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Abstract

These notes present an overview of the problem of super-replication un-
der portfolio constraints. We start by examining the duality approach and
its limitations. We then concentrate on the direct approach in the Markov
case which allows to handle general large investor problems and gamma con-
straints. In the context of the Black and Scholes model, the main result from
the practical view-point is the so-called face-lifting phenomenon of the payoff

function.
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1 Introduction

There is a large literature on the problem of super-replication in finance, i.e. the
minimal initial capital which allows to hedge some given contingent claim at some
terminal time T". Put in a stochastic control terms, the value function of the super-
replication problem is the minimal initial data of some controlled process (the wealth
process) which allows to hit some given target at time 7. This stochastic control
problem does not fit in the class of standard problems as presented in the usual
textbooks, see e.g. [13]. This may explain the important attraction that this problem

had on mathematicians.

In its simplest form, this problem is an alternative formulation of the Black and
Scholes theory in terms of a stochastic control problem. The Black and Scholes
solution appears naturally as a (degenerate) dual formulation of the super-replication
problem. However, real financial markets are subject to constraints. The most
popular example is the case of incomplete markets which was studied by Harrisson
and Kreps (1979), and developed further by ElKaroui and Quenez (1995) in the
diffusion case. The effect of the no short-selling constraint has been studied by
Jouini and Kallal (1995). The dual formulation in the general convex constraints
framework has been obtained by Cvitani¢ and Karatzas (1993) in the diffusion case
and further extended by Follmer and Kramkov (1997) to the general semimartingale

case.

In the general constrained portfolio case, the above-mentioned dual formulation
does not close the problem : except the complete market case, it provides an alter-
native stochastic control problem. The good news is that this problem is formulated
in standard form. But there is still some specific complications since the controls
are valued in unbounded sets. We are then in the context of singular control prob-
lems which typically exhibit a jump in the terminal condition. The main point is to

characterize precisely this face-lifting phenomenon.

However, the duality approach has not been successful to solve more general super-
replication problems. Namely, the dual formulation of the general large investor
problem is still open. The same comment prevails for the super-replication problem
under gamma constraints, i.e. constraints on the unbounded variation part of the
portfolio. We provide a treatment of these problems which avoids the passage from
the dual formulation. The key-point is an original dynamic programming principle

stated directly on the initial formulation of the super-replication problem.



Further implications of this new dynamic programming principle are reported in

our accompanying paper [22]. These notes are organized as follows.
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2 Problem formulation

2.1 The financial market

Given a finite time horizon 7" > 0, we shall consider throughout these notes a com-
plete probability space (2, F, P) equipped with a standard Brownian motion B =
{(By(t),...,Bq(t)), 0 <t < T} valued in IR?, and generating the (P—augmentation
of the) filtration IF. We denote by ¢ the Lebesgue measure on [0, 7.

The financial market consists of a non-risky asset S° normalized to unity, i.e.
SY = 1, and d risky assets with price process S = (S%,...,S%) whose dynamics is
defined by a stochastic differential equation. More specifically, given a vector process
p valued in IR, and a matrix-valued process o valued in IR"*", the price process S°

is defined as the unique strong solution of the stochastic differential equation :

SH0) = s,  dS'(t) = S'(t) bi(t)dt+zdja”(t)d31(t) ; (2.1)

J=1

here b and o are assumed to be bounded F'—adapted processes.
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Remark 2.1 The normalization of the non-risky asset to unity is, as usual, obtained

by discounting, i.e. taking the non-risky asset as a numéraire.

In the financial literature, o is known as the volatility process. We assume it to

be invertible so that the risk premium process
N(t) = o@®)7'b(t), 0<t<T,

is well-defined. Throughout these notes, we shall make use of the process

Zolt) = 5(— /Ot )\o(r)’dB(r)> — exp (- /Ot No(r)dB(r) —;/Otw(r)\?) ,

where prime denotes transposition.

Standing Assumption. The volatility process o satisfies :

1T /-1
E expi/ lo'o]
0

< oo and sup |0'o]! < 00 P —as.
(0,71

Since b is bounded, this condition ensures that the process A satisfies the Novikov
condition Elexp f] [\o|?/2] < 0o, and we have E[Zy(T)] = 1. The process Z, is then

a martingale, and induces the probability measure F, defined by :
Py(A) = E[Zy(t)14] forall Ae F(t), 0<t<T.

Clearly F, is equivalent to the original probability measure P. By Girsanov’s The-

orem, the process
t
Bo(t) == B(t)+ [ M)dt, 0<t<T,
0

is a standard Brownian motion under Fj.

2.2 Portfolio and wealth process

Let W(t) denote the wealth at time ¢ of some investor on the financial market.
We assume that the investor allocates continuously his wealth between the non-
risky asset and the risky assets. We shall denote by 7*(¢) the proportion of wealth

invested in the ¢ — th risky asset. This means that

7' (t)W(t)  is the amount invested at time ¢ in the i — th risky asset.



The remaining proportion of wealth 1 — % | () is invested in the non-risky asset.

The self-financing condition states that the variation of the wealth process is only
affected by the variation of the price process. Under this condition, the wealth

process satisfies :

dw(t) =

Oy 0%
t

=1

w
W(t)x(t)'[b(t)dt + o(t)dB(t)] = W(t)w(t)o(t)dBe(t) . (2.2)

Hence, the investment strategy m should be restricted so that the above stochastic

differential equation has a well-defined solution. Also 7(t) should be based on the

information available at time ¢. This motivates the following definition.

Definition 2.1 An investment strateqy is an IF—adapted process ™ valued in IR?
and satisfying [ |o'n|?(t)dt < oo P—a.s.

We shall denote by A the set of all investment strategies.

Clearly, given an initial capital w > 0 together with an investment strategy =, the

stochastic differential equation (2.2) has a unique solution
Wi(t) = wé </0t7r(r)'a(r)dBo(r)) , 0<t<T.
We then have the following trivial, but very important, observation :
W

7 is a Py—supermartingale , (2.3)

as a non-negative local martingale under F.

2.3 Problem formulation

Let K be a closed convex subset of IR¢ containing the origin, and define the set of

constrained strategies :
Ak = {re A : 1€ K{®P—as.} .

The set K represents some constraints on the investment strategies.

Example 2.1 Incomplete market : taking K = {z € R* : z' = 0}, for some
integer 1 <17 < d, means that trading on the :—th risky asset is forbidden.
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Example 2.2 No short-selling constraint : taking K = {x € R : 2! > 0}, for
some integer 1 <4 < d, means that the financial market does not allow to sell short
the 1—th asset.

Example 2.3 No borrowing constraint : taking K = {x € R? : a'+... +2? <1}
means that the financial market does not allow to sell short the non-risky asset or,

in other word, borrowing from the bank is not available.

Now, let G be a non-negative F(7')— measurable random variable. The chief goal

of these notes is to study the following stochastic control problem
V() = inf{fwe R : WI(T) > G P—as. forsomern € Ax} . (2.4)

The random variable G is called a contingent claim in the financial mathematics
literature, or a derivative asset in the financial engineering world. Loosely speaking,
this is a contract between two counterparts stipulating that the seller has to pay G
at time 7" to the buyer. Therefore, V' (0) is the minimal initial capital which allows
the seller to face without risk the payment G at time 7', by means of some clever

investment strategy on the financial market.

We conclude this section by summarizing the main results which will be presented

in these notes.

1. We start by proving that existence holds for the problem V' (0) under very mild
conditions, i.e. there exists a constrained investment strategy m € Ax such that
Wi o (T') > G P—a.s. We say that 7 is an optimal hedging strategy for the contingent

claim G.

The existence of an optimal hedging strategy will be obtained by means of some
representation result which is now known as the optional decomposition theorem
(in the framework of these notes, we can even call it a predictable decomposition
theorem). As a by-product of this existence result, we will obtain a general dual

formulation of the control problem V'(0). This will be developed in section 3.

2. In section 4, we seek for more information on the optimal hedging strategy by
focusing on the Markov case. The main result is a characterization of V' (0) by
means of a nonlinear partial differential equation (PDE) with appropriate terminal
condition. In some cases, we will be able to solve explicitly the problem. The
solution is typically of the face lifting type, a desirable property from the viewpoint

of the practioners.



The derivation of the above-mentioned PDE is obtained from the dual formulation

of V(0) by classical arguments.

3. Section 6 develops the important observation that the same PDE can be ob-
tained by working directly on the original formulation of the problem V'(0). Further
developments of this idea will be reported in the accompanying paper [22]. In par-
ticular, such a direct treatment of the problem allows to solve some super-replication

problems for which the dual formulation is not available.

4. The final section of this paper is devoted to the problem of super-replication under
Gamma constraints, for which no dual formulation is available in the literature. The

solution is again of the face lifting type.

3 Existence of optimal hedging strategies

and dual formulation

In this section, we concentrate on the duality approach to the problem of super-
replication under portfolio constraints V' (0). Our main objective is to convince the
reader that the presence of constraints does not affect the general methodology of
the proof : the main ingredient is a stochastic representation theorem. We therefore
start by recalling the problem solution in the unconstrained case. This corresponds
to the so-called complete market framework. In the general constrained case, the
proof relies on the same arguments except that : we need to use a more advanced

stochastic representation result, namely the optional decomposition theorem.

Remark 3.1 local martingale representation theorem.

(i) Theorem. Let Y be a local P—local martingale. Then there exits an IR?—valued

process ¢ such that
t T
Y(t) = Y(0) +/ o(r)'dB(r) 0<t<T and / 19| < 0o P —aus.
0 0

(see e.g. Dellacherie and Meyer VIII 62).

(ii) We shall frequently need to apply the above theorem to a ()—local martingale Y,
for some equivalent probability measure () defined by the density (dQ/dP) = Z(T)
=& (— T )\(r)’dB(r)), with Brownian motion B? := B+ [; A(r)dr. To do this, we

first apply the local martingale representation theorem to theP—local martingale



ZY. The result is ZY = Y(0) + f; ¢dB for some adapted process ¢ with [ |¢|> <

0o. Applying [t6’s lemma, one can easily check that we have :
t
Y(t) = Y(0) +/ Y(r)dBo(r) 0<t<T where ¢ = Z l¢+\Y .
0

Since Z and Y are continuous processes on the compact interval [0, 7], it is imme-
diately checked that [ |¢]? < oo Q—a.s.

3.1 Complete market :

the unconstrained Black-Scholes world

In this paragraph, we consider the unconstrained case K = IR?. The following result
shows that V(0) is obtained by the same rule than in the celebrated Black-Scholes

model, which was first developed in the case of constant coefficients 1 and o.

Theorem 3.1 Assume that G > 0 P—a.s. Then :
(i) V(0) = EyG]

(ii) if Eo[G] < oo, then Wi (T) = G P—a.s. for some 7 € A.

Proof. 1. Set FF := {w € R: WZ(T) > G for some 7 € A}. From the
Py—supermartingale property of the wealth process (2.3), it follows that w > Ey[G]
for all w € F. This proves that V(0) > Ey[G]. Observe that this concludes the
proof of (i) in the case Fy[G] = +0.

2. We then concentrate on the case Ey[G] < 0o. Define
Y(t) = Ep|G|F(t)] for 0<t<T.

Apply the local martingale representation theorem to the Fy—martingale Y, see
Remark 3.1. This provides

Y(t) = Y(0)+ /Ot Y (r)'dBy(r) for some process ¢ with /OT [Y|* < oo .

Now set 7 := (Yo')"14. Since Y is a positive continuous process, it follows from
Standing Assumption that 7 € A, and Y = Y(0) (fym(r)*o(r)dBo(r)) = Wi
The statement of the theorem follows from the observation that Y(T') = G. O



Remark 3.2 Statement (ii) in the above theorem implies that existence holds for
the control problem V'(0), i.e. there exists an optimal trading strategy. But it
provides a further information, namely that the optimal hedging strategy allows to
attain the contingent claim G. Hence, in the unconstrained setting, all (positive)
contingent claims are attainable. This is the reason for calling this financial market

complete.

Remark 3.3 The proof of Theorem 3.1 suggests that the optimal hedging strategy
7 is such that the Py— martingale Y has the stochastic representation Y = F[G] +
JoYn'odB,. In the Markov case, we have Y (t) = v(¢,S(t)). Assuming that v is
smooth, it follows from an easy application of It6’s lemma that

T (OWig®) o

Al(t) = 0 = asi(t, S(t)) .

We now focus on the positivity condition in the statement of Theorem 3.1, which
rules out the main example of contingent claims, namely European call options
[SY(T) — K|*, and European put options [K — S*(T)]*. Indeed, since the portfolio
process is defined in terms of proportion of wealth, the implied wealth process is
strictly positive. Then, it is clear that such contingent claims can not be attained,
in the sense of Remark 3.2, and there is no hope for Claim (ii) of Theorem 3.1 to

hold in this context. However, we have the following easy consequence.

Corollary 3.1 Let G be a non-negative contingent claim. Then

(i) For all e > 0, there exists an investment strategy m. € A such that Wi, (T') =
G+e.

(i) V(0) = Ey[G].

Proof. Statement (i) follows from the application of Theorem 3.1 to the contingent
claim G+¢. Now let V.(0) denote the value of the super-replication problem for the
contingent claim G + ¢. Clearly, V(0) < V.(0) = Ey|G + €], and therefore V(0) <
Ey|G] by sending € to zero. The reverse inequality holds since Part 1 of the proof
of Theorem 3.1 does not require the positivity of G. O

Remark 3.4 In the Markov setting of Remark 3.3 above, and assuming that v is

smooth, the approximate optimal hedging strategy of Corollary 3.1 (i) is given by

. T ()W v
st = BOZEOD — D sw) ) = D s
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observe that A := A. is independent of €.

Example 3.1 The Black and Scholes formula : consider a financial market with
a single risky asset d = 1, and let p and o be constant coefficients, so that the
Py—distribution of In[S(T)/S(t)], conditionally on F(t), is gaussian with mean
—0*(T — t)/2 and variance o?(T — t). As a contingent claim, we consider the
example of a European call option, i.e. G = [S(T) — K| for some exercise price

K > 0. Then, one can compute directly that :
V(t) = v(t,S(t)) where v(t,s) := sF(d(t,s)) — KF(d(t,s) —ovT — ) ,
1
d(t,s) = (VT —t) ' In(K's) + 50\/T —t,

and F(z) = (2r)~"/2 [*__ e */2du is the cumulative function of the gaussian distri-
bution. According to Remark 3.3, the optimal hedging strategy in terms of number

of shares is given by :

Alt) = Fd(t,S(1) .

3.2 Optional decomposition theorem

We now turn to the general constrained case. The key-point in the proof of The-
orem 3.1 was the representation of the Fy—martingale Y as a stochastic integral
with respect to By; the integrand in this representation was then identified to the
investment strategy. In the constrained case, the investment strategy needs to be
valued in the closed convex set K, which is not guaranteed by the representation
theorem. We then need to use a more advanced representation theorem. The results
of this section were first obtained by ElKaroui and Quenez (1995) for the incomplete
market case, and further extended by Cvitani¢ and Karatzas (1993).

We first need to introduce some notations. Let

o(y) = sup 2’y
rzeK

be the support function of the closed convex set K. Since K contains the origin, §

is non-negative. We shall denote by
K = dom(K) = {yc R : §(y) < oo}

the effective domain of §. For later use, observe that K is a closed convex cone of

IR?. Recall also that, since K is closed and convex, we have the following classical
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result from convex analysis (see e.g. Rockafellar 1970) :

¢z € K ifandonlyif 6(y)—a'y > 0 forally € K , (3.1)

r € 1i(K) ifandonlyif z€ K and inf (6(y)—2'y) > 0, (3.2
yeK1

where
K, = Kn{ye R : |y|=1and d(y) +5(—y) #0} .

We next denote by D the collection of all bounded adapted processes valued in K.

For each v € D, we set

B,(t) = exp (—/Oté(u(r))dr) C0<t<T,

and we introduce the Doléans-Dade exponential
t
Z,(t) == & (—/ )\l,(r)'dB(r)> where )\, = o '(b—v) = Ng—0 V.
0

Since b and v are bounded, A, inherits the Novikov condition £ [exp (% I \)\,,\2)} <

oo from Standing Assumption. We then introduce the family of probability measures
P,(A) = E[Z,(t)14] forall AeF(t), 0<t<T.

Clearly P, is equivalent to the original probability measure P. By Girsanov Theo-

rem, the process

t

B(t) = B(t)—i—/ot/\y(r)dr = Bo(t)— [ o) ), 0<<T,(33)

is a standard Brownian motion under P,.

Remark 3.5 The reason for introducing these objects is that the important prop-
erty (2.3) extends to the family D :

B,Wr is a P,—supermartingale for all v € D, m € Ag , (3.4)
and w > 0. Indeed, by It6’s lemma together with (3.3),
dWwrg,) = Wrig,[—(6(v)—x'v)dt +7'cdB,] .

In view of (3.1), this shows that W3, is a non-negative local P, —supermartingale,
which provides (3.4).
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Theorem 3.2 Let Y be an IF'— adapted positive cadlag process. Assume that
the process (3,Y is a P,—supermartingale for all v € D.

Then, there exists a predictable non-decreasing process C, with C(0) = 0, and a
constrained portfolio m € Ay such that Y = W, — C'.

Proof. We start by applying the Doob (unique) decomposition theorem (see e.g.
Dellacherie and Meyer VII 12) to the Py—supermartingale Y 5y = Y, together with
the local martingle representation theorem, under the probability measure Fy. This
implies the existence of an adapted process ¢y and a non-decreasing predictable

process Cy satisfying Cy(0) = 0, fOT |10]? < 00, and :
V() = YO+ [ dalr)dBo(r) - Colt) (3.5)
see Remark 3.1. Observe that
My = Y(0)+/O'¢0d30 — V4G >Y > 0. (3.6)
We then define
m = Mg (o')W .

From Standing Assumption together with the continuity of My on [0,7] and the
fact that [ |1o]? < oo, it follows that my € A. Then M, = Wy o) and by (3.6),

Y = W;‘zo) —Cy .
In order to conclude the proof, it remains to show that the process 7 is valued in K.
2. By It0’s lemma together with (3.3), it follows that :
d(Yﬁy) = M()BVW(IJO'CZBV — /81/ [(Y(S(V) — Moﬂ'[/)V)dt + dC()] .

This provides the unique decomposition of the P,—supermartingale Y 3, = M,+C,,
with

M, = Y(0) + /O MyB,m,0dB, and CY = /0 B, [(Yo(v) — Momhw)dt + dCy] |,

into a P,—local martingale M, and a predictable non-decreasing process C', starting

from the origin. We conclude from this that :
t t
0 < / GG, = Colt) + / (Yo(v) — Mymhv) (r)dr
0 0

< G+ [ "My (5(v) — 7w) (R)dr forallv e D, (3.7)

13



where the last inequality follows from (3.6) and the non-negativity of the support

function 4.

3. Now fix some v € D, and define the set F, := {(t,w) : [mv + d(v)](t,w) < 0}.

Consider the process
A0 — y1p§ +nvlp,, nelN.

Clearly, since K is a cone, we have v € D for all n € IN. Writing (3.7) with v(™),
we see that, whenever ¢ ® P[F,] > 0, the left hand-side term converges to —oo as
n — oo, a contradiction. Hence { ® P[F,| = 0 for all v € D. From (3.1), this proves
that T € K { ® P—as. O

3.3 Dual formulation

Let 7 be the collection of all stopping times valued in [0, 7], and define the family

of random variables :

and E,[-] denotes the conditional expectation operator under P,. The purpose of
this section is to prove that V(0) = Y, and that existence holds for the control
problem V(0). As a by-product, we will also see that existence for the control
problem Y holds only in very specific situations. These results are stated precisely
in Theorem 3.3. As a main ingredient, their proof requires the following (classical)

dynamic programming principle.
Lemma 3.1 (Dynamic Programming). Let 7 < 6 be two stopping times in 7.
Then :

Y, = esssup,ep By, Yoy (1, 0)|F(7)] .

Proof. 1. Conditioning by F(6), we see that
Y, < esssup,ep By [7(T,0)E, (G, (0,T)|F(0)]] < esssup,ep B [1.(T,0)Ys] .

2. To see that the reverse inequality holds, fix any ¢ € D, and let D, y(n) be the
subset of D whose elements coincide with p on the stochastic interval |7, u]. Let

(v )x be a maximizing sequence of Yp, i.e.

Yo = lim J, (0) where J,(0) := E,[Gv.(0,T)|F()];

k—oo
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the existence of such a sequence follows from the fact that the family {J,(6),v € D}
is directed upward. Also, since J,(0) depends on v only through its realization on
the stochastic interval [#, 7], we can assume that v, € D, (). We now compute
that

Yo > By (G (rTIF)] = Euu(r0), 0)|F(7)]

which implies that Y; > E, [7,(7,0)Yy|F(7)] by Fatou’s lemma. O

Now, observe that we may take the stopping times 7 in the definition of the family
{Y., 7 € T} to be deterministic and thereby obtain a non-negative adapted process
{Y(t),0 <t <T}. A natural question is whether this process is consistent with the
family {Y,, 7 € 7} in the sense that Y, (w) = Y (7(w)) for a.e. w € Q. For general
control problems, this is a delicate issue. However, in our context, it follows from
the above dynamic programming principle that the family {Y;, 7 € 7} satisfies a

supermartingale property :
EB,(0)Ys|F(r)] < B,(r)Y, forallm,0 e T with 7 < 0.

By a classical argument, this allows to extract a process Y out of this family, which
satisfies the supermartingale property in the usual sense. We only state precisely
this technical point, and send the interested reader to Karatzas and Shreve (1999)

Appendix D or Cvitani¢ and Karatzas (1993), Proposition 6.3.

Corollary 3.2 There ezists a cadlag process Y = {Y (t), 0 <t < T}, consistent
with the family {Y,, 7 € T}, and such that Y3, is a P,—supermartingale for all
veD.

We are now able for the main result of this section.

Theorem 3.3 Assume that G > 0 P—a.s. Then :
(i) V(0) = Y(0),

(ii) if Y/(0) < oo, existence holds for the problem V(0), i.e. Wi (T) > G P—a.s.

for some ™ € Ay,

(iii) existence holds for the problem Y (0) if and only if
var(o)(T) = G and ﬁ,}WVfr(()) is a Py—martingale
for some pair (7,0) € Ag x D.
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Proof. 1. We concentrate on the proof of Y (0) > V(0) as the reverse inequality is
a direct consequence of (3.4). The process Y, extracted from the family {Y,;, 7 € 7}
in Corollary 3.2, satisfies Condition (i) of the optional decomposition theorem 3.2.
Then Y = Wy, — C' for some constrained portfolio 7 € Ay, and some predictable
non-decreasing process C' with C'(0) = 0. In particular, W, (T) > Y(T) = G.
This proves that Y (0) > V/(0), completing the proof of (i) and (ii).

2. It remains to prove (iii). Suppose that W(}r(o) (T') = G and ﬁ,;WVﬁ(O) is a P,—martin-
gale for some pair (7,7) € Axg x D. Then, by the first part of this proof, Y (0) =
V(0) = Ey Wi o) (T)3:(T)] = Ey [GB(T)), ie. #is a solution of ¥ (0).

Conversely, assume that Y (0) = E;[GG:(T)] for some v € D. Let & be the
solution of V(0), whose existence is established in the first part of this proof. By
definition Wi, (T) — G > 0. Since 3;Wi ) is a Py—super-martingale, it follows
that E, [ﬁ,,( 3(0)(T) — G)} < 0. This proves that W{/AT(O)(T) — G =0 P—-as. We
finally see that the P,—super-martingale ﬁ,;W(;T(O) has constant P,—expectation :

Y(0) = By [B(t) Wi (t)]
> Ey [Ey (Bo(T)Wio)(T)| F(1)] = B [3:(T)G] = Y (0),

and therefore ﬁf,W";T(O) is a P;—martingale. O

3.4 Extensions

The results of this section can be extended in many directions.

3.4.1 Simple Large investor models

Suppose that the drift coefficient of the price process depends on the investor’s
strategy, so that the price dynamics are influenced by the action of the investor.

More precisely, the price dynamics ar defined by :

SH0) = s',  dS(t) = S(t) |b'(t, S(t),ﬂ(t))dt+zd:a”(t)dBj(t) , (3.8)

Jj=1

where b(t, s, ) is convex and non-negative. Define the Legendre-Fenchel transform :

b(t,s,y) := sup (bi(t,w,x)—kx’y) for ye R?,
zeK

together with the associated effective domain :

K(t,s) = {ye]Rd : l;(t,s,y)<oo}.
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Next, we introduce the set D consisting of all bounded adapted processes v satisfying

v(t) € K(t,5(t)) { @ P—aus.

For any process v € D, define the equivalent probability measure P, by the density

process

and the discount process :

By(t) = exp (— /OtE(T,S(r),V(T))dr> .

Then, the results of the previous section can be extended to this context by defining

the dynamic version of the dual problem

B (T)
Bu(r)

Y, = esssup,ep By (G (T, T)| F(7)] 3 7 € T where ~,(r,T) =

Important observation : in the above simple large investor model, only the drift
coefficient in the dynamics of S is influenced by the portfolio 7. Unfortunately,
the analysis developed in the previous paragraphs does not extend to the general
large investor problem, where the volatility process is influenced by the action of the
investor. This is due to the fact that there is no way to get rid of the dependence of
o on 7w by proceeding to some equivalent change of measure : it is well-known that
the measures induced by diffusions with different diffusion coefficients are singular.
In section 6, the general large investor problem will be solved by an alternative

technique.

Remark 3.6 From an economic viewpoint, one may argue that the dynamics of the
price process should be influenced by the variation of the portfolio holdings of the
investor d[xWW]. This is related to the problem of hedging under gamma constraints.

The last section of these notes presents some preliminary results in this direction.

3.4.2 Semimartingale price processes

All the results of the previous sections extend to the case where the price process S
is defined as a semimartingale valued in (0, 00)?. Let us state the generalization of
Theorem 3.3; we refer the interested reader to Follmer and Kramkov (1997) for a

deep analysis.
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the wealth process is defined by

W) = 5( /Otﬂ(r)’diag[S(r)]1dS(r)>,

where diag[s] denotes the diagonal matrix with diagonal components s’, and the set
of admissible portfolio Ak is the collection of all predictable processes 7 valued in

K for which the above stochastic integral is well-defined.

Let P be the collection of all probability measures ) ~ P such that :
WTe ™ is a Q—local supermartingale for all 7 € A , (3.9)

for some increasing predictable process C' (depending on ). An increasing pre-
dictable process Cg is called an upper variation process under () if it satisfies (3.9)

and is minimal with respect to this property. Such a process is shown to exist.

Then, the results of the previous sections can be extended to this context by

defining the dynamic version of the dual problem
Y, = esssupgepEo [Gro(r T F(1)] s 7 € T,  1(r,T) = =@,

where Eg denotes the expectation operator under Q).

The main ingredient for this result is an extension of the optional decomposition
result of Theorem 3.2. Observe that the non-decreasing process C' in this more

general framework is optional, and not necessarily predictable. We recall that

- the optional tribe is generated by {F;}—adapted processes with ca—lég trajecto-

ries;

- a process X is optional if the map (¢,w) — X(¢,w) is measurable with respect

to the optional tribe;

- the predictable tribe is generated by {F;_ } —adapted processes with left-continuous

trajectories;

- a process X is predictable if the map (t,w) — X (¢,w) is measurable with respect
to the predictable tribe.
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4 HJB equation from the dual problem

4.1 Dynamic programming equation

In order to characterize further the solution of the super-replication problem, we

now focus on the Markov case :
b(t) = b(t,S(t)) and o(t) = o(t,S(t)),

where b and o are now vector and matrix valued functions defined on [0, T] x R?. In
order to guarantee existence of a strong solution to the SDE defining S, we assume
that b and o are Lipschitz functions in the s variable, uniformly in . We also

consider the special case of European contingent claim :
G = g(5(T)),

where ¢ is a map from [0, 00)? into IR,. We first extend the definition of the dual
problem in order to allow for a moving time origin :

v(t,s) = sup Elg(Sis(T))7(t,T)] = sup E g(St,s(T))e*ftTé(y(T))dr

veD veD

Here, S;; denotes the unique strong solution of (2.1) with initial data S;(¢) = s.
Notice that, although the control process v is path dependent, the value function
of the above control problem v(¢, s) is a function of the current values of the state
variables. This is a consequence of the important results of Haussman (1985) and
ElKaroui, Nguyen and Jeanblanc (1986).

Let v, and v* be respectively the lower and upper semi-continuous envelopes of

v

v.(t,s) == liminf wo(t,s’) and v*(¢,s) := limsup o(t',s').
#,s")—(t,s) (,s")—(t,9)

We shall frequently appeal to the infinitesimal generator of the process S under F :
1
Lo = @i+ 5Trace {diag[s]aa’diag[s]Dap} :

where diag[s] denotes the diagonal matrix with diagonal components s’, the ¢ sub-
script denotes the partial derivative with respect to the ¢ variable, D¢ is the gradient
vector with respect to s, and D?¢p is the Hessian matrix with respect to s. We will

also make use of the first order differential operator :

HYp := 0(y)p — y'diag[s|Dyp for y € K.
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An important role will be played by the following face-lifted payoff function

g(s) = sup g(seV)eW for se R, (4.1)
yeK

where se? is the IR? vector with components s’e?’. We finally recall from (3.2) the
notation K; := K N{|y| = 1 and §(y) + 6(—y) # 0}, and we denote by

rx the orthogonal projection of x on vect(K) ,

where vect(K) is the vector space generated by K. The main result of this section

is the following.

Theorem 4.1 Let o be bounded and suppose that v is locally bounded. Assume fur-
ther that g is lower semi-continuous, § is upper semi-continuous with linear growth.
Then :

(i) For all (t,x) € [0,T) x R* and y € K, the function r — §(y)r — In (v(t, e**"¥))

is non decreasing; in particular, v(t,e®) = v(t,e*) for all (t,z) € [0,T) x IR?,

(i) v is a (discontinuous) viscosity solution of

min{—ﬁv , inf Hyv} =00on[0,T)x (0,00, w(T,") =g. (42)
yeKi
The proof of the above statement is a direct consequence of Propositions 4.1, 4.2,

4.4, 4.5, and Corollary 4.1, reported in the following paragraphs.

We conclude this paragraph by recalling the notion of discontinuous viscosity
solutions. The interested reader can find an overview of this theory in [5] or [13].
Given a real-valued function u, we shall denote by u, and u* its lower and the upper
semi-continuous envelopes. We also denote by §,, the set of all n X n symmetric

matrices with real coeflicients.

Definition 4.1 Let F' be a map from IR" x IR" x S,, into IR, O an open domain of

IR™, and consider the non-linear PDE
F(x,u(x),Du(x),D%(x)) =0 for x € O. (4.3)

Assume further that F(x,r,p, A) is non-increasing in A (in the sense of symmetric

matrices). Let u : O — IR be a locally bounded function.
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(i) We say that u is a (discontinuous) viscosity supersolution of (4.3) if for any
xo € O and p € C*(O) satisfying

(e = @)(wo) = min (u. —¢),

we have
F* (xo,u*(xo), Dy(xg), D2g0(x0)) > 0.

(i1) We say that u is a (discontinuous) viscosity subsolution of (4.3) if for any o € O
and ¢ € C*(O) satisfying
(W = ¢)(zo) = max (u"—¢),

we have

F, (a:o,u*(:cg),D(p(xg),Dng(xo)) < 0.
(i1i) We say that u is a (discontinuous) viscosity solution of (4.3) if it satisfies the

above requirements (i) and (ii).

In these notes the map F' defining the PDE (4.3) will always be continuous. In
the accompanying paper [22], the case where F' is not continuous will be frequently

met.

4.2 Super-solution property

We first start by proving that v, is a viscosity super-solution of the HJB equation
(4.2).

Proposition 4.1 Suppose that the value function v is locally bounded. Then v is a

(discontinuous) viscosity super-solution of the PDE

min{—ﬁv*, inf Hyv*}(t,s) > 0. (4.4)

yeK

Proof. Let (¢,s) be fixed in [0,7) x R%, and consider a smooth test function ¢,
mapping [0,7] x R% into R, and satisfying

0= (ve—9)(t,s) = [o,%‘i% . (v — ) - (4.5)
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Let (tn, $n)n>0 be a sequence of elements of [0,T) x R% satisfying
V(tn, Sn) — vu(t,s) as n— 00,
In view of (4.5), this implies that :
by == v(ty, Sn) — @(tn,sn) — 0 as n—o0. (4.6)

The starting point of this proof is the dynamic programming principle of Lemma
3.1 together with the fact that v > v,, which provide :

O(tn, $n) + b = V(tn,8n) = E,[0(0n, St,.5,(0)) Y0 (tn, 0n)] (4.7)
> E, [vs (0,5, 5.(0) v (tn, 0,)] forallv € D,

where 6,, > t,, is an arbitrary stopping time, to be fixed later on. In view of (4.5)

we have v, > ¢, and therefore
0 < byt By [@(tn, $0)Y(tns tn) = © (On, Sty.s, (0n)) Yo (tn, On)]

On
- bn - EV [/ Vu(tna ’I") (‘CV(T)(p - HV(T)(p) (T7 Stn,Sn (T)) dr
tn

a /tjn 'Y,/(tn, 7“) (diag[s]Dgo) (T, Stn,sn (7"))/ dB,,(’r)] , (48)

by Itd’s lemma. Now, fix some large constant M, and define stopping times

0, = h,Ainf {t >t, Ed: ’111 (an’sn(t)/s;)’ > M} ,
i=1
where

ha = |BalLys, 20y + 1 Lyp,—oy -

We now take the process v to be constant v(r) = y for some y € K, divide (4.8) by

h,, and send n to infinity using the dominated convergence theorem. The result is
—Lp(t,s) + HYp(t,s) > 0 forall ye K . (4.9)

For y = 0, this provides —Lp(t,s) > 0. It remain to prove that HYp(t,s) > 0 for
all y € K. This is a direct consequence of (4.9) together with the fact that K is a

cone, and HY is positively homogeneous in y. O

Remark 4.1 The above proof can be simplified by observing that the value function
v inherits the lower semi-continuity of the payoff function g, assumed in Theorem
4.1. We did not include this simplification in order to highlight the main point of

the proof where the lower semi-continuity of ¢ is needed.
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We are now in a position to prove statement (i) of Theorem 4.1.

Corollary 4.1 Suppose that the wvalue function v is locally bounded. For fized
(t,x) € [0,T) x R* and y € K, consider the function

hy : r — d(y)r—In (v*(t,e””’)).

Then
(i) hy is non-decreasing;

(i) vi(t,e”) = vi(t,e"%), where Tk = Projvect(x)() is the orthogonal projection of

x on the vector space generated by K;

(iii) assuming further that g is lower semi-continuous, we have v(t,e*) = v(t, e™x).

Proof. (i) From Proposition 4.1, function v, is a viscosity supersolution of
HY%, = 0(y)v —y/diag[s]Dv, > 0 forall ye K .

Consider the change of variable w(t, z) := In {v*(t, e ,exd)] exp (—d(y)t). Then
w is a viscosity supersolution of the equation —w, > 0, and therefore w is non-

increasing. This completes the proof.

(ii) We first observe that vect(K)* c K and 6(y) = 0 for all y € vect(K)*. Now,

since § 1= x — zx € vect(K)*, it follows from (i) that

—Inwv(t,e") = hy(1) > hy(0) = —Inwv.(te”)
-9

= h_4(0) > h_yg(—1) = —Inv.(t,e"%).

Now, assuming further that g is lower semi-continuous, it follows from a simple
application of Fatou’s lemma that v is lower semicontinuous, and (iii) is just a re-

statement of (ii). O

4.3 Subsolution property

The purpose of this paragraph is to prove that the value function v is a (discon-
tinuous) viscosity subsolution of the HJB equation (4.4). Since it has been shown
in Proposition 4.1 that v is a supersolution of this PDE, this will prove that v is a

(discontinuous) viscosity solution of the HJB equation (4.4).
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Proposition 4.2 Assume that the payoff function g is lower semi-continuous, and
the value function v is locally bounded. Then, v is a (discontinuous) viscosity sub-
solution of the PDE

min{—ﬁv*, inf Hyv*} < 0. (4.10)

yeKi

Proof. Let ¢ : [0,7] x IR? — IR be a smooth function and (tg, s9) € [0,7T) x IR?
be such that :

0 = (v"—p)(to,s0) > (V" —)(t,s) forall (t,s)# (to,s0),  (4.11)

i.e. (to, so) is a strict global maximizer of (v* — ) on [0,T) x IR?. Since v* > 0 and
v*(t,e”) = v*(t,e" ) by Corollary 4.1, we may assume that ¢ > 0 and ¢(t,e”) =

©(t,e" ) as well. Observe that this is equivalent to
diag[s](Dg/p)(t,s) € vect(K) forall (t,s)€[0,T) x (0,00)%. (4.12)
In order to prove the required result we shall assume that :

—Lo(tyg,s0) > 0 and inf HYp(to,s0) > 0. (4.13)

yeKq

In view of (4.12), the second inequality in (4.13) is equivalent to

diag[so] (Dy/¢) (to, s0) € T1i(K) . (4.14)

Our final goal will be to end up with a contradiction of the dynamic programming

principle of Lemma 3.1.

1. By smoothness of the test function ¢, it follows from (4.13)-(4.14) that one can

find some parameter ¢ > 0 such that

—Lp(t,s) > 0 and diag[s] (Dp/p)(t,s) € K (4.15)
for all (¢t,5) € D := (ty — 6,to+6) x (s0e°?) , (4.16)

where B is the unit closed ball of IR' and s¢e’” is the collection of all points & in
IR? such that |In(£%/sh)| < & for i =1,...,d. We also set

max <U> = e < 1, (4.17)

oD @)

where strict inequality follows from (4.11).
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Next, let (., s,)n be a sequence in D such that :
(tn,sn) — (t,s) and v(t,,s,) — v*(t,s). (4.18)

Using the fact that v < v* together with the smoothness of ¢, we may assume that

the sequence (t,, s,), satisfies the additional requirement
V(tn, ) > € Po(tn,sn) . (4.19)

For ease of notation, we denote S,(-) := S, s,(-), and we introduce the stopping

times
0, = inf{r>t, : (r,S.(r)) & D} .
Observe that, by continuity of the process 5,
(0, Sn(0,)) € OD sothat v*(0,,5,(0,)) < e o (0,,5,(0,) , (4.20)
as a consequence of (4.17).

2. Let v be any control process in D. Since v < v*, it follows from (4.19) and (4.20)
that :

0 (O, Sn(0n)) Yot On) = V(tn, 50) < e (1= %) p(tn, 5n)
+e % (90 ((9”, Sn(en)) ’YV(tnv en) - Sp(tna Sn)) .

We now apply Itd’s lemma, and use the definition of 6,, together with (4.15). The

result is :
0 (O, Sn(0n)) Vo (tns 0n) = v(tn,50) = €2 (1= %) p(tn, 5,)

971
72 [ b ) O+ L)l S, ()

e /ten Yo (tn, ) (D diag[s]o) (r, S, (r))dB,(r)
< e (1 i eﬁ> O(tn, Sn)
+e 2 /t " (D' diag]s]o) (r, Su(r))dB.(r)
We finally take expected values under P,, and use the arbitrariness of v € D to see
that :
V(tn, $n) < supE, [v(0n, Sn(0n)) Vo (tn, 0,) | F(t,)] + e (1 — eﬁ) O(tn, Sn)

veD

< sup B, [0 (0n, Sn(0n)) Vo (tn, 00) | F(t0)]

veD

which is in contradiction with the dynamic programming principle of Lemma 3.1.
O
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4.4 Terminal condition

From the definition of the value function v, we have :
v(T,s) = g(s) forall seR%.

However, we are facing a singular stochastic control problem, as the controls v are
valued in an unbounded set. Typically this situation induces a jump in the terminal

condition so that we only have :
v (T,s) > v(T,s) = g(s) .

The main difficulty is then to characterize the terminal condition of interest v, (7}, -).
The purpose of this section is to prove that v.(7T,-) is related to the function g
defined in 4.1.

We first start by deriving the PDE satisfied by v.(T, -), as inherited from Propo-

sition 4.1.

Proposition 4.3 Suppose that g is lower semi-continuous and v is locally bounded.

Then v (T, -) is a viscosity super-solution of

min {v* — g, inf Hyfu*} (T,-) .

yeK

Proof. 1. We first check that v.(T,-) > g. Let (t,, sn)n be a sequence of [0,7) x
(0, 00)? converging to (T, s), and satisfying v(t,, s,) — v.(T, s). Since §(0) = 0, it
follows from the definition of v that

V(tn,sn) = Eolg (St (T))] -

Since g > 0, we may apply Fatou’s lemma, and derive the required inequality using

the lower semi-continuity condition on g, together with the continuity of S ((7") in
(t,s).

2. It remains to prove that v.(7T),-) is a viscosity super-solution of
HY%,(T,-) > 0 forall yeK . (4.21)
Let f < v.(T,-) be a C? function satisfying, for some sy € (0, 00)%,

0 = (uu(T,-) = f)ls0) = min (v(T) = f) .

d
L
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Since v, is lower semi-continuous, we have v,(T', s9) = liminf; (7, v«(t,s), and
V(T 8n) — (T, s9) for some sequence (T,,s,) — (T,so) .

Define

1 T—t
Pult.) = f(9) = 3ls = ol + g

let B={seR! : ¥,|In(s"/s})| <1}, and choose (£, 5,) such that :
* — Pn Ena _n = 1 _ * — ¥n) -
(Ve = @n)(bn,5n) = min (v, = on)

We shall prove the following claims :

t, < T for large n , (4.22)

5, — so along some subsequence, and 0. (t,, 5,) — v.(T,s0) . (4.23)

Admitting this, wee see that, for sufficiently large n, (¢,,5,) is a local minimizer of
the difference (v, — ¢,,). Then, the viscosity super-solution property, established in
Proposition 4.1, holds at (¢,, 5,,), implying that HYv,(t,,S,) > 0, i.e.

5(y)vs(tn, 5,) — o/ diag[s] (Df(5,) — (5p — 50)) > 0 forall ye K,

by definition of ¢, in terms of f. In view of (4.23), this provides the required
inequality (4.21).

Proof of (4.22) : Observe that for all s € B,

(Ve —on)(T,s) = (T, s) — f(s) —|—;\s—so|2 > v (T,s)— f(s) > 0.

Then, the required result follows from the fact that :

. 1 1 1
Tim (0, = 0)(Tns0) = lim {v*(Tn, sn) — f(sn) + §|sn — o> — - Tn}
= —0.

Proof of (4.23) : Since (5,), is valued in the compact subset B, we have 5, — §
along some subsequence, for some 5 € B. We now use respectively the following
facts : so minimizes the difference v, (T, -) — f, v, is lower semi-continuous, s, —
50, tn > T),, and (%, 5,) minimizes the difference v, — ¢, on [T,,, T] x B. The result

0 < (vuT,) = 1)) = (0T, ) = F)(s0)
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IN

_ 1
lim inf {(U* — o) (tn, 8n) — §|§n — 50?

n—oo
1 t, — T,
*’Sn—80|2— n n}

—\Usx T ¥n Tnv n
(02 = ¢n) (T 50) + 5 o

1 _

S _§|=§ - 50|2 + hﬂ%}.}f {(U* - @n)(tna gn) - (U* - Qpn)(TmSn)}
1 ) -

< —5l5 = sof* +limsup {(v. = @n) (T, 50) = (v = n) (T 50)}
1

< —gls—sl” <0,

so that all above inequalities hold with equality, and (4.23) follows. O

We are now able to characterize a precise bound on the terminal condition of the

singular stochastic control problem v(¢, s).

Proposition 4.4 Suppose that g is lower semi-continuous and v is locally bounded.
Then v (T,-) > g.

Proof. We first change variables by setting F(x) := In[v.(T,e")|, with e* :=

(e“Cl, o ,ewd)’ . From Proposition 4.3, it follows that F' satisfies :
5(y)—yDF > 0 forall yeK .

Introducing the lower semi-continuous function h(t) := F(x + ty) — d(y)t, for fixed
z € R and y € K, we see that h is a viscosity super-solution of the equation
—h’ > 0. By classical result in the theory of viscosity solutions, we conclude that
h is non-increasing. In particular h(0) > h(1), i.e. F(x) > F(z +y) — d(y) for all
z € R*and y € K, and
F(r) > sup {F(r+y)—0(y)}
yeK

> sup In {g (e”y) e_‘s(y)} for all z € R?.
yeK

This provides the required result by simply turning back to the initial variables. O

We now intend to provide the reverse inequality of Proposition 4.4. In order
to simplify the presentation, we shall provide an easy proof which requires strong

assumptions.

Proposition 4.5 Let o be a bounded function, and g be an upper semi-continuous
function with linear growth. Suppose that v is locally bounded. Then v*(T,-) < g.
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Proof. Suppose to the contrary that V*(T, s) —g(s) =: 2n > 0 for some s € (0, 00)%.
Let (T}, s,) be a sequence in [0,7] x (0,00)? satisfying :

(Tn73n) E— (T7 8)7 V(T’I’HSTL) — V*(T’ S)
and
V(Th,sn) > g(s)+n forall n>1.

From the (dual) definition of V| this shows the existence of a sequence ("), in D
such that :

Toyn [ v?)dr ~
E%n,sn [9 (S(Tn)ean vr dr) ¢~ Jr, 5 ] > g(s)+n forall n>1, (4.24)
where
(n) T n
S g (/ o(t, S” )th> .
Tn
We now use the sublinearity of § to see that :
Toyn — (T v )dr
S EO [g Sén)ef; vidr €—§(f;; V;Ld'r):|
< B, [a(s™)]

where we also used the definition of § together with the fact that K is a closed

convex cone of IR?. Plugging this inequality in (4.24), we see that
i)+n < B, [o(s)] (425
By easy computation, it follows from the linear growth condition on ¢ that

2
Elg(si) < Const (14 011

This shows that the sequence {Q(S}")), n > 1} is bounded in L?(PY), and is there-
fore uniformly integrable. We can therefore pass to the limit in (4.25) by means of
the dominated convergence theorem. The required contradiction follows from the
upper semi-continuity of g together with the a.s. continuity of S7 in the initial data
(t,s). O
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5 Applications

5.1 The Black-Scholes model with portfolio constraints

In this paragraph we report an explicit solution of the super-replication problem
under portfolio constraints in the context of the Black-Scholes model. This result
was obtained by Broadie, Cvitani¢ and Soner (1997).

Proposition 5.1 Letd =1, o(t,s) = 0 > 0, and consider a lower semi-continuous
payoff function g : IRy — IR. Assume that the face-lifted payoff function § is

upper semi-continuous and has linear growth. Then :
o(t,s) = Eolg(Ses(T))]

i.e. v(t,s) is the unconstrained Black-and Scholes price of the face-lifted contingent
claim g (S s(T)).

Proof. By a direct application of Theorem 4.1, the value function v(¢, s) solves the
PDE (4.2). When o is constant, it follows from the maximum principle that the
PDE (4.2) reduces to :

—Lv =0 on [0,T) x (0,00)*, (T,") = ¢,

and the required result follows from the Feynman-Kac representation formula. O

5.2 The uncertain volatility model

In this paragraph, we study the simplest incomplete market model. The number of
risky assets is now d = 2. We consider the case K = IR x {0} so that the second risky
asset is not tradable. In order to satisfy the conditions of Theorem 4.1, we assume
that the contingent claim is defined by G = ¢(S*(T')), where the payoff function
g : IRy — IR, is continuous and has polynomial growth. We finally introduce the
notations :
G(t,s1) = sup o7, + op)(t, s1,82) and o(t,s1) = in>f0 (03, + 0%,)(t, 51, 52)
s2>0 S9

We report the following result from Cvitani¢, Pham and Touzi (1999) which follows

from Theorem 4.1. We leave its verification for the reader.
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Proposition 5.2 (i) Assume that & < oo on [0,T] x IRy. Then v(t,s) = v(t, s1)
solves the Black-Scholes-Barrenblatt equation

1
—V — — |:E2U+ — 0'21)7 i| = 0’ on [O’T) X (07 OO)’ U(T, 81) = g(51> fOT S1 > 0.

2 S181 Z Ysy181

(il) Assume that & = oo and
either g is convexr or o = 0.

Then v(t,s) = g®"(s1), where g°"¢ is the concave envelope of g.

6 HJB equation from the primal problem

for the general large investor problem

In this section, we present an original dynamic programming principle stated di-
rectly on the initial formulation of the super-replication problem. We then prove
that the HJB equation of Theorem 4.1 can be obtained by means of this dynamic
programming principle. Hence, if one is only interested in the derivation of the HJB

equation, then the dual formulation is not needed any more.

An interesting feature of the analysis of this section is that it can be extended
to problems where the dual formulation is not available. A first example is the
large investor problem with feedback of the investor’s portfolio on the price process
through the drift and the volatility coefficients; see section 3.4.1. This problem is
treated in the present section and does not present any particular difficulty. Another
example is the problem of super-replication under gamma constraints which will be
discussed in the last section of these notes. In an accompanying paper, the analysis
of this section will be further extended to cover front propagation problems related

to the theory of differential geometry.

6.1 Dynamic programming principle

In this section, the price process S is defined by the controlled stochastic differential

equation :

S;S(t) = s
dSr,(r) = diag[SF,](r) [b(r,sgs(r),w(r))dr+a<r,s;js(r),7r<r))d3(r)] :
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where b: [0,T] x R x K — R% and o : [0,T] x R x K — IR%*¢ are bounded

functions, Lipschitz in the s variable uniformly in (¢, 7).

The wealth process is defined by
Wth,w (t) = w

thTS7w(r) = W;r&w(r)ﬁ(r)' [b(r, S{fs(r),ﬂ(r))dr+a(r, S;S(T),W(T’))dB(T)] )

Given a European contingent claim G' = ¢(S; (7)) > 0, the super-replication prob-
lem is defined by

v(t,s) = inf{w>0 s W

t,s,w

(T) > g (SES(T)) P — a.s. for some 7 € AK} :

The main result of this section is the following.

Lemma 6.1 Let (t,5) € [0,T) % (0,00)¢ be fized, and consider an arbitrary stopping
time 0 valued in [t,T)|. Then,

u(t,s) = inf{w>0 s W

t,s,w

0) > v (9, SZS(H)) P — a.s. for some T € AK} :

In order to derive the HJB equation by means of the above dynamic programming

principle, we shall write it in the following equivalent form :

DP1 Let (¢,5) € [0,T) x (0,00)4, (w,7) € (0,00) x Ax be such that W/

t,s,w(T> Z
g (SZS(T)) P—a.s. Then

WrW(0) > v(6,87,0)) P-as

DP2 Let (¢,5) € [0,T) x (0,00)4, and set @ := v(t, s). then for all stopping time 6
valued in [t, T,

P W, (0) > v(0,57,0))] <1 forall n>0andre Ag.

yS,W—T]

Idea of the proof. The proof of DP1 follows from the trivial observation that
SZS(T) = Sg,sgjs(@) (T) and Wg,rs,w(T) = W(;fst,s(e),wt,s,w(e) (T) .

The proof of DP2 is more technical, we only outline the main idea. Let # be some

stopping time valued in [¢, 7], and suppose that

A

W = W’

t757w_n

@) > v (0, Sgs(e)) P —a.s. forsome n>0and 7€ Ay .
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Set § = S7,(0). By definition of the super-replication problem v (9, S) starting at

time 6, there exists an admissible portfolio 7 € Ag such that

Wisw(T) > g(Sis(D)) P-as.

This is the delicate place of this proof, as one has to appeal to a measurable selection
argument in order to define the portfolio 7. In order to complete the proof, it suffices

to define the admissible portfolio 7 := 71} 9) + 71[g7}, and to observe that :

Wi an(T) = Wiew(T) > g(S54(T)) = g(SE(T) P-as.

t787ﬁ]_7] 97§,W

which is in contradiction with the definition of w. O

6.2 Supersolution property from DP1

In this paragraph, we prove the following result.

Proposition 6.1 Suppose that the value function v is locally bounded, and the con-

straint set K is compact. Then v is a discontinuous viscosity supersolution of the

PDE

min{ —Luv, , inf HY, } (t,s) > 0

yeK
where
R 1
Lu = wut,s)+ §Tr [diag[s]aa’(t, s, &)diag[s] D*ul(t, s)}
D
a = diag[s]—u(t,s).
u

The compactness condition on the constraints set K is assumed in order to simplify
the proof. In the case of a small investor model (b and o do not depend on 7),
the following argument is an alternative proof of Proposition 4.1 which uses part
DP1 of the above direct dynamic programming principle of Lemma 6.1, instead
of the classical dynamic programming principle of Lemma 3.1 stated on the dual
formulation of the problem. Recall that such a dual formulation is not available in

the context of a general large investor model with o depending on 7.

Proof. Let (¢,s) be fixed in [0,7) x R%, and consider a smooth test function ¢,
mapping [0,7] x R% into (0, 00), and satisfying

0= (ve—9)(t,s) = [o,%i%zi (v — ) - (6.1)
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Let (tn, $n)n>0 be a sequence of elements of [0,T) x R% satisfying
V(tn, Sn) — v.(t,s) as n— o0 .
We now set
w, = V(ty,s,) +max{n ', 2v(t,, s,) — @(tn, sn)|} foralln >0,
and observe that
¢n = Inw, —lnp(t,,s,) >0 and ¢, — Oasn — oo, (6.2)
in view of (6.1). Since w,, > v(t,, sp), it follows from DP1 that :

I {v (6., 577, (6)) ) < W {Wn , (6n)} for some m, € A,

tn,Sn tn,Sn,Wn

where, for each n > 0, 6, is an arbitrary stopping time valued in [t,, T], to be chosen
later on. In the rest of this proof, we simply denote (S,,, W,,) := (Stn R wn).

By definition of the test function ¢, we have v > v, > ¢, and therefore :

0 < cp+Inp(ty,s,) —Inp(0,,S,(0,))
On 1 )
+/ [W;b — —|o'ma|"| (r, Su(r), ma(r)) dr
tn 2

O

+ (7o) (r, Su(r), mu(r)) dB(r) .

tn

Applying [t6’s lemma to the smooth test function In ¢, we see that :

97l
0 < cn—i—/ (T — hy) o (1, Sp(r), mn(r)) dB(r) (6.3)
tn
On [ L7 () 12 (st |2
_ lﬁsos&_(ﬂn_hn),H P 1 5, i
tn

where we introduced the additional notations
(r) = dinglS,0)1 27 (15,00 |
and
LY(t,s) = ot s) + ;Tr {diag[s]aa'(t,s,a)diag[s]Dng(t,s)} :

2. Given a positive integer k, we define the equivalent probability measure P* by :

dP¥
dP

= e[ o o ] G a0

F(tn)
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recall that o~ and b are bounded functions. Taking expected values in (6.3) under

P conditionally on F(t,), we see that :

On [ L7 (r) /hn2_ /nz
0 < cn—Ek/ [ *0+/<yyrn—hn|+|" | 2'” | ](r,sn(r),m(r))dr,
tn QO

where Ej, denote the conditional expectation operator under P¥. We now devide by
/¢n and send n to infinity to get :

On [ — L7 (r) 'hy 2 | . 2
0 < hmlnfEk/ [80 - k?|7Tn - hn| - |U ’ 9 |U7T ‘ 1 (Tv Sn<T),7Tn(T))dT )
n tn %)
(6.4)
3. We now fix the stopping times :

0, = \/a/\inf{rztn : Sn(r)¢5n€73} )

for some constant 7, where B is the unit closed ball of IR! and s,,e?? is the collection
of all points ¢ in R? such that |In (£'/s!)| < 7. Then, by dominated convergence,
it follows from (6.4) that :
2
— \0’04]2] :

Since K is compact, the above minimum is attained at some oy € K, and o —

Ea
0 < inf — 14
acEK )

1
—k -
+2

D
a— diag[s]—sp(t, s)
¥

D
o' diag[s] 2 (t, 5)
¥

& € K along some subsequence. Sending k to infinity, we see that one must have

D .
a = diag[s]—gp(t,s) € K and —L% > 0.
¥

6.3 Subsolution property from DP2

We now show that part DP2 of the dynamic programming principle stated in Lemma
6.1 allows to prove an extension of the subsolution property of Proposition 4.2 in
the general large investor model. To simplify the presentation, we shall only work
out the proof in the case where K has non-empty interior; the general case can
be addressed by the same argument as in section 4.3, i.e. by first deducing, from
the supersolution property, that v(t,e”) depends only on the projection xx of x on
aff(K') = vect(K).
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Proposition 6.2 Suppose that the value function v is locally bounded, and the con-

straints set K has non-empty interior. Then, v is a discontinuous viscosity subso-
lution of the PDE

1n{—ﬁv*, inf Hyv*}(t,s) > 0

yeK)

Proof. 1. In order to simplify the presentation, we shall pass to the log-variables.
Set x := Inw, X[, = InWT

t,s,x t,s,w?

process X™ is given by :

and v := Inv. By Itd’s lemma, the controlled

X7 (7)) = x+i/ (ﬂb hﬂwﬁ>(ns§4r;woﬂ)dr
+/ 7o) (r, S7,(r), 7(r)) dB(r) . (6.5)

With this change of variable, Proposition 6.2 states that u* satisfies on [0,7") x
(0, 00)? the equation :

min{—gu*, inf (§(y) — diag[s]Du*(t, s))} < 0

yeK1

in the viscosity sense, where
1
gm@@;:zm@g+§w@&®mampw@gf
1
+§Tr {diag[s]aa'(t, s, &)diag[s] D*u*(t, s)} :

and & = diag[s|Du*(t,s) .

2. We argue by contradiction. Let (t,s0) € [0,T) x (0,00)% and a C? ¢(t,s) be
such that :

0 = (w" —@)(to,; s0) > (w" —)(t,s) forall (,s)F# (to,s0)
and suppose that
Go(t,s) > 0 and diag[so]De(to, s0) € int(K) .

Set 7(t,s) := diag[s|Dp(t,s). Let 0 < a < T — to be an arbitrary scalar and define
the neighborhood of (o, so) :

N = {(t;s) € (to— arto+ ) x 5e™” : #(t,5) € K and = Go(t,s) > 0}
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where B is again the unit closed ball of IR' and sye®” is the collection of all points
¢ € IR? such that |In (£1/si)| < ~. Since (tg,so) is a strict maximizer of (u* — ),
observe that :

—45 = r%j%[x(u —¢) < 0.

3. Let (t1,s1) be some element in A such that :

zy = u(ty,s1) > u(to,s0) =B = w(to,s0) =B = w(t1,s1) — 28,

and consider the controlled process

(S,X) = (SZ s 1D t71r s1avme ﬁ) with feedback control #(r) = 7%(7“, g(r)) :
which is well-defined at least up to the stopping time
0 = inf{'r’>t0 : (r,g(r)) ¢ ./\f} :

Observe that u < u* < ¢ — 33 on AN by continuity of the process S. We then

compute that :

m =B —u(0,590)

v

u(ty,s1) — 36 — 90( )
> B+o(t,s) =0 (6,50) . (6.6)

4. From the definition of 7, the diffusion term of the difference dX (r) — de(r, S(r))
vanishes up to the stopping time 6. It then follows from (6.6), It6’s lemma, and
(6.5) that

X(0)—u(0,50) > B+ :df((r)—dgo(r,g(r))

¢ A
= B+ [ Gelr 5(r)
> >0 P —as.

where the last inequality follows from the definition of the stopping time # and the
neighborhood A. This proves that W: spwes > (0, ST ,,(0) P—a.s., which is the
required contradiction to DP2. O

7 Hedging under Gamma constraints

In this section, we focus on an alternative constraint on the portfolio 7. Let Y :=
diag[S(t)] ' (t)W (t) denote the vector of number of shares of the risky assets held
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at each time. By definition of the portfolio strategy, the investor has to adjust his
strategy at each time ¢, by passing the number of shares from Y (¢) to Y (¢t +dt). His
demand in risky assets at time ¢ is then given by "dY (¢)”.

In an equilibrium model, the price process of the risky assets would be pushed
upward for a large demand of the investor. We therefore study the hedging problem
with constrained portfolio adjustment. This problem turns out to present serious
mathematical difficulties. The analysis of this section is reported from [19], and
provides a solution of the problem in a very specific situation. We hope that this

presentation will encourage some readers to attack some of the possible extensions.

7.1 Problem formulation

We consider a financial market which consists of one bank account, with constant
price process S°(t) = 1 for all + € [0,T], and one risky asset with price process

evolving according to the Black-Scholes model :
Sis(u) = sE(o(B(t)—B(u)), t<u<T.

Here B is a standard Brownian motion in IR defined on a complete probability space
(Q, F, P). We shall denote by IF' = {F(t), 0 <t < T} the P-augmentation of the
filtration generated by B.

Observe that there is no loss of generality in taking S as a martingale, as one
can always reduce the model to this case by judicious change of measure (P in
the previous sections). On the other hand, the subsequent analysis can be easily

extended to the case of a varying volatility coefficient.

We denote by Y = {Y(u), t < u < T} the process of number of shares of risky
asset S held by the agent during the time interval [t, T']. Then, by the self-financing
condition, the wealth process induced by some initial capital w and portfolio strategy

Y is given by :
(u) :w+/ 7)dS (7 t<u<T.

In order to introduce constraints on the variations of the hedging portfolio Y, we
restrict Y to the class of continuous semimartingales with respect to the filtration
IF. Since IF' is the Brownian filtration, we define the controlled portfolio strategy
Y%7 by :

t,8,y

Y () = y+/ dr++/ rodB(r), t<u<T, (7.1)
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where y € IR is the initial portfolio and the control pair (a, ) takes values in
B, = (L*(t,T] xQ; {® P))?

Hence a trading strategy is defined by the triple (y, a, ) with y € IR and («,7) €
B;. The associated wealth process, denoted by Wy, is given by :

W (u) = w—i—/Yt PdS,.(r), t<u<T. (7.2)

We now formulate the Gamma constraint in the following way. Let I" be a constant
fixed throughout the paper. Given some initial capital w > 0, we define the set of

w-admissible trading strategies by :
Avs(w) = {(ya,7) € Rx B, : y(.) <T and Wi, () >0} .

As in the previous sections, We consider the super-replication problem of some

European type contingent claim g(S; (7)) :

v(t,s) = inf {w : Wiadsy(T) = g(Sis(T)) aus. for some (y, o, y) € At,s(w)} :
(7.3)

7.2 The main result

Our goal is to derive the following explicit solution : v(t,s) is the (unconstrained)
Black-Scholes price of some convenient face-lifted contingent claim §(S; (7)), where
the function ¢ is defined by

g(s) == h“"(s)+I'slns with h(s) := g(s) —I'slns,
and h®"™ denotes the concave envelope of h. Observe that this function can be
computed easily. The reason for introducing this function is the following.
Lemma 7.1 § is the smallest function satisfying the conditions

(i) ¢ > g, and (ii) s+ g(s) —slns is concave.
The proof of this easy result is omitted.

Theorem 7.1 Let g be a non-negative lower semi-continuous mapping on IR, . As-
sume further that
s — §(s) —C slns is convex for some constant C' . (7.4)

Then the value function (7.3) is given by :
v(t,s) = E[g(Sis(T))] forall (t,s)€0,T) x (0,00) .
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7.3 Discussion

1. We first make some comments on the model. Formally, we expect the optimal

hedging portfolio to satisfy
Y(u) = vs(u,Sis(u)),

where v is the minimal super-replication cost; see Section 3.1. Assuming enough

regularity, it follows from It6’s lemma that
dY(u) = A(u)du + o (u, Sps(u))Sys(w)vss(u, Sps(u))dB(u)

where A(u) is given in terms of derivatives of v. Compare this equation with (7.1)

to conclude that the associated gamma is

F(u) = Sts(u) vss(u, Ses(u)) .

Therefore the bound on the process 4 translates to a bound on sv,. Notice that, by
changing the definition of the process 7 in (7.1), we may bound vy, instead of svss.
However, we choose to study swvss because it is a dimensionless quantity, i.e., if all
the parameters in the problem are increased by the same factor, sv,, still remains

unchanged.

2. Observe that we only require an upper bound on the control v. The similar
problem with a lower bound on 7 is still open, and presents some specific difficulties.
In particular, it seems that the control f(f a(r)dr has to be relaxed to the class of

bounded variation processes...

3. The extension of the analysis of this section to the multi-asset framework is also

an open problem. The main point is the extension of Lemma 7.5 below.

4. Intuitively, we expect to obtain a similar type solution to the case of portfolio
constraints. If the Black-Scholes solution happens to satisfy the gamma constraint,
then it solves the problem with gamma constraint. In this case v satisfies the PDE
—Lv = 0. Since the Black-Scholes solution does not satisfy the gamma constraint,

in general, we expect that function v solves the variational inequality :

min{—Lv,I' — svss} = 0. (7.5)

5. An important feature of the log-normal Black and Sholes model is that the
variational inequality (7.5) reduces to the Black-Scholes PDE —Lv = 0 as long
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as the terminal condition satisfies the gamma constraint (in a weak sense). From
Lemma 7.1, the face-lifted payoff function g is precisely the minimal function above
g which satisfies the gamma constraint (in a weak sense). This explains the nature
of the solution reported in Theorem 7.1, namely v(¢, s) is the Black-Scholes price of

the contingent claim § (S; (7).

6. One can easily check formally that the variational inequality (7.5) is the HJB

equation associated to the stochastic control problem :

o(t,s) := sup F lg (SZS(T)) - ;/tT V(t)[SZS(T)]2dT] ,

veN

where N is the set of all non-negative, bounded, and IFF— adapted processes, and :

SU(u) = & (/”[02 4 u(r)]l/QdB(r)) C fort<u<T.

t

The above stochastic control problem is a candidate for some dual formulation of
the problem v(¢, s) defined in (7.3). Observe, however, that the dual variables v are
acting on the diffusion coefficient of the controlled process S”, so that the change of
measure techniques of Section 3 do not help to prove the duality connection between

v and .

A direct proof of some duality connection between v and ¥ is again an open
problem. In order to obtain the PDE characterization (7.5) of v, we shall make use
of the dynamic programming principle stated directly on the initial formulation of

the problem wv.

7.4 Proof of Theorem 7.1

We shall denote
o(t,s) = Eg(Ss(T))] -
It is easy to check that ¢ is a smooth function satisfying

L0 = 0and sy, < T on [0,7) x (0,00) . (7.6)

1. We start with the inequality v < 0. For t < u < T, set

y = 0s(t,s), alu) = Los(w, S(u)), v(u) = Sps(u)tss(u, S(u))
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and we claim that
(a,y) € By and v <T. (7.7)

Before verifying this claim, let us complete the proof of the required inequality.

Since g < g, we have

g (St,s (T)>

IN

g (St,s(T>) =0 (Tv St,s (T)>
= 0(t,s) + /t Li(u, Syo(w))du + (1, Sy () dSy s (1)

A~ T «
= o(ts) + [ ¥ (wdSh(w)

in the last step we applied [t6’s formula to 05. Now, set w := (¢, s), and observe
that Wi's . (u) = 0(u, S.s(u)) > 0 by non-negativity of the payoff function g. Hence

(y,a,7) € Ay s(0(t,5)), and by the definition of the super-replication problem (7.3),
we conclude that v < 0.

It remains to prove (7.7). The upper bound on v follows from (7.6). As for the
lower bound, it is obtained as a direct consequence of Condition (7.4). Using again
(7.6) and the smoothness of 0, we see that 0 = (L), = L0, + 0250,8, so that o =

—027 is also bounded.

2. The proof of the reverse inequality v > v requires much more effort. The main
step is the following dynamic programming principle which correspond to DP1 in
Section 6.1.

Lemma 7.2 (Dynamic programming.) Let w € R, (y,«,7) € A s(w) be such that
Wiilsy(T) = g(Ses(T)) P—a.s. Then

Wiasy@) > v(0,S::0) P—as.
for all stopping time 0 valued in [t,T).

The obvious proof of this claim is similar to the first part of the proof of Lemma
6.1. We continue by by stating two lemmas whose proofs rely heavily on the above
dynamic programming principle, and will be reported later. We denote as usual by
v, the lower semi-continuous envelope of v.

Lemma 7.3 The function v, is viscosity supersolution of the equation

—Lv, > 0 on [0,T) x (0,00) .
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Lemma 7.4 The function s — v,(t,s) — I'slns is concave for all t € [0,T).
Given the above results, we now proceed to the proof of the remaining inequality
v > 0.

2.a. Given a trading strategy in A (w), the associated wealth process is a non-
negative local martingale, and therefore a supermartingale. From this, one easily
proves that v, (7', s) > g(s). By Lemma 7.4, v.(7),-) also satisfies requirement (ii) of

Lemma 7.1, and therefore

In view of Lemma 7.3, v, is a viscosity supersolution of the equation —Lv, = 0 and
v.(T,+) = g. Since v is a viscosity solution of the same equation, it follows from the

classical comparison theorem that v, > 0. O

Proof of Lemma 7.3 We split the argument in several steps.

1. We first show that the problem can be reduced to the case where the controls

(av,7y) are uniformly bounded. For ¢ € (0, 1], set

Lw) = { ) € Auw) ¢ fa()+ () <et
and
ve(t,s) = inf {w s Wi y(T) 2 g(Si,s(T)) P —a.s. for some (y,a, ) € .Af,s(w)} .

Let v$ be the lower semi-continuous envelope of v°. It is clear that v® also satisfies

the dynamic programming equation of Lemma 7.2.
Since
N(; = liminf, v*(¢ = liminf (s
v, (t, 5) im inf, v°(¢, s) _Jiminf vi(t',s')

we shall prove that

—Lv® > 0 in the viscosity sense, (7.8)
and the statement of the lemma follows from the classical stability result in the
theory of viscosity solutions [5].
2. We now derive the implications of the dynamic programming principle of Lemma

7.2 applied to v°. Let ¢ € C(IR?) and (tg, so) € (0,T) x (0,00) satisfy

— € _ _ ; e _ .
0 = (vi —¢)(to, s0) (O’Tr)rg(%m)(v* ©);
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in particular, we have v > . Choose a sequence (t,,s,) — (to,S0) so that
ve(ty, Sp) converges to ve(tg, sg). For each n, by the definition of v® and the dy-
namic programming, there are w,, € [v°(t,, sp), V" (tn, sp) + 1/n], hedging strategies

(yrm O, ’Vn) e A (wn) Satisfying

tn,Sn

Wil s (On) = 0% (a4, Sty (b +1)) 2 0

tn,Wn,Sn,Yn

for every stopping time 6,, valued in [t,, T]. Since v¢ > vZ > ¢,

n,Yn

On
wy + /t Yo () dSy, . (1) — @ (Bny Se s (62) > 0.
Observe that
Bn = wp —p(ty,sn) — 0 asn — o00.

By 1to’s Lemma, this provides

M, (0,) < Dy(6,)+ B3, (7.9)
where
Moft) = [ [altn 10 S b+ ) = Y7 b+ 0)] S, 0+ )
Do) = - /Otﬁgo(tnjLu,Stmsn(tn+u))du.

We now chose conveniently the stopping time 6,,. For some sufficiently large positive

constant A and arbitrary h > 0, define the stopping time
0, = (tn+h)ANinf{u>t, : [In(Sy, s, (w)/sn)] > A} .

3. By the smoothness of Ly, the integrand in the definition of M,, is bounded up
to the stopping time 6,, and therefore, taking expectation in (7.9) provides :

tAOy,
B U Loty +1, S, (ta +u))du| > —Bu,
0

We now send n to infinity, divide by h and take the limit as A \, 0. The required

result follows by dominated convergence. O

It remains to prove Lemma 7.4. The key-point is the following result. We refer

the reader to [19] for the tedious proof.
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Lemma 7.5 Let ({a,(u), u>0}), and ({b,(u), u > 0}), be two sequences of real-
valued, progressively measurable processes that are uniformly bounded in n. Let
(tn, Sn) be a sequence in [0,T) x (0,00) converging to (0, s) for some s > 0. Suppose
that

tn+tATR u U
Mn(t AN Tn) = / <Zn + an(’r)dr + bn(r)dstmsn (7")) dStn,Sn (U)
tn tn tn
< B+ CtAT,

for some real numbers (z,)n, (Bn)n, and stopping times (0,,), > t,. Assume further

that, as n tends to zero,
B, — 0 and tNO, —tNbOy P—a.s.,
where 6y is a strictly positive stopping time. Then :
(1) limy, 00 2, = 0.
(i) limy g essinfo<,<i b(w) < 0, where b be a weak limit process of (by)n.
Proof of Lemma 7.4 We start exactly as in the previous proof by reducing the

problem to the case of uniformly bounded controls, and writing the dynamic pro-

gramming principle on the value function v°.

By a further application of It6’s lemma, we see that :

M,(t) = / (zn~|—/ an(r dr—i—/ r)dSt, s, (tn +T)> dSt, s, (tn +u) |

Zp = 905<tn7 sn) — Yn
an(r) = Los(tn +1,5, 5, (tn +71)) — an(t, +7)
bu(r) = usltn +7, Sy, 5, (tn + 7)) — = (tn+ 1)

Stnysn (tn _'_ T) '

Observe that the processes a,(. A 6,) and b,(. A 6,) are bounded uniformly in n
since Lpg and 4 are smooth functions. Also since Ly is bounded on the stochastic
interval [t,,0,], it follows from (7.9) that

M,(0,) < CtAO, + B,

for some positive constant C'. We now apply the results of Lemma 7.5 to the

martingales M,,. The result is :

lim y, = @s(to,y) and liminf b(t) < 0.

n—00 n—oo, t\,0 -
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where b is a weak limit of the sequence (b,,). Recalling that v, (¢) < T, this provides

that :

—8pss(to, s0) + 1> 0.

Hence v¢, and therefore v,, is a viscosity supersolution of the equation —s(vy)ss+1" >

0, and the required result follows by standard arguments in the theory of viscosity

solutions. O
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