY.) +yx—Y.B) = W(z) = lim | Wy(z) = lim 1 V,(a). (5.7)

n—oo n—o0

3. The above argument also proves that sup, E Y s, 50U (Y:) = sup, E Y 18 |U(Ye))
< 00. We can therefore find a sequence .J; € conv{Y > pFU (Yy), 1 > n} which converges
P—a.s. to some J, € L'(IR,). By combining the convex combination, we can always assume
that (Gn, Y, Jn) € conv{(yp, Vi, U(Yz)), k > n}.

We now prove that the latter convergence holds in L' and that U (Yy) = J.. U being
convex, we have J, > U(Y;), and therefore .J, > U(Y,). On the other hand, it follows from
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(5.6) and the uniform integrability of (Y},), that EJ, = EU(Y,). Hence, U(Y,) = J,. Finally,
since (jn)n is non-negative, converges P —a.s. to J, and F J, — E.J,, the convergence holds
in L.
4. It follows from (2.8), (5.7) and (5.5) that

V(z) < W(@) = Jim Valo) < Jim V(@) < V()
which concludes the proof. a

We continue the proof of Theorem 3.1 by turning to the sequences (X,,),, and (X?),,. Set

Zn = (Xp— By) Liy,soy + L1y, —oy
zZ: = (X, —By) liy,s0p + Lly,—oy (5.8)

where L := inf{l € [0,00] : U(l) =U(c0)} € IR U {4+00}. We then use the convention
Lx0 =0 sothat U(0) = U(L)— L x 0 is valid .

Lemma 5.5 There is a sequence (Zy, Z2) € conv{(Zy, Z¢), k > n} such that

(Z,,28) — (X, —B,X*—B) P—ua.s with E[X.Y) < zy. and E[X°Y,] < zy, .

Moreover, X, — B < L, X! — B < L and X, = X! =L on {Y, = 0}.

Proof. 1. We first prove the required result for the sequence (Z,),. Recall that on the
event set {Y, > 0}, Z, € —0U,(Y,) = —0U(Y,) for all n (see (3.1)). By Lemma 2.3 and
convexity of U, it follows that for all Z, € —oU (Ys) :

Z, Yy >0y < | Za|Yalpy,syisoy + 12l o) 1y, <vy < C (Un(Yn) + U(Y*)) . (5.9)
By Lemma 5.4, (5.2), and the fact that > || B||~, this provides :
S?sz [Z;Y*} < 0.
Also notice that the equality EY, = y, implies that
B|ZYAyon] = E[(Xa—B)lpsgY] < ay. - EY.B (5.10)

since X,, € C(x,). It follows that sup, EY,|Z;|1fy, 50y < 0o. Hence, there exists a convex
combination Y;Zn]_{y*>0} € conv{Y.Zy1ly.50}, k > n} that converges P —a.s. It follows that
there exists some Z, (=: X, — B) such that Z. — 7, P— a.s., Z, < L and Z,1y,—0y = L.

By combining the convex combinations we may assume that the coefficients defining Z, and
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J,, are the same. Recall from Lemma 5.4 that J, is uniformly integrable. Then, we deduce
from (5.9) that

the sequence Z Y.1{y,>0y is uniformly integrable. (5.11)
Since E | Z,Y 1y w0v| < zy, — E |BY,], it follows from Fatou’s Lemma that
{Yx>0} Y
E(2Y)] = E|ZYly.q| <zy.—E[BY)] .

2. Since (y,,Y:) € Yy and X5 € Ay(x,), we clearly have EY,Z® < y,x — EY,B. We then
observe that (Z2)~ < Z, and the required results of the sequence (Z?),, follows by the same

argument as above. a
Lemma 5.6 X, = X and
X, € B-oU(Y,) P—as., EX)Y, = zy,,
so that EU(X, — B) = V(z) = W(z) = FE [U(Y;) —-Y.B+ :L'y*} Moreover :
Y,Z: — Y.X,—B) in L'(P).
Proof. 1. We first prove that :
X, € B—@(NJ(Y*) P—as. and FEX.Y, = zy, . (5.12)

Notice that by (3.1) and Lemma 2.3

UlZ) sl = Un(Z0) Livi01 (v, >0 (5.13)
< (Un(yn) + |Zn|Yn) 1{Y*>0}1{Yn>0}
< CUL(Y,) .

Let (uF) be the coefficients of the convex combination defined in Lemma 5.4 (i). Since, by

Remark 3.7, Y,, > 0 whenever U(c0) = oo, we deduce from the above inequalities that :

(D" U (Z)Y Loy < O(1+ Jn)
k>n
which is uniformly integrable by Lemma 5.4. It follows from Lemma 5.4, (5.3), the definition
of Z, in (5.8), Fatou’s Lemma, the concavity of U and Lemma 5.5 that

W(z) = lim E > utU(X; — By)

(5.14)
n—00 =
< lim E |3 pf (U(Z)1y.s0) + U<00)1{Y*0})]
L k>n
< B [lmswp ¥ 4t (U(Z0) 1oy + U vcgy) | < F [ Jim U(Z)

n— 00 k>n

= EU(Z,) .
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By Lemma 5.5 and Lemma 5.4 (ii), we get that
W(z) < BU(Z) < E[UY.)+2.Y.] < E[0(Y.) -Y.B+ay| = W() .

Then equality holds, and (5.12) follows.
2. From (5.11) and the fact that Z7 > Z,,, we see that

the sequence {Y,(Z)~, n >0} is uniformly integrable. (5.15)
We also recall that X € X,(z,,), and therefore
EZY, < wxy.— EY.B. (5.16)

It then follows from Fatou’s Lemma together with Step 1 of this proof that £ XY, < xy, =
EX.Y, sothat E(X?— X,)Y, <0. Since X?— X, >0 and X, = X? on {Y, = 0} by Lemma
5.5, this provides X, = X P — a.s.

3. It remains to prove the L!(P) convergence of the sequence (Y,Z2),. To see this, apply
Fatou’s Lemma in (5.16) and use the equality EX.Y, = xy,. The result is

EY.Z;] — E[Y.X.-B)] .

Since ZfL — /7 = Z, P — as. by Step 2 of this proof, the required result follows from
(5.15). a

Lemma 5.7 We have

> wU(X,—B,) — U(X,—B) inL",

k>n

where (pk) are the coefficients of the convex combination defined in Lemma 5.4 (i).

Proof. Set I, = U(X,, — B,). By Remark 3.7, Y,, > 0 whenever U(cc) = co. From Lemma
2.3 and (5.3), it follows that

1]

IN

[U(Xn = Bo)| " 1y,50) + C (5.17)
Un(Yn)l{Yn>o} + | X = Br|Yalgy,s0p + C
< C1+U.(Y,),

IN

for some constant C' > 0. Hence, by Lemma 5.2, (5.2), and the fact that x > || B, it
follows that sup E[I,]] < co. Since

sup |[EL,| = sup|EUL(X, — B,)| = sup|V,(z)| < oo,
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by Lemma 5.4, it follows that
sup E|l,| < o0.

Hence, we can find a sequence I, € conv{ly, k > n} that converges P —a.s. to some I,. By
combining the convex combinations, we can assume that the coefficients defining fn, Z, and
jn are the same. Since by concavity of U, fn <U (Zn), we have

I < UZ).

Moreover, the sequence (.J,), being uniformly integrable (see Lemma 5.4) it follows from

~

(5.17) that ([Z,]T), is uniformly integrable. Using (5.14), W (z) = EU(Z,) (see Lemma 5.6)
and Fatou’s Lemma, we obtain that EU(Z,) < EI,. and therefore

Since, by (5.14), EI, — EU(Z,), we obtain that I, — U(Z,) in L. O

We are now able to complete the proof of Theorem 3.1 (ii).

Corollary 5.1 Let X3 = X3 — 2 and X5 = Sesn HEXE, where (k) are the coefficients

of the convex combination defined in Lemma 5.4 (i). Then

/

XY e X(x) and UXS —B) — U(X,—B) in L'.

n

Proof. By Lemma 5.5 ,Lemma 5.6 and the concavity of U :

SN ubU(X, — B,) < UXS —B) = U(Z)) — UX:—B)=U(X,~B) P—as.

k>n
By Lemma 5.4 and the fact that X2 € X,(x), this provides

V() = ImE Y uiU(X, — B,) < limEU(X; —B) < V(z).

k>n

The required result follows from the L!'(P) convergence result of Lemma 5.7. O

Items (ii) and (iii) of Theorem 3.1 are obtained by combining Corollary 5.1 with Lemma

5.6. We conclude the proof of Theorem 3.1 by verifying item (iv).

Lemma 5.8 Assume that Y, > 0 P — a.s., then X, = X5 for some 6 € L(S) where X**

Yo,

1s a uniformly integrable martingale under @, = y*
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Proof. Set H, = Y./y.. For t < T, define
M, = E[H.X.|F].

Since, E [H.|X.|] < oo by Lemma 5.6 and Lemma 2.3, this defines a process M which is a
uniformly integrable martingale under @, := H, - P. Also notice from Lemma 5.6 that M,
— . Finally recall that X* € A,(z) and, by Lemma 5.6 and Y, > 0,

XY =Z2°+B — X, in LYQ.).

The proof is now completed by the same argument as in Step 10 of [18]. g

The proof of Theorem 3.1 is completed. We conclude this section with the proof of
Proposition 3.1.

Proof of Proposition 3.1. The case U(co) = oo has already been discussed in Section 3.
We then assume that U is bounded from above.

1. We first prove that 0U(0) = {—oco}. To see this, observe that U being bounded from
above, non-decreasing and concave, we have that 0U(4+00) = {0}. Now suppose that 0
€ 0U(x) for some finite z. Then U(z) = U(oco) by concavity of U, and L < x, which is
in contradiction with the assumption of the lemma. The required result follows from the
classical connection between the generalized gradients of U and U.

2. Let (ys,Yi) be the solution of W (z) and define (y.,Y:) := e(,Y) + (1 — ¢)(y., Ys) for
some € € (0,1/2). By convexity of U, we have (y.,Y.) € Y, and U(Y.) € L'. Set

X. = essinf{X €L’ : X e€B-aUY.)},

and observe that B— X, € OU(YE), and X, — Xy P—a.s. with Xy :=essinf{X € L' : X €
B —dU(Y,)}. We now use the optimality of (1, Y,) together with the convexity of U/. The

result is :

o
vV
g o=

[E(U(Y.) + yor — Y. B) — E (U(Y2) + yer — V.G

(
> B(Y.-Y)(B-X)+ (g — 9z, (5.18)

We shall prove later that :

([(v, = V) (B - XE)]*)(KE . is uniformly bounded in L', E[Y[X, — B]"] < o(5.19)

2

and

E[Y.(Xo— B)] < oo, (5.20)
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so that (5.18) implies that EY (Xo — B)" < 0o . Since Y > 0 P—a.s. and, by Step 1 of this
proof, Xo — B = 400 on {Y, = 0} this proves that Y, > 0 P—a.s.

3. We now prove (5.19). Since Y. > 0, U is convex, and = — ()~ is non-increasing, it
follows that for all Z € —9U(Y) and Z, € —0U(Y,) :

VX, B~ < V|2 + Yl Z|1y.s0
By the same type of argument, we obtain that for all Z. € —0U((1 — ¢)Y,) :
Y.(X. - B < Y.JZ| < 21|z
By Lemma 2.3, this provides

(Y =Y)(Xe = B)]”

IN

Y(X: = B)]” + [-Y.(Xe = B)]
CU(Y) + CU(Y.) +2CU((1 — )Y2) 1y,

< CU®Y)+CU(Y.) +2C%U(Y.) € L.

IN

The previous inequalities also prove the second claim of (5.19) since X, — Xy P — a.s.
4. Tt remains to prove (5.20). Since X is valued in B — dU(Y,) and X, < X,, it follows
from the definition of U together with the non-decrease of U that :

UY, = U(Xo—B)-Y.(Xo—B) < UX,—-B)-Y.(X,-B),

so that EY, (X, — B) < V(z) — EU(Y,) < . O

6 Utility functions with bounded negative domain

In this section, we proceed to the proof of Theorem 3.2 which was the starting point of
the proof of Theorem 3.1. We would like to warn the reader that many notations from the
previous sections will be used in this section for different objects.

The effective domains of the utility function and the associated Fenchel transform are

now assumed to satisfy :

cl(dom(U)) = [-26,00) and cl(dom(VU)) = Ry .
Recall that we have assumed that :
U(+o0) > 0, (6.1)

so that U(0+) > 0. The following remark collects some properties of U.
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Remark 6.1 (i) The function y — U(y) — 20y is non-increasing and positive near 0.
(ii) By Lemma 2.1

AE(U() < 0o = AE(U()—23) < oo.

It follows from Lemma 4.1 in [5] that the asymptotic elasticity condition AEy(U) < oo is

equivalent to the existence of two constants v > 0 and yy > 0 such that :

Uluy) —26py < p " (U(y) —2By) for all e (0,1] and y € (0,y0] -

(iii) Applying the latter characterization to yy, and using the non-increase property (i), we
see that :

Ulyo) —28y0 < Uluyo) —28py0 < 17U (y0) — 250
for any arbitrary o € (0,1). This proves that U(yy) — 28y > 0, and by (i) :
Uly)—28y > 0 forall y € (0,y).

(iv) Fix y € (0,00). Then, using a compactness argument, we deduce from the character-

ization (ii) of the asymptotic elasticity condition AE(U) < oo, that there exist positive
constants v > 0 and C; > 0 such that :

Ulpy) —28py < p7[U(y) — 20y + C) forall pe[1/2,1] and y € (0,7) .

6.1 Approximation by quadratic inf-convolution

The main difficulty arises from the non-smoothness of U inherited from U. In order to

handle this problem, we introduce the quadratic inf-convolution :

Unly) = Py + inf <U(Z)—ﬁ2+gly—2|2> :

Then, U, is finitely defined on IR, strictly convex and :

Unly) < U(y) forall y>0. (6.2)

We report from [5] the following properties of U, which will be used in the subsequent

analysis.

Property 6.1 For all y € IR, there exists a unique z,(y) > 0 such that :

Unly) = U(alw)) = Blzaly) = 9) + 5 zl) — ol
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Property 6.2 (i) For allz >0 and y € IR, we have

4 :-
() =yl < [Ouy) = By + oy +C]

for some constant C'.

(ii) Let (yn)n be a sequence converging toy € dom(U). Then

Zn(Yn) — Y.

(iii) Let (yn)n be a sequence converging to y. Suppose further that z,(y,) — y. Then

Un(yn) — Uly) -
Property 6.3 Function U, is continuously differentiable on IR and,

DUu(y) = n(y —2(y) + 6 € 9U(zu(y)) -
Remark 6.2 From Remark 6.1 and Property 6.3 of the inf-convolution, we deduce that

y — U,(y) — 28y is non increasing.

Property 6.4 Suppose that AEy(U) < oo. Then there exist some yo > 0, and some positive
constants v and C' such that, for alln > 1,

Un(py) — By < p[C+Unly) — By] for all pe[1/2,1] and y € (0,y0]

and

~(DU(y) = By < C(1+Unly) = By) for all y € (0,40]

Proof. The second inequality follows from the first one by the same type of arguments as

in proof of Lemma 2.3 (ii) (see the Appendix). We now concentrate on the first inequality.

We set g, (y) := Un(y) — By and g(y) := Uly) — By.
1. Let yp > 0 be defined as in Remark 6.1. Fix 0 < y < gy and define

fl2) = g(2)+ Sly— =
We first prove that f, is increasing on (zg, 00), where
zo = 2yo+ |8 —maxdg(yo)| < oo
is independent of n > 1 and 0 < y < yy. Consider some arbitrary z > zy and ¢; € Jf,(2).

Then, there exists some g, € 0 (g — 3-) (z) such that :

;QI = i(q2+ﬁ)+(2—y)-
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Since the map (g — [+) is non-increasing, by Remark 6.1 (i), it follows that ¢o < 0. Since it

is also convex and z > yy > y, we get :

1
0 > @+ (z—y) > maxdg(yo) —f+2—Y > z2—20+y > 0,

since yo > 0 and z > zy. This proves that, for all n > 1 and 0 <y <y, f, is increasing on

[20, 00), and therefore

gn(py) = _inf (9(2) + gluy - 2|2> , forall (y,u) € (0,y0] x [1/2,1] , n=1. (6.3)

0<2<2g

2. Fix (y,u) € (0,y0] x [1/2,1]. By (6.3), we see that :

. n . n
gn(py) = inf (9(2)+2|uy—ZI2> = inf (9(#2)+u22|y—2|2>

0<z<zp 0<2z<229

where the second equality is obtained by a trivial change of variable and the fact that
> 1/2. Using Remark 6.1 (iv) with § = 22, we deduce that there exist some C' > 0 and
~v > 0, such that

gn(py) < inf (u‘”(CJrg(Z)—52)+6W+u2gly—2|2> :

0<2<2zp

Since p < p~7 and p?™ < 1, this provides :

goley) <t (17(C g2 + Gy — o)

0<2<22g
< wofow nt (94 Sy —2R)| = 1O+ ga)

0<2<229

where the last inequality follows from (6.3) again. a

By substituting U, to U in the definition of the dual problem

W) = inf  E[U(Y)-YB+uay| (6.4)

(y,Y)EY 1

of Theorem 3.2, we define a sequence of approximate dual problems :

Wa(z) = inf  E|U.(Y)=YB+ay| . (6.5)

(v, Y)EY 4

6.2 Existence in the dual problem

The purpose of this paragraph is to prove that the approximate dual problem W, (z) has a
solution, for each n, and to define a solution for the dual problem W(z) as limit of these
solutions in some appropriate sense.

The following preliminary result will be frequently used.
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Lemma 6.1 Let § = 0. Then, there exists a sequence of functions (¢n)i1<n<oo Such that,
for all sufficiently large n,
én = (=Un(0), +00) — (0,00) with lim On(2) = o0

Tr—00 €T

and
Elpn(U,(Y))] < CHy foral (y,Y)eY, withy > 0

for some C' > 0 independent of n, with the convention Us, = U. In particular, for all M > 0
and large n, the family {U,(Y)™, (y,Y) € Y, |y| < M} is uniformly integrable.

The proof of this result is reported in Section 6.4. We now establish existence in the
approximate dual problems W,,, and convergence of these solutions (in some sense) to some
solution of W (x). These results will be established under

Standing Assumptions of Section 6.2 || B« < §, z > 0, and W (z) < 0.

Lemma 6.2 For sufficiently large n, existence holds for the problem W,(z), i.e.
W,(z) = FE {f]n(Yn) + YT — YnB} for some (yn,Y,) € Y, .

Proof. Let n > 1 be a fixed integer, and let (yx, Y% )r be a minimizing sequence of W, (z).
Then, from (6.2), we have

—E[U,(Y3) = YiB]” + 2y < E[U.(Y:) = YiB] + zyp < Wy(z) +1 < W(z) + 1(6.6)

1. We first prove that the sequence (yi)x is bounded so that, by Remark 5.1, there is a
sequence (fk, i) € conv{(y;,Y;), j > k} which converges P — a.s. to some (j,Y) € Y.
(i) The case > 0 is easily dealt with since, with the notations of Property 6.1 :

Un(Ye) = Ulzn(Ye)) = Bzn(Ye) + 8Y = U(=0) + Y, (6.7)
so that (6.6) together with the condition ||B|| < 3 provide :

ryy, < U(=0)" +W(x)+1.

Since x is positive and y; is nonnegative, this proves that the sequence (yx) is bounded.
(ii)) We then concentrate on the case § = 0. Let ¢,, be the function introduced in Lemma
6.1. Then for all € > 0, there exists some xg > 0 such that :
on() 1
> — for x>y, andthen, z < 29+ edy(2)lizzayy < To+edn(r), V2 >0,

T 9
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for sufficiently large zy and n. Using Lemma 6.1, we then compute that, for some C' > 0 :
EU,(Y4)™ < w0+ eEd, (Un(Ye)™) < ao+e(C+up).
Plugging this inequality in (6.6), we obtain :
(x —e)yp < W(x)+14+20+eC. (6.8)

By choosing € = 2/2 > 0, we see that the sequence (yx)x is bounded.

2. Combining Lemma 6.1, (6.7) and 3 > ||B|w, we see that the sequence {(U,(Y;) —
)A/kB)_, k > 0} is uniformly integrable. Let (,ui) be the coefficients of the convex combination
defining (?k) By Fatou’s Lemma together with the convexity of U,, we get :

Wo(z) < E[U,(Y)=YB]+zj < lim inf E[U,(Y}) — YiB] + ziji
< li’gnianuiEUn(Y})—%B—f—xyj = W,(z),
Tk

~

since (y;, Y;); is a minimizing sequence of W,,(x). This proves that (7,Y) is a solution of
W, (z). O

Remark 6.3 For later use, observe that the same arguments as in Step 2 of the above proof

shows that, for sufficiently large n,
the family {(U,(Y)—=YB)™ : (3,Y) €Yy, |yl < M} is uniformly integrable
for all M > 0.

The next Lemma completes the proof of item (i) of Theorem 3.2.

Lemma 6.3 Let (y,,Y,) be a solution of W, (x). Then, there exists a sequence (Yn,Yy) €
conv((yx, Yx), k > n) such that :

(oY) — (oY) EY, P—as (6.9)
Moreover, (y.,Y.) is a solution of the problem W (z).

Proof.

1. We first argue as in the previous proof to show that the sequence (y,), is bounded so
that, by Remark 5.1, there is a sequence (4y,,Y,) € conv{(y;,Y;),j > n} which converges
P — a.s. to some (y.,Y:) € Y.

By definition of (y,, Y, ), we have :
—E[U,(Y,) = YuBl” +ay, < E[U(Y,) = YaBl 4+ ay, = Wal(z) < W(z).
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The case 3 > 0 is easily solved by observing that U,(Y,) — Y,B > U(—f3) as in (6.7). As
for the case # = 0, we again argue as in the previous proof to derive the analogue of (6.8)
withe =2/2>0:

Yy, < 2W(z)+2z9+2C < 2W(z) 4 2x9 +2C for all large n ,

and some C' > 0 independent of n. This provides the required bound on (¥, ).
2. Set g(y) := U(y) — By. Using Property 6.1 of the quadratic inf-convolution, we see that

v.|* < 0.0) - VB

9(z(V)) = Ya(B=B) = Dn(¥a) = VoB — 5 [zu(Va) ~ ¥,

Let (M) >, be coefficients of the above convex combination defining (4, Y;,) from (y;, Y;) j>n.-

From the convexity of U, and the increase of U, in n, we get from the previous inequality :
g(zn(}_/n)) - YR(B —0) < Un(Yn) ~Y,B < Z /\%[ljj(Yj) - Y]B] . (6.10)
Jjzn

Then, taking expected values, we see that :
Eg(en(Va) = Ya(B = B)] < E[Uu(Y,) = VaB| < 3 N[Wj(x) — 2y,
< W(x) — xy, . (6.11)
We now use the following claim (whose proof will be carried out in Part 4 below) :

the sequence ({g(zn(l_/n)) ~Y,(B - ﬁ)]_> is uniformly integrable. (6.12)

Recalling that g(-) + 8- = U (+), and using Property 6.2 of the quadratic inf-convolution, it
follows from Fatou’s Lemma and (6.11) that :

E {(j(Y;) - Y;B} +zy, < liminfFE {Un(ffn) — }_/nB} + ZTYp

n—oo

< limsup F [ffn(ffn) — YnB] +ay, < W(z). (6.13)

n—oo

Since (y.,Y,) € Y this proves that (., Y) is the solution of the problem W(x).

4. In order to complete the proof, it remains to check (6.12). As in the previous proof, the
= U(20(Ya)) — Bzn(Ya) > U(=p), so

case > 0 is easily solved by observing that g(z,(Y,))
that :

g(zn(}_/n)) - Yn(B -B) > U(=p)+ Yn(ﬂ - B) > U(-p),

since || Bl < 3. We then concentrate on the case § = B = 0. Let ¢ := ¢ be the function

introduced in Lemma 6.1. Then,
E[6(U(zn(Ya)))] € CH+Elza(Ya)] < C+ g+ Elza(Ya) = Vol . (6.14)
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By the first part of this proof, the sequence (¥,), is bounded. We next use Property 6.2 (i)
of the quadratic inf-convolution together with (6.11) and § > || B||« to see that :

Ee(¥) -V € B[O+ 0,%) - 8% 4 2%] < SB[+ 0u(%) - BY, + 27.]
< i[0+w<x>].

In particular this proves that the sequence (E [2,(Yy) — YnD is bounded. Hence the right
hand-side term of (6.14) is bounded. Since ¢(z)/x — oo as & — oo, this proves (6.12) by

the la-Vallée-Poussin Theorem. O

Remark 6.4 For later use, observe that the arguments of Step 4 of the above proof also hold

if we replace (gn, Yn) by (yn, Yn). It follows that the sequence ([g(z,(Yy))— Yn(B — B)] 7 )n
is uniformly integrable. Using Property 6.1 as in Step 2, we see that :

9(2n(Yn)) = Yo(B = B) < Un(Yn) —YaB,
so that

the sequence ({Un(Yn) — YnB}) is uniformly integrable. (6.15)

n

Corollary 6.1 W, (z) — W (x).

Proof. Recall that the sequence (W,(x)), is non-decreasing. Since W, (z) < W(z), we
have W, (z) — W () for some W, (x) < W(z). The result is then obtained by combining
(6.11) and (6.13) in the above proof. O

Corollary 6.2 Let (y,,Y,) be a solution of Wy(x) and let (y.,Ys) be the limit defined
in Lemma 6.3. Set J, = Un(Yn) — Y, B. Then, there exists a sequence (g]n,f/n,jn) €
conv((Yr, Y, Jk), k > n) such that :

~ A

(In, Yn) — (4, Ys) P—a.s. and J, — U(Y,) = Y,B in L*(P) .

Proof. From Lemma 6.3, there exists a sequence (¢, Y,) € conv((yk, Yx),k > n) which
converges P-as to a solution (y., Yi) of W(x). Denote by (A}, k > n) the coefficients defining
the convex combination, and let J,, = 34, AL J.

~

1. We first prove the existence of a sequence (¥, Yy, jn) € conv((yx, Y, Jr), K > n) and a
random variable J, € L'(P) such that :

(I, Yo, Jy) — (ys,Ys,J,) and EJ, — BEU(Y,) —Y,B P—as. (6.16)

31



To see this, observe that
EJ, = Y NWi(e) —ay) — W(z) -2y, = EU(Y.) - Y.B
k>n

by Corollary 6.1. Also, it follows from (6.10) that

To < |9(z(Y) - Yu(B-8)]

where g(-) = U (+) — B-. Since the sequence on the right hand-side is uniformly integrable by
(6.12), this shows that

(J ) is uniformly integrable (6.17)

and therefore bounded in L!.
Since |J,,| = J, + 2J;, the above arguments show that the sequence (.J,),, is bounded in

L', and (6.16) follows from Komlos Lemma.

2. We now prove that
J, = UY,) -Y.B. (6.18)

By convexity of U, and increase of (Un)n, we see that J, > U, (Yn) — Y, B. This proves, first,
that [J,]~ < [U,(Y,) — Y, B]~ is uniformly integrable by Remark 6.3, and therefore

EJ, < lim EJ, = EU(Y,)-Y,B

n—oo

by Fatou’s lemma. This also proves that J, > U(Y,) — Y,B by Property 6.2, and (6.18)

follows.

3. In the previous steps, we have proved that J, — U(Y,)—Y.B P—as, EJ, — EU(Y,)—
Y, B, and ([J,]")n is uniformly integrable. This provides that .J, — U(Y,) — Y, B in L'.
O

6.3 Existence for the initial problem

We now turn to the solution of the initial problem V' (z). To do this this, we shall appeal to

Standing Assumptions of Section 6.3 M¢(S) # () and AF,(U) < oo.
We first start by a characterization of the optimality of (y,,Y,) for the problem W, (z).
Recall that U, is continuously differentiable by Property 6.3.

Lemma 6.4 Let (y,,Yy) be a solution of Wy,(x), and set X,, := —DU,(Y,) + B. Then
(i) EX,Y —azy < EX,)Y, —zy, =0 forall (y,Y) € Y.
(i) There exists a sequence X,, € conv(Xy, k > n) such that X,, — X, for some X, in

C(x).
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Proof. 1. We first show that (ii) follows easily from (i). Let @ := Y - P be an arbitrary
measure in M*(S) so that (1,Y) € Y. Since =38 < X,,, we have F[|X,|Y] < F[X,Y]
+ 2E[YX, | <x+ 66 by (5.2) and (i). It follows that the sequence (X,), is bounded in
L'(Q), and the existence of a converging convex combination follows from Komlods Lemma.
Using again (i), we have EX,Y —zy < 0 for all (y,Y) € Y4, and therefore EX,Y < xy
follows from Fatou’s lemma. Clearly, X, > —3( and therefore X, € C(z).

2. We shall prove in Step 3 of this proof that

EX, (Y -Y,) < z(y—vy,) foral (y,Y)eY,.

Applying this inequality to (y,Y) = 2(yn, Yn) € Y, we see that £X,,Y,, < xy,. Similarly,
by taking (y,Y) = 27 (y,,Y,) € Y., we obtain the converse inequality and then EX,Y, =
xy,. This provides the required result.

3. Let (y,Y) € Y, be fixed, and define for small € > 0

(15, Y5) = (1 —&)(yn,Y,) +e(y,Y) and X: := —DU,(Y5)+ B.

Clearly, (v5,Ys) € Y4, and as € N\, 0, we have (Y7, X:) — (¥,,X,) P-as. By the
optimality of (yn,Y,) for the problem W, (z) and the convexity of U,, we have :

0 > "B |Ua(Ya) = UalYy) = B, = Y;)| + & 2(ya —v7)
> EX (Y=Y, —x(y—yn) -

In the rest of this proof, we shall show that

the sequence <[X;§(Y — Yn)]_) is uniformly integrable, (6.19)

5]

which provides the required result by sending € to zero in the last inequality and using
Fatou’s Lemma.
Let o be a given parameter in (0,1/4) and 0 < & < a. We shall denote «, := o + €. By

convexity of U, together with Remark 6.2, we see that :

U(1—a)Yy) > U Y4+ aY =Y,) —aYDUL(YE +a(Y —Y,))
> U (YF+aY —Y,)) —2a.8Y .

Using again the convexity of U,, we get :

Ud((1 —0)Y,) > Un(YE) 4+ aDU, (Y)Y —Y,) —26a.Y
= J—aX(Y-Y,)—-aY(28-B)+(1—a.)Y,B, (6.20)
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where we set J¢ := U,(Y?) — Y°B. We now use the asymptotic elasticity condition AFE,(U)
< oo together with Property 6.4 and Remark 6.2 to obtain :

Un(1=a0)Yn) < (1= ) "[C+ Un(Ya) = BYalLyu<yo)
+{Ua((1 = a2)Yn) = 2(1 — 02) Yo B} Ly, 2y
+(1 = ) Yo B(1 + 1y, >403)

< CH+(1—a) U (Y)" +2(1 — )Y,

for some C' > 0. It follows from (6.20) that

aX, (Y -Y,) > Jy—aY(20-B)+(1—a)Y,B
—C—(1—a) U (V)T —2(1 — )Y,

—C —[JE]” = (1 = 2a)77U,(Y,)" — 2aY (26 — B)
+(1 —2a)Y,(8+ B) — 3,3,

v

where we used the assumption ||B|l« < (3. This provides (6.19) by observing that Y, Y,
and U, (Y,)* are integrable, B is bounded, and the family ([/5]7). is uniformly integrable
by Remark 6.3. a

Lemma 6.5 Let X, be as in the previous Lemma then :
EX.YY, = zy,, X, € B=0oU(Y,) P—as. and EU(X.—B) = V(z)
Moreover, V(z) = W (x).

Proof. Let (g)n,ffn,f(n,jn) € conv{(yg, Yi, Xg, Jx), k > n} be the sequence defined in
Corollary 6.2 and Lemma 6.4 (clearly, we can assume that the convex combinations are the
same in both results). Define U,,(x) := inf, > Un(y) + 2y, and observe that U,, < U. Set

I, == Uy(X, — B)

and let I, be the corresponding convex combination.
1. We claim that

~

the sequence (1), is uniformly integrable. (6.21)

n

Before proving this, let us complete the proof of the Lemma by repeating the argument of

the proof of Lemma 5.6. By Lemma 6.4, £X, Y, = xy, and therefore

Wa(z) = E[Un(Ya)+ 2y, — YaB| = EU.(X, - B) = EI, .
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Since W,,(z) — W(z) = E {INJ(Y*) + zy, — Y*B}, it follows from (6.21), Fatou’s Lemma
and the fact that X, € C(z) (see Lemma 6.4 (ii)) that :

W(z) = FE [U(Y;) + 2y, — Y*B} < FE {lim sup fn}
< F {hm sup U(X,, — B)}
= EUX.—-B) < V(z) < W(x),
where we used the fact that U, < U and the concavity of U. Then equality holds in the

above inequalities, and the required results follow.

2. We now prove (6.21). We first need a preliminary result. Fix ¢ > 0 and observe that

Up(z) < U,(e)+ex forallz > —23.

Since by Property 6.2, U, (¢) — U(e) € IR, it follows that
Up(x) < C+Hex foral x> —-20
for some C' > 0. Since l~fn is convex and U, is non-decreasing, we deduce that :
U (=DUn(y)) < Un(=DUn(0)) < C = eDUs(yo) forall y > yo .

Now observe that DUn(yO) is bounded uniformly in n by Properties 6.2 and 6.3 together
with the closedness of {(z,y) : = € OU(y)} (see e.g. [16]). It follows that there exists some
C > 0 such that :

U, (—DUn(y)) < C forally>yg and n>1. (6.22)

We can now conclude the proof of (6.21). Since X, —B = —DU,(Y,), it follows from
Property 6.4 and (6.22) that, on {Y, > 0},

I < Cly,sy + {Jn + [(Xo = B) + B]Ya + (B = B)Ya} 1y, <y,
C+ {Jn+ CL+ Un(Yo) = Yo + (B = B)Ya } 1y, <y,

< 204 (C+1)|Jy -

<
<

where we used the fact that B — 3 < 0. It follows that
< [l = 207y,

where |T]:| (resp. J) is the convex combination in conv{|.Jy|, k > n} (resp. conv{J; , k >
n}) corresponding to I,. Since U,(0) = U,(oc) and U(Y,) < oo, it follows that ¥, > 0

P — a.s. whenever U, (00) = oo. Therefore, I,7 is bounded on {Y,, = 0}. In view of this, we

~

obtain immediately (6.21) from the uniform integrability of the sequences (.J,,),, and (J,, ),

n

see Corollary 6.2 and (6.15). O
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Corollary 6.3 Suppose that L := inf{l > 0 : U(l) = U(+o00)} = +o00. Then Y, > 0
P—a.s.

Proof. The case U(co) = oo is easily treated as it implies that U(0) = +o0o. We then
concentrate on the case where U is bounded. By Step 1 of the proof of Proposition 3.1 (see
the end of Section 5), it follows from the condition L = 400 that dU(0) = {—oc}.

Let Py :=Yp - P be an arbitrary measure in M*¢(S). From Lemma 6.4, we have E[YyX,]
< z. Since X, > B — 203, this proves that E[Yy(X,)*] < co. But X, = +00 on the event
set {Y* = 0}. Hence Ry[Y. = 0] = 0, and the proof is complete. O

We are now able to complete the proof of items (ii) and (iii) of Theorem 3.2
Lemma 6.6 There exists a random variable X, € C(z) satisfying
vy, = FEX.Y,, X,€B— 80(3/*) P—as and FEU(X,-B) = V(x).
Moreover, if X, > 0, then X, € X, (x).

Proof. 1. Combining Lemma 6.4 and Lemma 6.5, we see that X, := X, € C(z), and
satisfies the announced requirements.

2. We now assume that X, > 0 P—a.s. By Remark 3.5, there exists some X* € X, (x) such
that X, > X, P — a.s. Since X, (x) C C(x), we have EX.Y, < xy, = EX.Y, and therefore
X, = X, on {Y, > 0}. We next consider two cases.

2.1. Assume first that L := inf{{ >0 : U(l) = U(+00)} = 4o00. Then, from Corollary 6.3,
Y. > 0 P—a.s. It follows that X, = X, P — a.s., and the requirement of the lemma holds
for X, = X..

2.2. If L < oo, then Y, may be zero with positive probability. However, since X, = X, on
{Y, >0} and X, — B € —0U(Y.), we have :

EX.Y, = 2y, and (X,—B)AL = (X,—B)AL.
Since U(x) = U(L) for x > L, this proves that
X, € B-oU(Y,) and U(X,—B) = U(X,—B) P—as.

Hence, the required result holds for X, := X,. O

This completes the proof of items (ii) and (iii) of Theorem 3.2.
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6.4 Proof of Lemma 6.1

The last statement of the lemma follows from a direct application of the la Vallée-Poussin

Theorem. Let n be a fixed integer in [1, 0c], and consider the two following cases.

Ist case. Suppose that U, (+00) = —co. Then,

Up : (0,00) — (—oo,f]n(())> is convex and decreasing.

Observe that this is valid even for the case n = oo where U, = U is not strictly convex. Let

n  (<Un(0),+00) — (0,00)
be the inverse of —U,. By direct computation, we see that for all (y,Y) € Y, withy >0
Epn(Un(Y)7)] = Elgn(max{0, ~U,(Y)})]
< E[max{¢,(0),Y}]
< on(0) + E[Y] < 6n(0) +y -

Recall that U(0) = U(+00) > 0 by (6.1), so that ¢..(0) < co. By increase of (U,),, we
deduce that (¢,,), is increasing and therefore ¢,,(0) < ¢ (0) < oo.

It remains to prove that xhngo [pn () /x] = 00 or equivalently, by a trivial change of variable,
yotoo _Un (y)
Let us consider separately the cases n = oo and n < oo.

1. If n = oo, then by an easy extension of I’'Hopital’s rule to the non-smooth case, we see
that

-1
1

lim —2 > liminf inf - = liminf sup g .
v —Up(y) YT qe-oU(y) 4 y—oo

- )
Now, recall that U (c0) = U(0) = —o0, and therefore liII(l] inf OU (z) = oo and yhrgo sup —OU ()
= 0 by the classical connection between the generalized gradients of U and U. This provides
(6.23).
2. If n < oo, then by I'Hopital’s rule together with Property 6.3 (with 5 = 0), we see that :

1
im —2 — = lim (6.24)

e O, (y) v —aly — 2a(y)

where z,(y) is defined in Property 6.1. Now, from the definition of U and U, together with
(6.2), we have :

Ule) = wz(y) + 5 lan(y) =yl < Ulan(y) + Glealy) = yP
= Unly) < Uly)
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for all x > 0. Then

g|zn(y)—y|2 < Uly) —U@) + 2(2a(y) — y) + 2y
< Uly)—U(x )+:cy+£+flzn<> yl?,

where we used the trivial inequality ab < % + % This provides

Yents) -yl < O@) - U@) +ay+ 0

In particular, taking = = &, € —0U(y), we have U(y) — U(&,) + yi&, = 0, and
n T,|? 1
Yool < BE < Ly
n " qe-aU(y)

Since U(0) = —o0, it follows that inf{|p| : p € dU(z)} — +oo as z \, 0 and therefore
sup{lq| : ¢ € —0U(y)} — 0 asy / oo by the classical connection between the generalized
gradients of U and U. Hence, the last inequality proves that n|z,(y) —y| — 0 as y / oo,
and (6.23) follows from (6.24).

2nd_case. We now consider the case where U,(+00) > —oo. We reduce the problem to the

first case by defining the function :

where 1, is chosen so that ¢, (z)/r — 400 as x /" oo. It is immediately checked that the
inequality E[¢n(Un(Y)7)] < ¢n(0) 4+ 3 holds with this definition of ¢,. Finally, arguing as
in the 1rst case, we can choose (1,,), such that ¢, (0) < ¢ (0) < 0. O

7 The asymptotic elasticity conditions

In this section we prove Lemma 2.3 which has been used extensively for the proof of our

main result.

Proof. 1. From the non-increase of f near zero, we have

AEys(f) = limsup sup 4y
yl0  qedf(y) f()

This is in agreement with the definition of [5] whose Lemma 4.1 states that the asymptotic
elasticity condition AFy(f) < oo is equivalent to the existence of yy > 0 and § > 0 such
that

fluy) < pf(y) forall p<1 and y<yp.
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2. By a similar argument to Lemma 4.1 in [5], we also obtain a characterization of the
asymptotic elasticity condition AE,(f) < oo by the existence of y; > 0 and # > 0 such
that

fluy) < pPf(y) forallp>1 and y <y.

3. Since f is non-decreasing near +oo and non-increasing near 0, it follows from Step 1 and
2 that statement (i) of Lemma 2.3 holds for all y € (0, yo] U [y1, 00) (after possibly changing
yo and yy1). Since f(y) > 0, the inequality of (i) holds on the interval (yo,4;1) by a simple

compactness argument.

4. We finally prove (ii). Given y > 0, let ¢ be an arbitrary element of df(y). By convexity
of f together with (i), we have

(n—1yg < flpy)— fly) < (C—=1)f(y)

for all u € [271,2]. The required result is obtained by taking the values = 2 and pu = 271
O
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