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Abstract

We provide a new point of view for the formulation of second order stochastic target
problems. The main new ingredient is to modify the reference probability so as to allow
for different scales. Our main result is a dual formulation of this control problem as a
supremum of the solutions of standard backward stochastic differential equations. In
particular, in the Markov case the dual problem is immediately seen to correspond to

a fully nonlinear PDE, thus avoiding the heavy technicalities in [19].

Key words: Stochastic target problem, Singular probability measures, Backward
SDEs, Duality.
AMS 2000 subject classifications: 60H10, 60H30.

1 Introduction

This work is motivated by the recent extension of [6] of backward stochastic differential
equations (BSDE) to the second order. Loosely speaking, while standard BSDEs as intro-
duced by Pardoux and Peng [14] are connected to semilinear PDEs in the Markov case,
second order BSDEs are connected to fully nonlinear PDEs. However, no existence theory
is available for this extension, except in the Markov case with strong smoothness conditions
on the solution. A uniqueness result in the Markov case is proved in [6] in a class defined

by very technical conditions.
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In this paper, we consider the closely related problem of second order stochastic target
as introduced in [19]. We believe that a better understanding of this problem is crucial to
achieve some progress in our study of second order BSDEs of [6]. More precisely, let B be
a Brownian motion under the probability measure Py and {F;,¢t > 0} the corresponding
filtration. In this introduction, we specialize the discussion to the one-dimensional case for
ease of presentation. For a continuous semimartingale Z, we denote by I' the density of its

covariation with B, and we define the process Y by:
t t
Y, =y — / Hy(Ys, Zs,T's)ds +/ Zs o dBs, d(Z, B); = T'idt, (1.1)
0 0

where o denoted the Fisk-Stratonovich stochastic integration, and H : Q x [0,1] x R? — R
satisfies the required Lipschitz and measurability conditions for existence and uniqueness
of Y. We shall denote such a solution by Y¥Z. Given an F; —measurable random variable

&, [19] introduced the following second order stochastic target problem:
VW = inf {y : Yly’Z > ¢ Py — a.s. for some Z € ZO} . (1.2)

The definition of the set of admissible controls Z° is crucial, and we shall not say more
about it in the present context.

In this paper, we adopt a new point of view in order to provide a duality theory for
this class of problems. The formulation of this paper differs from that of [19] at two places.
First, we re-inforce the constraint Yly’Z > ¢ in (1.2) by requiring that it should hold under
various singular measures, and not only on the support of Py. Second, the set of admissible
controls is more natural and avoids the technical aspects of [19]. We believe that the duality
result of this paper is an important step towards a better understanding of second order
BSDEs.

This new point of view is motivated by the work of Denis and Martini [7] who introduced
the important notion of quasi-sure stochastic analysis. We instead employ a direct approach
by defining a dominating measure of a countable family of singular measures. The main
drawback of this approach is that strong continuity assumptions are needed in order to have
a robust theory (with respect to the choice of the dense family). However, two important
advantages are stimulating our effort in investigating this approach. First, there is no need
to redo from scratch the theory of stochastic integration. Second, and more importantly, in
contrast with [7], a representation theorem is available in our framework.

For a special kind of nonlinearity (of the so-called Black-Scholes-Barrenblatt type), Peng
[16] also provides an original approach in the Markov case, based on the beautiful notion of
G—Brownian motion. However, similar to [7], the theory of stochastic integration needs to
be revisited in the new context. In a recent paper by Denis, Hu and Peng [8], this approach

is shown to be intimately related to the quasi-sure stochastic analysis.



We next provide an intuitive justification of our approach building on the corresponding
PDE in the Markov case:

Ht(ya 2,7) = h(tht,yv Zay)a g = g(XT)a (13)

where X is the solution of a Markov stochastic differential equation, and h, g are deter-
ministic scalar functions. Let V°(t,z) be defined as in (1.2) with time origin at ¢ and
X; = x. Let v — h(t,z,y,2,7v) be non-decreasing. A highly technical set of admissible
controls is introduced in [19] in order to establish the connection of this problem with the
corresponding dynamic programming equation:
ou
o

We next assume that v —— h (¢,z,r,p,7) is convex. Then

h (t, z,u(t,z), Du(t, x), Dgu(t,:n)) =0, u(l,z)=g(x). (1.4)

}a’y —f (t,x,r,p,a)} , (1.5)

h(t,x,r,p,v) = sup {2

a>0

where f is the (partial) convex conjugate of h with respect to . Let dom(f) be the domain
of f as a function of a. By the maximum principle, we expect that, for every a € dom(f),

the solution u > u®, where u® is defined as the solution of the semilinear PDE:

ou 1
5 " §aD2u(t, x)+ f(t,z,u(t,z), Du(t,z),a) =0, u(l,z)=g(x). (1.6)

By standard results, u® can be represented by means of the solution of the backward stochas-

tic differential equation

T T s
Yta:g(X%)—/ f(s,Xg,Ys“,Zg,as)ds—/ Z%}/?dB,, X§:x+/ al/*dB,.
t t t

It is then natural to consider the problem

Vi = sup Y (1.7)
ac A’

where A’ is the collection of all processes with values in dom(f). The optimization problem
(1.7) corresponds to the dual formulation of the second order target problem in the Markov
case. Such a duality relation was suggested in the specific example of [18], and can be proved
rigorously by showing that v(t,z) := V; is a viscosity solution of the fully nonlinear PDE
(1.4) which would imply that v = V° by uniqueness. Of course, such an argument requires
some technical conditions at least to guarantee that comparison of viscosity supersolutions

and subsolutions holds true for the PDE (1.4).
The main object of this paper is to provide a purely probabilistic proof of this duality

result. Moreover, our duality result does not require to restrict the problem to the Markov



framework. The paper is organized as follows. Section 2 introduces a convenient setup
for simultaneous stochastic integration and stochastic analysis under singular measures. In
Section 3, we introduce the second order target problem V), together with two successive
relaxations V and ]>, from which a dual formulation v appears. In this general setting, our
main duality result of Section 4 is that V = v, but we could only show that V >V > V.
We then introduce in Section 5 a weak version Vy of the second order stochastic target
problem, the corresponding relaxations Vy and VO, and the corresponding dual problem vj.
The main result is that Vg = Vy = f/g = vg, and under a convenient continuity condition all
these value functions agree with the dual value function v. Finally sections 6 and 7 report

some examples and some technical proofs.

NOTATIONS In the paper, we consider multiple dimensional processes. Given d, k € N,
the set of d by k matrices is denoted M(d, k). The subset of M(d, d) of all symmetric matrices
is denoted by S4, and the corresponding positive orthant by S;. Given two matrices A and
B in M(d, k), we denote by A: B := Tr[ATB]. When k = 1, this notation reduces to the
usual Enclidean scalar product, and we simply write AB := A: B.

Given a filtered probability space (Q,G,P,G = {G;,0 < t < 1}), we denote by H°(P, G)
the space of all G—adapted and B([0, 1]) x G-progressively measurable processes; D°(P, G)
the subspace of H°(P, G) whose elements have cadlag paths, P-a.s.; ZV(P, G) the subspace of
DO(P, G) whose elements K have nondecreasing paths with Ky = 0, P-a.s.; and S°(P, G) the
subspace of D(P, G) whose elements have continuous paths, P-a.s. We consider Z!, Z% €
HO(P, G) as the same elements of H°(PP, G) if they are P-modifications, that is, Z! = Z2, dt x
dP-a.s. For p > 0, let

/2
H(P,G) = {ZeH(P,G):EF[( ] \Ztyzdt>p | < oo},
(1.8)
DY(P,G) := {Y € D(P,G) : EF | suppee [Vil?| < o0},
and ZP(P,G) := DP(P,G) N I°(P,G), SP(P,G) := DP(P,G) N S°(P,G). The case p = 2 will

be particularly interesting for us. Moreover, let

SM?(P,G) := {Z e D}P,G): Z is a (P,G)—semi—martingale}. (1.9)

2 BSDEs under singular probability measures

Let © := C([0,1])¢ be the canonical space, B the canonical process, Py the Wiener measure,
and F := {F; }o<i<1 the filtration generated by B. For notational convenience, we denote
Fi = Fpfort < 0 and F; := Fy for t > 1. Since B is continuous, we have B; € F;_



and thus F; = F;_. However, Fyy # F;. We denote F™ := {F; }o<i<1. Then FT is right
continuous.
Let M denote the set of all probability measures IP on €2 such that

P(By=0)=1 and B isa (P,[F) — square integrable martingale. (2.1)

In particular, the Wiener measure Py € M. Since B is continuous, it is obvious that B is
also a (P, F*)-martingale for any P € M.
We denote by A the space of all F—adapted processes a with values in S;(R) satisfying

aly < ay(w) <aly, dt x dPy— a.s. for some constants a@>a >0 (2.2)

where I; is the d—dimensional identity matrix. Note that the bounds @ and a may depend

1/2

on a € A. For any a € A, there exists a unique symmetric matrix-valued process a'/2, such

that a'/2a'/? = a. Let
t
X = / al/?dB,, 0<t <1, Py—as. and denote P*:=Pyo (X%)~!,  (2.3)
0

the measure induced by the process X under Py. Notice that P* € M, and the measures
P¢ and P are mutually singular for different a and o’ in A.

By a slight abuse of terminology, we define the following notion introduced by Denis
and Martini [7].

Definition 2.1 We say a property holds quasi-surely, abbreviated as q.s., if it holds P%-a.s.
for all a € A.

For any o-algebra G C F; and any P € M, denote
NF = {EcQ:ﬂEeﬂ st. ECE and P[E] :0}, G = GVANE,

and F¥ := {(F13)F }o<i<1. The filtration F¥ is the so-called augmented filtration and satisfies

the usual hypotheses.

Remark 2.2 For a € A, the Py—augmented filtrations (FXQ)PO and FFo are equal, and

therefore
By = B(X%), dt x dPy — a.s. for some measurable map /3.

To see this, notice that X is ]FPO—adapted and therefore (FX G)PO c FPo. Moreover, since
(X4 = fg asds Pp—a.s. we see that a is (IFXG)]PD —adapted. Then, it follows from the fact
that a takes positive semidefinite values that By = Ot as_l/ 2ax 2is (IF‘XG)PO —measurable,

thus proving that FFo c (IFX G)PO. O



Now for any a € A, we provide a construction of a Brownian motion under P¢ which
generates the same P%—augmented filtration as F¥*. Since a € F, we can write a; = a;(B.),

0 <t <1, for some measurable map a. We claim that the stochastic differential equation
t
Wy ::/ [a (W) Y2dB,, 0<t<1, P®—as. (2.4)
0

has a strong solution given by W := [3;(B.), where (3 is given in Remark 2.2. Indeed, the
Pe-distribution of B is the same as the Py-distribution of X and, by the definition of X?,
B, = fg[as(B.)}*ldeg,Po—a.s. Moreover,

d(B); = adt, P* —a.s. where a;:=a;(W?), (2.5)

and
Wi a ; : way P P
is a P* — Brownian motion and (F"") =F" . (2.6)

2.1 Existence of F"-adapted version

In the literature of SDE and BSDE theories, it is usually assumed that the filtered prob-
ability space satisfies the usual hypotheses. When singular measures are considered simul-
taneously, we do not have a good filtration satisfying the usual hypotheses under all the
measures. Instead, we will use the filtration F*, which is right continuous but is not aug-
mented by the null sets under each P%. As we see next, all the properties we need still hold

under this filtration. The following remark collects some standard results, see e.g. [2].

Remark 2.3 (i) An Fj-measurable r.v. X is GF-measurable if and only if there exists a
G-measurable random variable X such that {X # X} € AT, In particular, X = X, P-a.s.
(ii) A (P,F*)-martingale is also a (P, F¥)-martingale. O

The following lemma is important for us and its proof is postponed to the Appendix.

Lemma 2.4 Let P € M be arbitrary.

(i) For any Y € HO(P,FT), there exists unique Y € HO(P,Ft) such that Y and Y are
P-modifications. In addition, if Y € D(P,FF) (resp. I°(P,FT),S%(P,FT)), then Y €
DY(P,F*) (resp. I°(P,FT),SY(P,FT)) and they are P-indistinguishable.

(ii)  For any F¥-stopping time T, there exists an FT-stopping time 7 such that P(F # 7) = 0.

2.2 Forward and backward SDEs under (P* F*)

Denote F¢ := F* | the augmented filtration of the canonical process under P%, and E* := EP*
the corresponding expectation operator. We denote by B(R?) the Borel o—field of RY, and
P the o—field of progressively measurable sets of Q x [0, 1] with respect to F*.



Remark 2.5 It is well known that F? is continuous, and thus F™ C F¢. Therefore, for
every JFo—measurable random variable X and a € A, we have X = E*[X], P%a.s. This is
the so-called zero-one Blumenthal law under P*. Notice however that an Fy;—measurable

random variable X is constant P?®—a.s., but the constant depends on a. O

For any Z € H%(P%,F%), let Y; := f(f ZsdBs be the stochastic integral defined in the
standard way. Then since Y € S?(P%, F?), we deduce from Lemma 2.4 that there exists
a unique Y € S?(P? Ft) which is P®indistinguishable from Y. Therefore, we can always
assume a stochastic integral is FT-adapted, as we do in the sequel of this paper. In partic-
ular, for any Z € H?(P*,FT) C H?(P*, F9), Y; := fot ZsdBy is well defined and we always
assume Y € S(P*, F+).

We now state that the martingale representation theorem holds true under FT.

Lemma 2.6 Let a € A and & € L2(P%, Fy) be given. Then, there exists a unique process
7% € H3(P%,FT) such that

1
¢ =E[¢] +/ Z8dB;, P*— a.s.
0

Proof. For a € A, let W? and a be defined as in (2.4) and (2.5), and recall from (2.6) that
W is a P*-Brownian motion and (FWG)W =TF*. Then¢ € (F G)Pa and it follows from the
standard martingale representation result that there exists a unique process Z% € H? (Pe, F?)
such that ¢ = E9[¢] + [ ZedWe, P*—a.s. By (2.4), we have ¢ = Eo[¢] + [ Zea, '/dB,,
P?—a.s. By using Lemma 2.4, we then define Z¢ as the unique Ft—modification of the
process Z9G1/2. The required integrability of Z¢ follows from that of Z% and the uniform
ellipticity condition (2.2) on a. O

Next, consider the following forward and backward SDEs under P%, for a € A,
t t
X} = z+ / bs(X¢)ds +/ 0s(X3)dBs; (2.7)
0 0
T T
Y4 = 54—/ fs(Y, Z3)ds —/ Z2dBs, 0<t<1, P%—as. (2.8)
t t

where b: Q x [0,1] x R — R9, ¢ : Q x [0,1] x R? — S, are P @ B(R?)—measurable, and
F:Qx[0,1] x Rx R — R is P @ B(R) ® B(R?)—measurable.
Recall the bounds @ > a > 0 defined in (2.2).

Lemma 2.7 (i) Assume b,o are uniformly Lipschitz continuous in x and b(0),0(0) €
H2(P4,F+). Then the SDE (2.7) has a unique solution X® € S?(P*,FT) satisfying

B[ sup 1X7P] < c@p o+ | O + 0], (2.9)

0<t<1

7



where C(a) > 0 depends only on a, the Lipschitz constant of b, and the dimension d.

(ii) Assume f is uniformly Lipschitz continuous in (y,z), £(0,0) € H2(P* F*). Then
for any & € L*(P%, Fy), the BSDE (2.8) has a unique solution (Y, Z%) € S?(P*,F*) x
H2(Pe,F+) satisfying

1 1
E*| sup [v*[2 + / Zeat) < ClaE” |I¢ + / £:0,0)at].  (2.10)
0<t<1 0 0

where C(a) > 0 depends only on a, the Lipschitz constant of f and the dimension d.
(iii) Let (Y% Z%) be the unique solution to BSDE (2.8) with coefficients (f,€) satisfying
the above conditions. Then, with 6Y% :=Y* —Y® and 6Z%, 6¢ and &f defined similarly:

1 1
B[ sup oveP+ [ loziPa] < clomt s+ [ pae zRa). @)
0<t<1 0 0

(iv) Assume further that f(y,z) < f(y,2),dt x P*-a.s. for any (y,z), and € < &, P*-a.s.
Then Y* <Y for all t, P%-a.s.

Proof. For a € A, define the P4—Brownian motion W% as in (2.4) and @ as in (2.5), and
recall that (IFWG)PG = F by (2.6).

(i) Let a¢(x) := O’t(:l/‘)flim. Then & is Lipschitz continuous with respect to z with Lipschitz
constant Lv/@, where L is the Lipschitz constant of o with respect to . By classical results,
there is a unique solution X € S(P?, F?) of the SDE

t t
Xg:a;+/ bs(Xg)ds+/ Gy (X)dWe
0 0

satisfying the required estimate (2.9). By Lemma 2.4, this induces a unique solution X* €
S?2(P*, FT).

(ii) Let fi(y,z2) == fi <y,zd;1/2). Then f£;(0,0) = £;(0,0) and f is Lipschitz continuous in
(y, z) with Lipschitz constant a~Y/2L. By classical results the BSDE

T 1
Y=gt / (Y2, 2%)ds — / Z0dWe, PO as.
t 0

has a unique solution (Y, Z%) € S2(P% F%) x H2(P® F%) satisfying the required estimate
(2.10). Set Z& == Z8a, />, Then |Z8| < a=Y/2|Z¢|, and thus Z¢ € H2(P?,F2). By Lemma
2.4, this induces a unique solution (Y, Z%) € S?(P*, F+) x H2(P*, Ft).

(iii) If (Y%, Z%) satisfies (2.8), then

1 1
Ve = 0+ [ GR.VZ0) + @Y+ G0z ds — [ 622, (212)
t t

where |al,|3| < L. Denote fi(y,2) == owy + Bz + 0f;(Y,2, Z#). Then, (f,d¢) satisfies
the conditions of the lemma and (§Y,07) is the unique solution of the BSDE (2.8) with
coefficients (f,¢). Then (2.11) follows from (2.10).

(iv) is a direct consequence of (2.12). O



2.3 Nonlinear Doob-Meyer decomposition

In preparation for the proof of Theorem 4.4, we adapt the concept of f-supermartingale
from [15] and [4]. By 77 we denote the set of all F*—stopping times with values in [0, 1].
For 7 € 7, we denote by 7, the subset of stopping times with values in [0, 7].

Throughout this subsection, we fix a € A" and aPeB (RY)®@B(Sy)—measurable map f :
Qx[0,1] xR? xSy — R uniformly Lipschitz-continuous in (y, z) with £(0,0) € H2(P*, F*).
Then, the BSDE:

dyt = ft(yt; Zt)dt — thBt, P — a.sS. (213)
has a unique solution (y, z) € S?(P%, F)xH?(P*,F+) for every final condition in L?(P%, F7).

Definition 2.8 Let § € 7y and Y € HO(P*,FT). For every 7 € T, let (Y7,Z") be the
unique solution of the BSDE (2.13) with terminal condition Y] = Y;.
(i) Y is a weak f-supermartingale under P* if E*{|V;|*} < oo for every t € [0,1] and

Yttf <Yy P*—as. forevery 0<t; <ty <I1.
(i) Y is a strong f-supermartingale under P* up to 6 if E*{supg<;<g |Vi|*} < 00 and
Y:f <YV. P*—a.s. forevery 1,7 € Ty withm < 1.

(ili) Y is a local f-supermartingale under P* up to 0 if there is a sequence Ty > 6, 1 0,

P%—a.s. such that, for every n, Y is a strong f-supermartingale under P* up to 6,,.

We note that here we require all the processes and the stopping times to be FT-adapted
while in [15] they are all F¥"-adapted. However, thanks to Lemma 2.4, this makes no real

difference (see the proof of Theorem 2.10).

Lemma 2.9 Let )Y be a weak f-supermartingale under P*. Then

RANNEES lim Y, ezists P* — a.s. (2.14)
reQn(¢,1],r |t

Moreover, if we assume further that E*{sup,cgnio,1 |Vr?} < 00, then YT is a cadlag strong

f-supermartingale under P*.
Proof. (i) With the notations of Definition 2.8, set

.)}T::yT_Y7}> 76717 YST:}/ST_}/SIv OSSSTu
and f(t,w,y,2) = f(t,w,y + Y (w), 2+ Z} (@) — f(t,w, Y} (W), Z} (W)

Then ), > 0 for all 7 € T, 177712 < 5271 for any 71 < o € 71, P%a.s. and f satisfies the

conditions of Lemma 2.7. One can easily check that Y7 is the unique solution to BSDE



(2.13) with generator f and terminal condition Y7 = Y,. Now by a line by line analogy
of [4], we know lim Y, g exists P%—a.s. Then (2.14) follows from the fact that Y is
continuous ]P’“—a?s.ﬂoo

(ii) Assume further that E®{sup,cgnyo 1V:?} < co. For any 0 < t; < tp < 1 and
ry € QN (t2,1],71 € QN (t1,72], we have V., > Y;'2. By first sending 71 | #; and then
ry | to we know V7T is a weak f-supermartingale under P?. The rest of the claim follows [4]
Theorem 7. O

The following decomposition from [15] is crucial for our duality result.

Theorem 2.10 Let Y € F* be a strong f-supermartingale under P*. Then there exist
unique processes Z € H*(P*,FT) and K € T?(P*,FT) such that

t ¢
Vi = —/ fs(Vs, Zs)ds +/ ZdBs — K;, 0<t<1, P*—a.s. (2.15)
0 0
We shall also make use of

Lemma 2.11 Let 0 € Ty and {Y:}re7, a family of F;F -measurable r.v. such that Y;, = V-,
on {1 = 7o}, P°—a.s. for every T, 70 € Ty, and E%[ess supEéTG V2] < oo. For every
T € Tp, denote by (YT, Z7) the unique solution of (2.13) with terminal condition Y] = Y.

Assume that Y2 < Vr, for every 11,72 € Ty with 1 < 72. Then, for every T € Ty and

every sequence (Tp)n C 11 with values in (1,1 N Q and converging to T P*—a.s.
VI = lim Y, pg exists P* — a.s. (2.16)
n—oo

and the limit is independent of the choice of the sequence (7,)n. Moreover, the family
{VF,7 € Ty} can be aggregated into the cadlag process {V;7,t < 0} which is a strong f-

supermartingale under P® up to 0.

Proof. (i) We first assume § = 1,P*—a.s. By the same arguments as in Lemma (2.9) (i),
we can assume without loss of generality that ) > 0. Then follow the arguments in [4],
together with the standard arguments in [12] Appendix D, we can prove all the claims.

(ii) In the general case, define the process ) on the interval [f, 1] by solving the following
ODE Y, = Yy + fet fo(Vs,0)ds, & < t < 1, and extend the family of random variables
Vr = Vrlgr<oy + )771{7>9} for every stopping time 6 € 7. Then {Y;}o<-<1 satisfies the

conditions in Step (i), and the required results follows. O

Combining Theorem 2.10 and Part (ii) of the proof of Lemma 2.11 above, we have

10



Theorem 2.12 Let Y € FT be a strong f-supermartingale under P* up to 0. Then there
exist unique (up to time 0) processes Z € H*(P*,F') and K € I?(P*,F*) such that

t t
V=Y —/ £ (Vs, Zs)ds +/ Z4dBs — Ky, 0<t<0, P*— as. (2.17)
0 0

2.4 Patching processes quasi-surely

One important issue in this paper is to patch processes defined P*—a.s. to a universal

process. The following direct consequence of Karandikar [9] is very useful for us.

Lemma 2.13 Let X, M be two F™-adapted cadlag processes q.s. with M a P*—semimartingale
for every a € A. Then there exists a cadlag process N such that Ny = fg’ Xs_dMs, P*—a.s.
for every a € A.

Corollary 2.14 Assume M is FT-adapted and cadlag q.s. and is P*—semimartingale for
every a € A. Then there exists a cadlag process X such that X; = (M, B)y, P*—a.s. for

every a € A. In particular, (B) can be defined q.s. and there exists a process a such that
d(B); = aydt = audt, P* — a.s. for every a € A. (2.18)

Proof. Define X; := M;B; — f(f MdBs — fot BydM,. One can check straightforwardly that

X satisfies all the requirements. The existence of @ is obvious. O

3 Second Order Target Problem and Relaxations

3.1 Definitions

Let Hy(w,y,2,7) : @ x [0,1] x R x R? x S{(R) — RU {oc} be a given P ® B(R) ® B(RY) ®
B(S4)—measurable map. We denote by dom(H;) the domain of H; as a function of v, and

we assume throughout that

Assumption 3.1 dom(H;) is independent of (y, z) and contains 0. Moreover, the process
H° .= H(0,0,0) satisfies fol |HP|dt < oo, q.s., H is Lipschitz in (y,z) uniformly in w € Q,
t €[0,1], v € dom(Hy), continuous in the y—component, and |H(0,0,7)| < C (|H°| + |v|)

q.s. for some constant C' > 0.

We define the corresponding conjugate with respect to v by:

1
Fy(w,y,z,a) = sup {a37_Ht(Wayvza’7)}a (3.1)
V€ESq
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which takes values in R U {oo}, and we define
Ey(y,2) .= F(y,z,4;), and F?:= F,(0,0). (3.2)
Since H(y, z,0) € R, we have
Fi(y,z,a) > Hy(y,z0) forall (y,za)eRxR?xSyR). (3.3)
Since H is uniformly Lipschitz in (y, z) by Assumption 3.1, we have:
Fy(y,z,a) is uniformly Lipschitz-continuous in (y, z) for ¢t € [0,7), q.s. (3.4)
In particular dom(F}) does not depend on (y, 2):
dom(F;) = {a:F;(0,0,a) < oco}.

We now introduce an increasing sequence of F™—stopping times

t
n ::1/\inf{t20: /FfdsZn}, n>1; and 7:= lim 7,. (3.5)
0

n—oo
Notice that
1 1
/ F%s < 0o on U {7, =1} and / F%ds = oo on ﬂ {Tn < 1}. (3.6)
0 n>1 0 n>1

Our next condition on the nonlinearity H is:
Assumption 3.2 For every a € A and n, we have E [ Ofn (]FSOP + ]H;)P) ds} < 0.

We finally define the spaces which will be needed for the formulation of the second order

target problems in the subsequent subsections: L2 .= N wcA L2(P%, Fy),
H2 = () Ha®F7) = () () {(Kohewon s Xls) € HAP4FD)
acA acAn21

and the corresponding subsets of cadlag, continuous processes, nondecreasing processes,
and semimartingales: X € D? = (4D} (P%F¥) (resp. S? = (),c5S2.(P*FF),
A~ —2 J—
7% = Neea I (PLFT), SM™ = N,cq SM7. (P2, FT)) iff for every n > 1 and a € A,
X ps, € D2(BY, F*) (resp. S2(PO,F*), T2(P4,FF), SME(P, F+)).

12



3.2 Second order target problems

For 7 € <§/\\/l2, denote by I' the density of the quadratic covariation between Z and B:
d{Z,B); = Twd(B); = T'y:azdt, q.s., (3.7)
where the existence of I" is due to Corollary 2.14. Let
Hy = {X € H?: X € dom(H) dt —qs.} and SM, = {ze S Te Hy ).

—2
For y € R and Z € SMy, let Y¥Z ¢ S? denote the controlled process defined by the
following ODE (with random coefficients):

t t
Y, = y—/ HS(YS,ZS,FS)ds+/ Z.0dB,, t<7%, qs. (3.8)
0 0
Y; := lim Y; on U {tn =1}, Y,:=o0forte|r,1] on ﬂ {m <1}.  (3.9)
el n>1 n>1

where o denotes the Stratonovich stochastic integral:
1
ZsodBs = ZsdBs+ §I‘S:d<B)S, q.S.

Here we used the fact that fg Z.dBs has a universal version, thanks to Lemma 2.13. To see
that (3.8) has a unique solution Y, for each n > 1 and a € A, by definitions of Z and T,
we know E¢| O%” [T :asds] < co. Since a has a lower bound, we get E| g" T |ds] < oo.
Then by Assumption 3.1, it follows that E“{fg" |Hy(0, Zs,Ts)|?ds} < oo. This implies that
fg" |H.(0, Zs,Ts)|?ds < 0o, q.s. and therefore, (3.8) has a universal solution Y in [0, 7).

Moreover, by Lemma 2.7, Y 55, € S?(P*,F*) for all n > 1 and a € A. That is, Y € S2. O

Let £ be a given Fj—measurable random variable. Following Soner and Touzi [19] we

introduce the second order stochastic target problem:

V(&) := inf {y HEVAS g/\\/lz such that Yly’Z >¢&, q.s. } . (3.10)

3.3 Relaxations and dual formulation

We first rewrite (3.8) in the It6 stochastic integral form:
t 1 t
Y, =y +/ (2FS:&S — H,(Y,, ZS,F5)> ds +/ Z.dBs, 0 <t < 7, (3.11)
0 0

where we notice that by (2.2), I':a € H} (P* F") for every a € A. We next relax the
target problem (3.10) by removing the constraint that Z is a semimartingale. We note that

. . . t . :
in this case in general fo ZsdBs does not have a universal version, and thus we can only
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study (3.11) under each fixed a € A. To be precise, for any y € R, Z € H2, G e 7‘2%1, and
a¢€ 7lF, let Y := Y*¥%G ¢ S2(P* F+) denote the unique solution of:

_ t /1 o t_
7, - y—l—/ <G5:&S—HS(YS,ZS,GS)> ds+/ Z4dBy, t <7, P* — as. (3.12)
0 \2 0
Y; = lim Y; on U {#, =1}, Y;:=o0forte[f,1] on ﬂ {Tn <1}, (3.13)
e n>1 n>1

Our relaxed target problem is

V(€) := inf {y 3(Z,G) e HEx HE st VOUPC > ¢ PP —as forallae Z} . (3.14)

The main duality result of this paper relies on the following further relaxation of the
above target problems. For y € R,Z € H2, and a € A, let Y := Y*%Z ¢ H2 (P* F*) be

loc

the unique solution of:

t t
v, = y+/ FS(Ys,Zs)der/ Z4dB,, t <7, P as. (3.15)
0 0
Y; == lim Y; on | J{#, =1}, Yi:=ocofortel[#, 1] on m{f'n <1}. (3.16)
e n>1 n>1

To see that (3.15) has a unique solution Y on [0,7,] for each n, recall from Assumption
3.2 that FY e HZ (P2, FT), so that existence and uniqueness in S2, (P4, FT) follow from
Lemma 2.7 and (3.4). Our further relaxed second order target problem does not involve

the processes I and G, and is defined by:
V(&) := inf {y :3Z e H? st Yla’y’z >¢, P —as. forall a € j} . (3.17)

Finally, denote
ZF = {a €A: a; €dom(F),0<t< 1}.

For any ¢ € .2 and a € XF, by Assumption 3.2, (3.4), and Lemma 2.7, there is a unique
solution (Y%, Z%) € S2(P*, FT) x H2(P* FT) to the backward SDE

1 1
Yo—¢— / (Y, Z%)ds — / Z%dB,, P®—as. (3.18)
t t

Similar to Remark 2.5, we know Yj is a constant. Our dual formulation is:

v(€) = sup Y. (3.19)
anF
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3.4 Some prelimimary results

Note that

V(E) > V() > V(E) > v(b). (3.20)

The first inequality holds true by definition of V and V. To see that the second inequality
holds true, let y € R, Z € 7:(2, G e ﬂ%[ be such that Yla’y’Z’G > ¢, Pe—as. for every a € A.
Notice, by the definition of the conjugate function F', that

1 _ o . _

ids : Gy — Hs(y, Zs,Gs) < Fy(y, Zs) forall yeR.

By the comparison theorem for ODEs, we get Y .y 2.G < Ya w2 ,P%a.s. Thus Ya 4.7 > & P
a.s. and therefore y > V(). Finally, for a € A" , we have P*(U,>1{7, = 1}) = 1. Then the
third inequality can be proved similarly, by using the comparison theorem for BSDEs.

In the Markov case, we have

Theorem 3.3 Let Assumptions 3.1 and 3.2 hold true. Assume further that (1.3) holds
with X = B, and the PDE (1.4) has a solution u € CY2 with {Du(t, By),t € [0,1]} € SM’.
Then V(€) = V(€) = V(€) = v(€) = u(0,0), and existence holds for all problems V(€), V()
and V(f) Moreover, an optimal a* (if exists) for the problem v(§) satisfies:

1
a; : D*u(t, By) — hy (By, ult, B), Du(t, By), D*u(t, By)) = Fy (B, u(t, By), Du(t, By), @) .

Proof. By standard arguments we know v({) = u(0,0). On the other hand, Y; :=
u(t,B), Zy = Du(t,By),Ty := D?u(t, B;) hedges £. This implies that V(¢) < u(0,0).
Then by (3.20) we know V(&) = V(£) = V(€) = v(€) = u(0,0). The existence of the optimal

arguments are immediate now. O

In the non Markov case, we shall prove in the next section that v(f) = v(¢£) and that
the optimal Z for the V(€) problem exists. However, we are not able to prove V(£) = V(€)
in general. In order to obtain a result of this type, we shall introduce a slight modification
of these problems by restricting a to smaller sets, see Section 5 below.

We conclude this section by observing that the target problems can be restricted to only
those a € A" . To do that, we shall strengthen Assumption 3.2 slightly.

Assumption 3.4 For every a € A, we have E* [fo (\FO \H2|2> ds} < 00
Define L. = (), qr L*(P%, F1), HE = (5 H*(P*,F"), and DF, Sf, T, SM2,

corresponding to cadlag, continuous, nondecreasmg processes, and semimartingales, respec-

tively, in an obvious way. Moreover, we let

Hip= () {X €H’: X € dom(H) dt x dP* —as.}, SMEy = {ZecSM%: T € Hy},
aeAF
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Theorem 3.5 Let Assumptions 3.1 and 3.4 hold true. Then

V() = inf {y 137 € SM%H s.t. Yla’y’Z > & P —a.s. forallac ZF}
V() = inf {y :3(Z,G) € H% x H%,H s.t. Yla’y’z’é > &, P~ as. forallac XF} ;

f/(ﬁ) = inf {y 237 € H% s.t. f/l“’y’z > & P —a.s. foralla e XF} .

Proof. We prove the theorem only for the V(§) problem. The other two problems can be
proved similarly. Let Vr(§) denote the right side of the first equality in Theorem 3.5. Note
that P*[Up,>1{7n = 1}] =1 for every a € A" then Ve(€) < V(§).

To prove V(§) < Vp(£), we assume Vg(€) < oo, without loss of generality. For any ¢ > 0,
by definition of Vg (§) there exist y < Vp(§) + € and Z € SM%H such that Yla’y’Z > &,
Po—as. foralla € A" . Define ZF = Zlj4) € SM?;, and fix a® € A", Now for any a € A,
define of" = aljpz) + ao].[f—’l} e A" on Up>1{%n = 1}, we have ZI' = Z; and af =
for all 0 < ¢t < 1. This implies that Yla’y’ZF = YlaF’y’Z > ¢ on Up>1{7 = 1}, P%—aus.

Since by definition Yla’y’ZF = 00 on Np>1{7n < 1}, we get Yla’y’ZF > ¢, PP—a.s. That is,
V(&) <y < Vp(£)+e. Since ¢ is arbitrary, we prove the result. O

We shall provide a counterexample in Section 7 which shows that, in general,

V() # inf {y .37 € SM% sit. Yla’y’Z >¢& P*—as. foralla e ZF} . (3.21)

4 Dual formulation of the relaxed target problem

4.1 Conditional expectation

We first introduce some notations. For 0 < ¢; <ty < 1, denote Q, +, := {w € C([t1,1t2]) :
w(t1) =0}, and for w € Qy, 1, Wty 1, = SUPy, <p<4, |w(E)|. We simply write |w| := |w]o,1.

For 0 < t; <ty <tz <1andw € Qy,ws € Oy, we define (wi,ws) := w by
w(t) := wi(t) for t € [t1,t2] and w(t) = wi(t2) + wa(t) for ¢t € [t2,t3]. On the other hand,
for 0 <t <ty <t3 <ty <1landw € Uy, W% € Q,4, is defined by w2!3(t) :=
w(t) - w(tg),t S [tz,tg].

For 0 <t <ty <1, B is the coordinate process in {, 4,. That is, B2 (w) := w for
all w € Qy, 1,. Let F'*2 denote the filtration generated by B2 and F'*»'»* its right limit.
Let ]P’f)l’t2 denote the Wiener measure on €, ;,, and A" the space of all Ff*2 _adapted
processes a : [t1,t2] X Q¢ 1, — S (R) satisfying (2.2) dt x d[P’él’tz—a.s. For a € Ztl’tz, define
a, as in (2.5), and P® on fg’tQ in an obvious way. For any a € ZO’tQ, since a is adapted, we
have a¢, (w1) = ay, (w2) for any wy,wa € Qoy, such that w?’tl = wg’tl. Thus we can define

—0,t
a®t ¢ A7 by a®h(wy) = a(wy,ws) for any w; € Qo .ty w2 € Dy, 4,

16



Moreover, for any wy € Q, B/#240 € Qg is defined by B4 (w) := (wy™,w) for all
w €y 4,. Forae JTlO’tQ, define a1« € A"
and t € [tl,tQ].

The following lemma is obvious.

7t1

by atto(w); == a(wg ,w)i, for all w € Qy, 4,

Lemma 4.1 Assume 0 < t; <ty <1, ¢ : Qop, — R is Fg’tQ—measumble and bounded.
Then for any a € .7l0’t2, we have

BV (B = E*fp(BY)| 02 (wr), B — a.s. wi € Qogy.

4.2 The duality result

We first construct a universal process {V;,t € [0,1]}. Denote £ = ¢g(B.) and Fi(y, z,a) :=

o(s, B.,y, z,a) for some deterministic functions g and ¢.

Assumption 4.2 (i) For any 0 <tg<1,wy €, and a € 7t0’1’F,

1
€2 (wp) = E“{|g(B_tO’1’”°)]2+ |¢)(S,B,to’l’wo,0,0,&s)PdS} < . (4.1)
to

(ii) For any a € ZF, E*{supg<;<; &} < 00.
(i) For any (t,y,z) and a € dom(Fy): |p(t,y,z,a)|] < C[|¢(t,0,0, a)| + |yl + |\/az|}
(iv) dom(F') is independent of w, and there exist a constant C' and a modulus of continuity

function p such that for all a € dom(F}):

19(w1)~g(@n) | H1B(t, w1, 1, 21,0)=(t, w2, 5, 22,0)| < C[plln—waloe) Hy —al HVa(z1 )]

—to,1,F

For any 0 < tp < 1, wp € ©, and a € et (YWlowo) zatowoy, 1 denote the

unique solution of the following BSDE under P*:
1 1
Y;a,to,wo — g(B,tO’l’wO) _ / ¢(S, B?ﬁo,l,wo’ }/:Sa,t(),w()7 Z;l,to,wo’ &S)ds _ / Zgio,wodeo,l‘
t t

By Remark 2.5, Y,*'*“° is a constant. Define

Vilw) = sup Y forall 0<t<1,we (4.2)

—t,1,F
acA

We note that ¢2 and V; are defined for all w € €. Our main result of this section involves

the following additional
Assumption 4.3 For any € > 0, there is an e—maximizer v of (3.1) in the domain, i.e.

1
5059, 0) = Hy (5,295 (4,2,0) = Fiy 2,0) — = for o € dom(F).
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such that ¥° is progressively measurable over all variables, F*-adapted for fived (y,z,a).

Moreover, for every 6 > 0, there is a constant C. s such that:
1 (y, 2,0)| < Ces (LA [yl +[2])  for every a > 614

Theorem 4.4 (i) Under Assumptions 3.1, 3.4, and 4.2, we have f/(f) =v(§), and existence
holds for the problem V(€).

(i) Under the additional Assumption 4.3, we have V(£) = f}(g) for all ¢ € L2. Moreover, if
Assumption 4.3 holds with € = 0, then existence holds for the problem V(€).

In this section Assumptions 3.1, 3.4, and 4.2 are always in force.

Lemma 4.5 For all (t,w1,ws), we have |Vi(w1)|? < C&(w1), and |Vi(wi) — Vi(ws)| <

Cp(lwi —walot). Consequently, V; is Fy—measurable for every t € [0, 1].

Proof. (i) For any 0 <ty <1, wy € Qo ¢y, and a € jto’l,

1 1
Y;aﬂfo,wo _ g(B_to,l,WO>_/ |:¢(S,B_to’l’WO,O,O,ds)+a5}/;a7t07w0+ﬁs /dszél,to,am] ds—/ Zg’to’deBzo’l,
t t

where «, § are bounded, thanks to Assumption (4.2) (ii). Now by standard arguments, it
follows from (2.5) that [Y,'®“°2 < C€? (wo). Since a is arbitrary, we know V' is bounded.
(ii) For any 0 <ty <1, wy,ws € Qo ¢y, and any a € Zto’l, denote
AY; = Y;a,to,oq _ Y;a’tg’w, AZ; = Z;l,toym _ Zf’to’w2, Ag:= g(B_tO’l’wl) _ g(B_to,l,wQ),
AF, := ¢(t, B?fo,l,un’Yta,to,wl7 Zf«nyywl’at) _ ¢(t, B_to,l,m’Y:ga,towl7 Z;z,to,m’dt)'

Then |Ag| + |AF| < Cp(|lwr — w2llo,,) and
1 1
AY; = Ag — / [AF, 4 a,AY, + /a5 BAZ]ds — / AZdBl ty<t<1,P*—as.
t t

where «, 3 are bounded, thanks to Assumption (4.2) (iii). By standard arguments, it follows

from (2.5) that |AY;,| < Cp(|lwi — waloy,)- Since a is arbitrary, we prove the lemma. O

to, F

Lemma 4.6 For any tg,a’ € A and any € > 0, there exists a® € ZF = jo’l’F such

that a9t = a0 and
e,t0,w,
Vig (wo) < Yt‘; 00 towo o for all  wy € Qoyy-

Proof. Let 6 > 0 be a constant which will be specified later. Since €4, is separable,
there exists a partition Qé,t() € fg’to,i = 1,2,--- such that |w; — waloy, < O for any i
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. . N . . —to, ,F
and any wi,we € g, . For each i, fix an ; € €, , and let a™' € A b pe an €/2-
. . ~ ~ . N £, A —F
optimizer of Yi,(&;), i.e. Vio(@i) < Y, oi 5. Now define a® € A" as follows. For
w1 € Qo,t07w2 € Qto,la
ad(wr), te€[0,to);
YZia (W)l (wn), t € [to, 1].

aj (w1, ws) = {

Then for all wy € Q%,t()? we have a®'0%1 = ¢!, By Lemma 4.5, we get

a®0:%0,to,wo
‘/tO (wl) - ‘/;50

“ “ £,1 A £,1 A £,t0,w, g
= V;fo(wl) — ‘/to(wi) + ‘/to(wi) _ Y;; 10,4 + }/;;COL to,wi V%a 090, to,wo < 2Cp(68) + 5

0

Now by choosing § small enough we prove the result. O

The following dynamic programming principle is important.

Proposition 4.7 For any 0 < t; <ty <1, we have

“ragtyto,w
‘/'tl (wl) — Sup ‘/; sU1,02,W1
—t1,tg,F

acA

, for all wy € Qoy,,

where, fort; <t < ty, (Valvt2wr Za’tl’tQ’“’l) is the solution of the BSDE under P?,

to to
Aot N A B A
‘/;a’ 1it2,w1 Vi, (B'tht%wl)i qb(s, B'thtz,un’ ‘/Sa,tl,t%‘ﬂl’Zg«,tl,t%wl,as)ds/ Zg,t17t27W1 del,tQ‘
t t

; —t1,1,F
Proof. Fix wi € Qp¢,. On one hand, for any a € A ! and t; <t < t9, we have
to to
tha,t1,w1 — }/t;l,tl,w1 _/ Fs(B.tl7t2’W17}/sa’tl7t27wl, Zg’tl’t2’wl,c~bs)ds _/ Zg’tl’tz’wlngl’tQ,
¢ ¢
Note that ;2! < V;,(B2“1). By the comparison theorem for BSDEs we get Y, <

craty b, : . . :
Vit ¥ Since a is arbitrary, we obtain that

Vi, (w1) < sup VOO for gl wy € Qo
1 t1 501

—tq,ty,F
ac A2

On the other hand, for any a € Ztl’tQ’F and any € > 0, by Lemma 4.6, there exists

— 41 1,F
at € A" such that a®2 = ¢ and
Viy (w1, ws) < YtZ’tQ’(wl’wQ) +¢e, forall wyeQyy,.

By standard arguments for BSDEs we have V121 < Yt'fe’tl’tz M 4 Ce <V, (wr) + C,
which implies that

sup ‘Zf?tl’m,wl < Vi(wr) + Ce.

—t1,to, F

acA
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Since € is arbitrary, we prove the result. O

Proof of Theorem 4.4. (i) Notice that the limit in (2.14) depends on P¢. We first define a

universal version of Vt+:

V= Tim V,, anddenote N :={weQ:YT(w)isnot cadlag}.
reQn(¢,1],r |t

Then by Lemma 2.9, P*(N) = 0 for every a € A" Moreover, following the standard
arguments as in [11] and [3], we have V;* = V;, P?~a.s. Therefore, by choosing VT as its
universal modification, we may assume V is a cadlag strong 3 -supermartingale under P* for
every a € XF. Therefore, by Theorem 2.10 there exist unique processes Z¢ € H?(P*, FT)
and K® € T?(P*, FT) such that

t t
Vt:VO—/ FS(VS,Z;’)der/ Z%dB, — K&, 0<t<1, P"—as.
0 0

Moreover, by Lemma 2.14, we can define uniquely a universal process Z by d(V, B); =
Z1d(B)y, so that Z = Z¢, dt x dP*—a.s. for all a € A", Thus we have

t t
Vi=Vp— / E,(V,, Z%)ds +/ Z4dBs— K 0<t<1, P"—as. (4.3)
0 0

Now by Theorem 3.5, we get V(&) < Vo = v(€), and the required result follows from (3.20).
(ii) We already know that V(€) > V(€) by (3.20). It remains to show that V(€) < V(€)
when V(€) < co. Define the process G¢ for any € > 0 by:

G5 =%V, Zy, ay), for t<7,
where ~¢ is introduced in Assumption 4.3. By (2.2), we have
IG5 < Cey (1 + Y| + ]Zt|) t <7, dt x dP*— a.s. for every a € A.

Here C., may depend on a, the lower bound of a. Then G¢ € 7‘2%[ Let Z := Z and
Y@ = Y@Vot+eZ.G°s he defined by (3.12). On {t < 7}, set §Y% := Y% — V| then

t 1 _ _ o .
5}/;5(1 = 5+/ [ids : Gi —HS(}/SG,ZS,Gi) _FS(V:%ZS)}dS—'_Kf
0
t 3 B B t
> 5+/ [HS(VSazsti) _Hs(Ysa’ZSaGi)_e}dS Z/ as0Ysds, P* —as.
0 0

where « is bounded by Assumption 3.1. Thus §Y* > 0 on {7 = 1}, P%a.s. Since Y* =V} =
0o on {7 < 1}, this implies that Y > V; = &, P%a.s. and therefore V(€) < Vo+e = V(£)+e.
Since ¢ is arbitrary, this proves the required result.

The existence for the problem V when Assumption 4.3 holds with ¢ = 0 is obvious. O
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5 A weaker version of the second order target problem

Our goal for the rest of the paper is to suggest a slight modification of the second order
stochastic target problem so that its value is not affected by the relaxations of Section 3.3.
The key-tool for this is to define a dominating measure for any countable family of diffusion
processes a € A.

5.1 The reference probability measures P

Let Tp be a dense subset of [0,1] containing the end-points {0,1}, and Ay = (a’);>1 a

sequence in A satisfying the concatenation property:
ail[o,to) + ajl[tml} € Ay forevery i,57>1 and ¢y € Tp. (5.1)

Remark 5.1 A typical construction of such a family Ay is as follows. Let A = (A;);>1 be an
arbitrary sequence in A satisfying (5.2), and let Ty be as above. Then, there exists a minimal
countable family .Ag which contains A and satisfies the concatenation condition (5.1). This

follows immediately by complementing the family A with all possible concatenations. O

By standard arguments, we may find a sequence of positive scalars v;, ¢ > 1, such that

00 () 1 ‘
» vi=1 and > yEP [/ T&"[aﬂdt] < 0. (5.2)
i=1 i=1 0
Let P! :=P% € M and E' := E¥', so that E[| B, |?] = EFo [fol Tr[a}]dt]. Define
o .
P o= pAT = Y P (5.3)
i=1

The following lemma, together with (5.2), shows that Pe M.

Lemma 5.2 Let P; € M, o; € [0,1],0 > 1 with 3,5 0; =1 and Y5, a;EF[|By|%] < oc.
Then P := %2, a;P; € M. In particular, P defined above is in M.

Proof. First, it is obvious that P is a probability measure and P(By = 0) = 1. Next,
EF SUPo<i<i1 1Be?| = ¥, O‘iEPi[SUPOStgl ’Bt\Q] < Y2 aiBY[|B1f?] < oo. More-
over, for any s < t and any bounded ¢ € Fy taking values in R?, EF[(B; — By) - £] =
S aER[(By — Bs) - €] = 0. So EF[By|F;s] = B, and thus P € M. ]

Notice that the probability measure P and all the above construction relies crucially
on the choice of the countable families Ay and Ty. Theorem 5.8 below provides conditions

under which our main results do not depend on this choice.
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5.2 Aggregation of processes under P

Let ¢ :== 127", and Al'B; := Bintp — Biner |, [,n > 0. In order to better understand the

structure of the supports of the singular measures P, i > 1, we introduce for every 7 € 7;:
Q. = {(B)t = / ayds, t <7 for some 7; 57 > 7'} (5.4)
0

Clearly Q% € F; and P'(QL) = 1. Consequently, P(U;>1Q%) = 1. We also introduce:
Ao(i, ) = {aj €A: o’ =da'on [0,7] dt x dPy — a.s. for some T; > 7 > T}, (5.5)

so that Ay = U;Ap(i,0). The following lemma is obvious, and collects the main properties
of the Q%’s.

Lemma 5.3 For any 7 € 71 and i > 1, we have:
(i) QL C Qp, and Q) = Q for every 0T,
(i) If &’ € Ao(i,T), then QL = Q) and P! =P/ on F.

Note that Q¢ # Q! in general. The next important result shows that one can aggregate

processes defined P?—a.s., i > 1, under some consistency condition.
Lemma 5.4 Let X' € HO(P!,F*) for any i > 1, and assume that for every T € Ty:
X=X ds x dP' — a.s. on [0,7] for anyi,j such that a’ € Ag(i,T).

Then there is a unique X € HO(B,F) s.t. X = X', dt x dPi-a.s. on [0,1] x Q, i > 1.
Moreover, if X* € DV(P*,F*) (resp. Z°(P',F+), SO (P!, F+)) for any i, then X € DO(P,F+)
(resp. I°(P,F+),SO(P,FH)).

Proof. The uniqueness is obvious. We shall only prove the existence.
1. Assume X' € HO(P!, F1) for all i. Define

Xe=3 Xilon, . i (5.6)

=1

By Lemma 5.3, X € H%(P,F+). Now fix 4, and define the stopping times

t . t .
0o :=0, 0; ::inf{t:/ a’sds;&/ agds}\/Hj,l, j=1,--i—1, 6;:=1.
0 0
One can easily check that

Xi = Xj on [ijl, 93) (57)
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By our assumption, X* = X7, dt x dP'-a.s. in [0;_1,0;) x Q. Then X¢ = X, dt x dP'-a.s. in
[0;-1,0;) x Q for any j. Thus X’ = X, dt x dP'-a.s. in [0,1) x €.
2. Assume X¢ € DY(PL,FT) (resp. ZO(P',F1),SO(P!,F+)) for every i > 1. By Lemma 5.3,
it suffices to show that X is cadlag (resp. nondecreasing, continuous) in Q¢, Pi-a.s., for any
i. For any j < i, since X%, X/ are Pi-modifications in [#;_1,60;) and both are cadlag, we
know they are Pi-indistinguishable in [0;_1,6;). Then by (5.7) we know X and X* are P'-
indistinguishable on [0, 1]. Therefore, X is cadlag(resp. nondecreasing, continuous) Pi-a.s.
O

5.3 More singular probability measures dominated by P

By Ajg, we denote the set of all processes a € A such that, for some non-decreasing sequence

(Tn)n>1 C 77 with values in Tp, such that inf{n: 7, = 1} < o0, Pg—a.s.
/' asds = / atds on [, Tpy1] for some i > 1, Py — a.s. (5.8)
Tn Tn

We also introduce the subset

Ao(i, ) = {a € Ayg:a=a"on [0,7] for some T > 7 > 7 dt x dPy — a.s.}. (5.9)
Clearly, Ag = U;Ag(i,0). It is obvious that Ag(i,7) is decreasing in 7, and
P* =P' on F; whenever a € Ay(i,T).

By definition, Pisa dominating measure for all P?, i > 1. We first show that this property
extends to all of Ap.

Proposition 5.5 For any a € Ay, P* is absolutely continuous with respect to P.
Proof. Fix a € Ay, define the disjoint subsets of €
O(i) :=={a=a"on [0,1]}, for i>1. (5.10)

Notice that 2 = U;>10(i), as a consequence of the crucial concatenation condition (5.1). We
also observe that X% = X% Py—a.s. on O(i), and therefore P and P! coincide on O(i). To
see this, let § be an arbitrary bounded F; —measurable random variable, and write {1p(;) =
EFo [E1o@m)] + fol nsdBs for some process n € H?(Py,F). Then EFo[(X? — X%)E1p;)] = 0,
and (X* — X%)1p(;) = 0 Pp—a.s. by the arbitrariness of §.

We now compute for any E € F;" that P[E] = >, P2 [ENO()] = > ,o P EN O(5))].
Since P! <« P for each i > 1, this provides the require?i result. B O
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5.4 The second order target problem under P

Define
12 ﬂ {(Xt)tE[O,l] : X]-[O,f'n} S ﬂH2<Pi,F+)},

Ly = (L*(P,F), H =
i>1 n>1 i>1
and the corresponding subsets of cadlag, continuous processes, and semimartingales: X €

D} (resp. 2, ng, g./\\/l?)) iff for every i,n > 1, X a7, € D?*(PL,FT) (resp. S?(P!,FT),
Z3(P!, FH), SM (P!, FT)). Moreover, let
H3, = {X eH2: X e dom(H) dt x dB —as.} and SMy, = {7 € Mg+ T et}

_—— 9 ~
For y € R and Z € SM,,,, let YvZ e Sg denote the controlled process defined by the

following ODE (with random coefficients):
t t
Y, = y—/ HS(YS,ZS,FS)ds—&—/ ZsodBs, t<7,P—as. (5.1)
0 0
Y; o= lim Y; on | J{f, =1}, YVi:=ooforte[t,1]on [{f. <1}. (5.2)
n—oo
n>1 n>1
The existence and uniqueness of solution to (5.1) is obvious by applying Lemma 5.4. Now
(5.3)

for any £ € Fi, our second order target problem under P is:
A 2
Vo(€) := inf {y : Yly’Z > ¢, P—as. for some Z € SMOH} .

Since P depends on the particular choice of Ay and Tp, this definition also depends on this
choice. As a by-product of the duality result in next subsection, we shall provide sufficient

conditions under which V does not depend on the choice of these dense subsets.
As in Section 3, we relax the problem. For any y € R, Z € 7:l(2) and G € ﬂ%H, as a

simple application of Lemma 5.4, the processes {Y“i’yz ’G}izl solving (3.12) can be patched
together into one process Y := Y¥%C ¢ 5’3, which is the unique solution of:

t 1 - _ _ _ t _ N
= y+/ <2Gs:&S—HS(Ys,ZS,G8)> ds+/ ZsdBs, t <7, P—as.  (5.4)
0 0
(5.5)

Y,
Y: = lim Y; on U{f'n =1}, Yy:=ooforte[?,1] on ﬂ{?n < 1},
n—oo
n>1 n>1
Our relaxed target problem is
Vo(€) := inf {y : Yly’z’é > ¢, P —a.s.for some (Z,G) € H2 x ﬂ%H} . (5.6)
Similarly, for y € R, Z e 7:[2, let V := Y¥Z be the solution of:
t ¢
Y, = vy +/ Fy(Ys, Zs)ds +/ ZsdBg, t< 71, P—as. (5.7)
0 0
Y; := lim Y; on {#p =1}, Yi:=ooforte[r, 1] on m {Thn < 1}. (5.8)
e n>1 n>1
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Our further relaxed second order target problem is defined by:
Vo(€) := inf {y : }A/ly’ZA > ¢, P —as. for some Z € ﬂ%} . (5.9)
Finally, for any ¢« > 1 and 7 € 77, we define:
.715 = A" N Ay, ZOF(i,T) = {ac€ Z(I; :a =a' on [0,7] for some T; 37 > 7}.

Our dual formulation is, recalling (3.18):

vo(€) := sup Yy (5.10)
aeﬁg
Similar to (3.20), it is obvious that
Vo(&) = Vo(&) = Va(§) = wo(&). (5.11)

5.5 The main results

We shall adopt the following analogue of Assumption 4.2 (i)-(iii) in the present context.

Assumption 5.6 The nonlinearity F satisfies:

|F;(0,2,a)| < C(1+|F(0,0,a)| + |a1/22|) , dt x dP* — a.s. for z € R a € A"

and Ei{ess sup?” ess sup®” E2[|¢]2 + le |13’SO|2ds]} < oo for eachi>1,n>1.
€75, aejF(iJ)

Theorem 5.7 Let Assumption 3.1 hold true and consider an arbitrary £ € H;(Z)
(i) If Assumption 3.2 holds, then Vo(£) = Vo(€).

(ii) Assume further that Assumption 4.3 holds, then Vo(€) = Vo(€).

(iii) If Assumption 5.6 also holds, then Vo(&) = vo(€).

We shall prove Theorem 5.7 in the next two subsections. Moreover, we have

Theorem 5.8 In addition to the conditions of Theorem 5.7, assume

(i) &€ = g(B)), Fs(y,z,a) = ¢(s,B.,y,z,a) whenever a € dom(F;) for some uniformly
continuous maps g : C([0,1))4 — R, and ¢(.,y,2,.) : C([0,1])? x S — R.

(ii) For anya € AY and anye > 0, there exists a® € AL such that EPO{fol a5 —ay|?dt} < e.

Then vo(€) = v(€), so that Vo(£), Vo(€) and Vo(€) are independent from the choice of the
sets Ag and Ty.
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Proof. For any a € 7tF, we define the processes X W by (2.3), (2.4), and recall from
(2.6) that W is a P*—Brownian motion with (]FWG)EM = . By the definition of a in (2.5),
recall that (Y, Z%) is defined by the BSDE:

1 1
Y = g(B.) +/ #(s,B., Y Z% ag)ds —/ Z%aM2dwe, 0 <t <1, P* —as.
t t

Then Y = Y§, where (Y, Z%) is the solution to the following BSDE under Py:
1 1
Yo = g(X9) +/ o(s, XY, Z% as)ds — / Z%Y%dB,, 0 <t <1, By —as.,
t t

where we used the fact that a; = a;(B.) by the definition of the map a. By Proposition 2.1
from El Karoui, Peng and Quenez [10], we deduce that for a,b € A"

1
Yo Y2 < E||g(X*) — g(XP ? XY Z0 a)—o(t, X0 VP Z0 b th
|O 0| = g( ) g( )+0 ¢(a ~’t7t7at) ¢(a oLy t?t) .

From the uniform continuity condition on g and ¢, this shows that the map a — Y is
continuous from A C H?(Py,F) to R. This, together with condition (iii), proves that the

maximization problem vy can be extended to the closure of the set jF. O

Remark 5.9 As a by-product of the previous proof, we have Y = 170“ for each a € XF,
where Y is the solution to a BSDE under Py. In particular,

vo(€) = sup Y and w(€) := sup Y.
ac Al acA”

5.6 The original problem and its relaxations are equivalent

The proof of Theorem 5.7 requires the following extension of Bank and Baum [1] to the

nonlinear case, whose proof is postponed to the Appendix.

Lemma 5.10 Let 0,, be an increasing sequence of FT—stopping times taking values in [0, 1],
0 = lim,, o0 0, and hy(w,y,2) : [0,1] x A x R x R* — R be uniformly Lipschitz-continuous
in y, uniformly continuous in z, and h(0,0)1) | € Ni>1H2(PY,FY) for each n > 1. For a
process Z satisfying Z1(g,] € Ni>1H2(PLFY) for eachn > 1, define a process Y satisfying
V2o, € Niz1S* (P, FF) by

t t
ytZ:y+/ hs(yf,zs)dH/ ZydB,, t <, P—a.s.
0 0

Then for any € > 0, there is Z° such that Z°1pg,) € Ni>1S2(PL, FT) with finite variation
for each n > 1, and

ze A 5
sup (V77— V| <e P-as.
0<t<f
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Proof of Theorem 5.7 (i) In view of (5.11), we only need to show that Vo(¢) < Vy(€) when
Vo(€) < oo. For any € > 0, there exist y < Vo(€) + € and Z € H3,G € ’F(%H such that the
corresponding Y; := Yly’Z’G > &, P-a.s. Denote for ¢ < 7:

t t
7 ::/ GsdBs, 2Z:=2;— 270, Y? ::/ Z%B,, Y=Y Y0,
0 0
and .
hs(w,y, 2) 1= 5as(w) : Gs(w) = Hs(w,y + Y (W), 2 + Z)(w), Gs(w)).

Then, with the notation of the previous lemma, Y = Y2, and one easily checks that h, 7,
and 7 satisfy the conditions of Lemma 5.10. Then, there is Z¢ € S’g with finite variation
over each [0, 7,,] so that:

ze B
sup |V — V| <e, P—as.
0<t<?

. 2
Set Zf == Zi+ 27, YF:=YZ +Y  fort < 7, and observe that Z¢ € SM, and d(Z¢, B), =
d(Z°, B); = Gdt. Then with the notation of (5.1),
VE+Y2=v¥Z and YYZ Y =Y - ).
Y* satisfies (5.4) for given (y, Z¢,T'), and

sup |YF — Yy <e, P—as.
0<t<?

Now let L denote the uniform Lipschitz constant of H with respect to y, set y° := y + ele.
On Np>1{7 < 1}, we have YlyE’ZE = 00 > £ P—a.s. To prove that this inequality holds on
Un>1{7n = 1}, we directly calculate that

t
y57Z€ yﬂzs J— L E,ZE ,ZE
Y —YPT =ete+ | a, (YVO YY) ) ds,
0

£ 7€ € 1
where || < L. This leads to Y77 — Y7 = eleelo @1dt > ¢ 5o that:
leyf,Zs > Yly’Ze +e2> Yl > ¢ on Un>1 {7A'n = 1}, ]fD — a.s.

Therefore Vo(€) <y +efe < Vo (€) + (14 ef)e — Vo(€) by sending ¢ to zero.
(ii) is proved exactly as in the proof of Part (ii) of Theorem 4.4, and (iii) is postponed to

next subsection. O

5.7 The duality result

This subsection is dedicated to Theorem 5.7 (iii). Let 7 := U,>17;,. As a main ingredient
for our duality result, we introduce for every ¢ > 1 the family of random variables:

A

Vii= ess sup”" Y, rteT, (5.12)
aéjg(iﬂ-)

27



where we always take F; —measurable version. Clearly, V! =V on {1 = 7o} P'—a.s. for
7 _ i

every 71,7 € T, and vp(§) = SUD s 4P Vi -

Lemma 5.11 Under Assumptions 3.1, 4.8, and 5.6, there is a constant C' > 0 such that:

) 1 R ' A
Vi< C esssup’ EX [52 -I-/ (1 + |F80|2) ds] , P'—a.s. forall T€T.
aejg(iﬂ') T

Proof. Let a € X{; be fixed. Since F is Lipschitz-continuous in y, we may define the
bounded process a by Fy(Y,*, Z#) = Fy(0, Z%) + ;Y. Let 8 > 0 be a constant to be fixed
later, and set A; := exp fg(ﬂQ —2a5)ds, ¢ == PY — ﬂ_lﬁt(O, Z#). Tt follows from It6’s
formula that

r 1
Ay = B g AL (5R0. 2P ~ 22 - ) ]

r 1
< & [ne s [ a (50 208 - @) o

r 1
< B (0@ [ A (0024 IER 4 o222 - 0l 22P)

where we used the growth condition on F' contained in Assumption 5.6. Set 3 := v/C'. Since

A is bounded both from above and from below away from 0, this implies that:
1
Y42 < CEE [52 +/ (1 + |F£|2) ds] , P — as.
T
and the required estimate follows from (5.12). O

We next prove that the family {V}, 7 € T,i> 1} satisfies a partial dynamic program-
ming principle. For every 7 € 7, denote by (Vi’T,Zi’T) the solution of the BSDE (3.18)

with a = a’ and terminal condition V;"" = Vi ie.
Vi =V — /1 F (VI Z0Yds — /1 ZUTdB,, t <7, P' —as. (5.13)
t ¢
Lemma 5.12 Let Assumptions 3.1, 4.3, and 5.6 hold true. Then, for every i > 1:
VTiI’TQ < VTi1 P! — a.s. for every T, Ty € T satisfying 71 < To, (5.14)

Moreover, the family {Vf}TET can be aggregated into a cadlag process which is a local F-

supermartingale under P up to 7.

Proof. (i) By the definition of the essential supremum, see e.g. Neveu [13], there exists a
sequence (b7 )j>1 C ZF(’L', 72) such that V}, = ess supg-m Y?. For € > 0, denote

Aj = {A(i) = j} where A(i):= inf{k: vi<y —i—s}.
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Then (A;);>1 is a partition of {2 and we define:

€ ._ i €. j
a; :=ag for s <7, and aj:= E bily, for s > 7.
j=1

By the definition of ZF(Z', T2) together with the fact that Tp is dense in [0, 1], we may find a
stopping time 7o > 7o, with values in Tp, such that a® = a’ on [0, 7). Then, it follows from
the concatenation property (5.1) of Ag that a® € ZF(Z', T9).

By the definition of (4;), we have V < Y% + e, Pi—a.s. Note that

T2

VS =YS — /72 F (Y, Z29)ds —/ Z¥dB,, 11 <t <1, P —as.
t t
ie. (Y%, Z%) solves the same BSDE as (V™% Z™#) but with terminal data Y% instead
of VTiQ. By Lemma 2.7 (iii) and (iv), we have 0 < fo”i — YT‘f < C;e, where C; depends on
the lower bound of a’. Since a° € ZF(Z', T2) C ZOF(i,Tl), we have V| > YV > VIt~ e,
Pi-a.s. for any € > 0, and the proof of (5.14) is complete.
(ii) First, by Assumption 5.6 and Lemma 5.11 we have
B [ess supIPn‘]VTi|2 < oo forevery n>1.
€T,

Fix n. By Lemma 2.11 and part (i) of this proof, the limit Vf’” = limgsy |t Vf/\%n exists,
Pi—a.s. Following the standard arguments as in [11] and [3], we claim that V" = V/ Pi—a.s.
for every 7 € 7z,. Indeed, let 7" be a sequence of stopping times taking values in QN (7, 1]
such that 7™ | 7, Pica.s. By (i), we have V;"™ "™ < Vi, Send m — oo, by the stability
of BSDEs we obtain V" < Vi Pi—a.s. On the other hand, for each a € AL (i, ), there
exists ¥ > 7 such that a € AL (i,7 A 7,). Let ™ be a sequence of stopping times taking
values in Q such that 7 < 7,, < 7 and 7,,, | 7. Then a € Ag(i, 7™ A 1y,) for each m, and
thus Y5, ,, < ng ar, - BY the comparison theorem of BSDESs, we get Y < i Qend
m — oo and by the stability of BSDEs we obtain Y,* < V™. Since a is arbitrary, we prove
Vi< V™ and thus, Vi = Vi Pl—a.s. Then V5" inherits from V' the F-supermartingale
under P? up to 7.

Finally, it is obvious that V,;"" = V""" Pi—as. on {t < ,}. Then we can aggregate
them into one cadlag process in [0,7) which is a local F-supermartingale under P* up to 7.

O

Proposition 5.13 Let Assumptions 3.1, 4.8, and 5.6 hold true. Then, there exists an
aggregating process {Vi,t € [0,1]} in D3 such that for every T € T,

Vi) (W) = Viw) for P'— a.e we (5.15)

T
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Moreover, there exist Z e 7:(% and K € 12, such that the process V' has the decomposition

t t
Vi=Vy +/ EFy(Vy, Z4)ds +/ 7B, — K;, 0<t<#%, P—as. (5.16)
0 0

Proof. Foreachi >1andn > 1, applying Lemma 2.11 and Theorem 2.12, we may assume
Vi is cadlag in [0,7,] and there exist unique Z' 1y, € H%Pﬁlﬁ'*),[?f;@n € I3(PL,FT)
such that

t t
V=V, +/ Ey(VE, Zi™Yds +/ ZimdB, — K", 0 <t <4, P'—as.
0 0

By uniqueness, Z5" = Zin+1 and Kin = Ko+l di x dPi—a.s. for 0 < ¢ < 7,. Denote

Zi = Z Zi’n].[f-nil’.f-n) and KZ = Zki’nl[f'nflﬁ'n)‘
n=1 n=1
Then

t t
Vt’:VO’—k/ FS(V;,ZstJr/ ZidBs — K!, 0<t<7, P'—as.
0 0

Moreover, by Lemma 5.11 and Assumption 5.6 again, we know the cadlag process V? satisfies

E’{ sup |V;Z|2} < oo and therefore IE’{ /Tn \Zi% + \IA(ﬂQ} < 00, (5.17)
0<t<tn 0
for every i,m > 1. Finally, by the construction of V?, it is obvious that V¢ = VJ Pi-
a.s. on [0,7 A7) whenever o/ € AL (i,7 A 7). Since both are cadlag, V* and V7 are
Pi-indistinguishable in [0,¢] N [0,7), for each i. By the uniqueness in Theorem 2.12, we
know Z' and Z7 are Pi-modifications and K? and K7 are P'-indistinguishable in [0,7 A 7).
Then, by Lemma 5.4, there exist patching processes V' € 153, Z e 7:[(2) and K € fg such that
the required decomposition (5.16) holds true. O

Proof of Theorem 5.7 (iii) In view of (5.11), we only need to prove Vo(€) < vp(€). Recall
the process V' defined in Proposition 5.13 above. Note that vg(§) > Voi for each i, then
vo(§) > Vo, P-a.s. By comparison, it follows from (5.16) that Vlvo(g),Z >V = &, Pas. on
Up>1{7n = 1}, which completes the proof by the definition of the problem Vo &). O

6 Examples and discussion
Example 1 Linear generator. Assume that H is linear in ~:
L

Hy(y,z,7) = ft(yvz)+§gt0t Y,
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where fi(y, z) and oy are so that our assumptions on the nonlinearity H and its conjugate

F hold true. Notice that the domain of F' is reduced to a one-point set:

Ft(y7 2y (1) = ft(yv Z)]-{a:oto'tT} + OO]'{a;éO'totT}‘

If oo™ & Ay, all @ € Ay are outside the domain of F, and 7 = 0 P—a.s. so that the value
function of the second order target problems are Vo(€) = Vo(€) = Vo(€) = —oo. Notice that
we also have vp(§) = —oo so that the duality result of Theorem 5.7 holds true.

On the other hand, if oo™ € Ay, then the present formulation of the second order target
problem is clearly equivalent to the classical formulation under the reference measure poo”

which ignores any uncertainty on the diffusion coefficient. O

Example 2 Uncertain volatility models. Set Hy(y, z,7v) := H(y) := %[627+ — 027, where
g > o > 0. This is the context studied by Denis and Martini [7]. By straightforward
calculation, we find dom(F}) = [02,52], and for any a € [02,5%], F(a) = 0. It is easily seen
that all our assumptions are satisfied. Moreover, under the additional density condition (ii)
of Theorem 5.8, we have V(§) = E(¢€) for ¢ satisfying certain technical conditions, where
EC is the G—expectation defined in Peng [16]. O

Example 3 Hedging under gamma constraints. Let I, T > 0 be two given constants. The
problem of superhedging under Gamma constraint as introduced in [17], [5], and [18], corre-
sponds to the specification Hy(y, 2,7) = H(y) = 30 for v € [-I,T], and +oo otherwise.
By straightforward calculation, we see that F(a) = 3 (T(a — 02)" + (a — 0?)7). If both
bounds are finite, the domain of the dual function F'is the non-negative real line. The dual

formulation of this paper coincides with that of [18]. O

Our formulation of the second order stochastic target problem uses crucially the stopping
time 7 introduced in (3.5). Similarly, the dual problem is formulated by restricting the dual
variables to those which lie in the domain of F' on the whole time interval [0, 1]. Our final
example shows that such restrictions are necessary for the duality result of Theorem 5.7

(iii). This also gives an example for (3.21).

Example 4 On the importance of 7. Consider the nonlinearity Hy(y, z,7v) = H(y) =
347" — 197] of Example 2 above. We have dom(F;) = [1,4] for any (¢,w), and for any
a € [1,4], F(a) = 0. Let Ty := [0,1] N Q, and Aj the collection of all piecewise constant
deterministic functions with time steps in Ty and values in Q4. Then ZOF ={acA:1<
a < 4,0 <t <1} Let

— B..-B
§:=1q; where Qq:= ﬂ lim ——= "¢ [1,2]}.

r€QN(0,1) { e=0 \/2elnln (1/¢)
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By definition, we clearly have for a € 715 that £ =0, P?—a.s. and Y = 0. But, for a ¢ jg,
we have P?[{ = 1] > 0 and Y{§' = —oo. Then, if the dual variables are not restricted to lie

in the domain of F', the dual value function is:

sup Yy = 0.
a€Ag

Interestingly, we shall now prove that:

Vo(§) := inf {y : YYQ’Z’G > &, P — a.s. for some Z,G e ﬂi21H2(Pi,F+)} > 0,

where the process Y¥%C is defined in (3.12) for t € [0,1], i.e. replacing 7 by 1. To see this,
we assume to the contrary that Vo(¢) < 0. Then, by using initial value 1/2 > 0, there exist
Z,G e ﬂi21H2(Pi,F+) such that

_ 1 1 1 1 R
Vi +/ (iGsds - H(G8)>ds +/ Z.dBs > &,P — a.s.
0 0

Let an(t) :==9 1 1y(t) +4 11 4y(¢), for n > 1. Then, P -a.s., we have { =1 and thus

n

1/n

1 1 1 1 l/n 1 1
- < - - < 296G, —~[4GT -G~ < )
2 /0 Z,dBg < /0 <2G3an(s) H(Gs))ds < /0 <29Gs 2[4GS G, ])ds < 4/0 |G5]d8

Taking expectation under P%~, this provides Eﬂmn{ 01/ "G s|ds} > 1/8 for all n > 1. Since

P4 = P% on F,, this implies that P [fol/n |Gs|ds] > 1/8, for all n > 1, contradicting
the condition that G € H?(P%,F+). O

7 Appendix

7.1 Proof of Lemma 2.4

Proof. (i) Assume Y € D°(P,F?). The uniqueness is obvious. To prove the existence,
assume let Ap := {w : Y.(w) is not cadlag}. For each r € QN (0, 1], by Remark 2.3, there
exists Y, € Fif such that A, := {V, #Y;} € NF. Let A := Ay U (U,A,). Then P(A) = 0.
Define

i k k1. -
}/;n = Yk+%’ tE(ﬁ, n ], Y = (nll_{I;OYn)l{mnﬂoaneR} fOI' nZl

n’ n

Then for any ¢ € (&, 2] yr € FF | and Y04 € B([0,%]) x Fi,,. Since F' is right

continuous, we get Y; € F;" and Y/‘[O,t} € B([0,#]) x F;". That is, Y € F+. Moreover, for
E Ek+1

o, ], we get

any w ¢ A and any t, for any n, assume t € (

lim Y*(w) = lim Vi (w) = lim Yiu (w) = Y (w).

n—oo n—oo n—oo n
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So {w: 3t st. Yi(w) # Yiy(w)} C A. Then, Y is P-indistinguishable from Y and thus Y
also has cadlagpaths, P-a.s.
The case that Y € SO(IP,F¥) can be proved similarly.
(ii) The uniqueness is obvious. To prove the existence, we first assume Z is bounded. Let
Y, := [} Zsds. Then Y € S°(P,FF). By (i), there exists Y € SO(P,F*) P-indistinguishable
from Y. Let Ag := {3t s.t. Y; # Y;}, then P(4p) = 0 and Y.(w) is continuous for each
w ¢ Ap. Define:
Z = nlY; — Y/;_%]; Z := (lim Z") o znery for m> 1

n—co
As in (i), we see Z € FT. Moreover, for each w ¢ Ay, ZI'(w) = nftt_l Zs(w)ds. Then
Z.(w) = Z.(w), dt-a.s. Therefore, Z = Z, dt x dP-a.s. '

Finally, for general Z, for any m, let Z}"* := (—m)V(ZAm). By the above arguments, Z™
has a modification Z™ € F*. Then obviously Z := (limy,—0, Z™)1 (T oo Zmery Satisfies
all the requirements.

(iii) For any n, define
e R i P
Coi= T —_ T = — n,
‘ n - n’ —~n Al

Note that A} € ]:E+. By Remark 2.3 (i), there exists A? € Fi suchthat 14n =1 5,, P-a.s.
We note that fl? are not a partition of {2 anymore. Define /_1711 = fi’f, andfori=2,--- ,n—1,
AT = [lf\ Ut<j<i ;1?, and finally A" := O\ Uj<jcp ]1? Then A7}, ---, A" form a partition
of Q. Define 7" := > | 21 7,. One can easily check that 7" is an F'-stopping time and

i=1n

7" = 7" P-a.s. Now set 7 := inf,, 7. We see that 7 is an F™-stopping time and 7 = 7, P-a.s.

a

7.2 Proof of Lemma 5.10
Lemma 7.1 The result of Lemma 5.10 holds when 6, =1, ]f”—a.s., for some n.

Proof. Recall Lemma 2.7, and define P := > a;P', where ap := 1 — Yooy oy, and
1
o7l =21 (14 C(a)) [1+]EZ{ sup |yt|2+/ (12,2 + |ht(0,0)|2]dtH, fori>2. (7.1)
0<t<1 0
Then P € M, P' < o;'P, P is equivalent to P, and Y € S2(P,Ft),Z € H2(P,FH).
Obviously it suffices to find Z¢ € H2(P,F*t) such that supg<i<1 | Vi — Vil < ¢, P-a.s.
As in Bank-Baum, we first claim that, for any (F*-)stopping time 7 and any Y5, Z, € F,
there exists a process {Z;7,t € [r,1]} € H2(P,F*) such that Z5" = Z,, Z5" is absolutely

continuous in t with finite variation, and

I@{ sup e LED|YET Y| > e 4 |V, — yT\} <e (7.2)

r<t<1
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where L is the uniform Lipschitz constant of h with respect to y, and
~ t t
VT =Y, —i—/ hs( V5™, Z5T)ds + / Z;TdBs, t>T1, P—as.
T T

1. Assume (7.2) is true. In this step, we construct a sequece of stopping times (7;)i>0
which yields the required approximation (¢, Z¢). We initialize our construction by 7y := 0,
Yy = Yo and Zo arbitrary. Let e > 0 be fixed, and set ¢, := 27" Le.

Assume 7; is defined and ()¢, Z¢) have been defined over [0,7;]. By (7.2) there exists
Z*1 € H2(P,Ft) which is absolutely continuous in ¢ and has finite variation such that

Zr, = Z;, and

B{ sup e HTITI Y| > e + [V - Vol b < e,

Ti<t<1
where ; "
i Ti
Denote
Tiv1 := 1 Ainf {t > e FET VI _y) =gy + Y: — yn’} ;
and define

yf = ﬁiJrl, Zta = Zﬁl, Vit € (TZ’,T¢+1].

Since 3°°, P(r; < 1) = 3.2, &; < 1, it follows from the Borel-Cantelli Lemma that P(r; <
1,¥i) = 0. That is, (), Z¢) is well-defined on [0, 1] and Z¢ is absolutely continuous in ¢

and has finite variation. Moreover, for ¢ € [1;, Tit+1],

sup eiL(t*T")Wf = Vil <eip1 + V5, — Vnl.
T <t<Ti41

Then

—Lt —Ln; — L~ —L7
sup e NV =Wl <e e +e YL — YVl <ei e TTYVE = Vnl
T St<Tit1

L

By induction one can easily see that supgc;<; e 2|Vf — V| < 32, &; = e e, and then:

sup |Vy =W <e, P—as.
0<t<1

2. We next show that Z¢ € H?(P,F*). For any i and j, note that

Tj . Tj X
yg:ygj_/ o g,z;‘,a;)ds—/ Z2dB,, t<7;, P —as.
t t
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Note that d(B); = aldt, P’-a.s. By standard arguments one can easily see that for all j > 1:

B{ [ 1z} < c@E{v5E+ [ n0.0Pds)

< C(gi)]Ei{ sup |3)t|2—|—€—|-/ |hs(0,0)] ds}

0<t<1

1
— gy

by (7.1). Then

Eﬁ’{/ |Z¢] 2dt} ZalEPZ{/1|Z§\2dt} <
0

3. It remains to prove (7.2). For simplicity we assume 7 = 0 and Y, = U, 4, = Z. Set

Zy = Z for t < 0, and define for every n > 1:

n—oo

t N 1
Zp = n/ Zsds so that lim EP{/ |z} — Zt|2dt} =0,
t— 0

3=

Z™ is continuous in ¢ with finite variation, and Z} = z. Let Y™ and Y be defined by
Y = Yy = ¢ and:

ay," = h (Y, Z])dt + Z]'d By, dy; = ht(Yt, Zy)dt + Z1dBy.
By stability of SDEs and standard estimates, we get

lim E@{ sup |Y;" — 17}|2dt} =0 and e MY, -V <7yl

n—oo 0<t<1

Then, for any € > 0,

B sup e My~ W zetlj-yl| < B sup e My - Vi >l
0<t<1 0<t<1

< ]f”[ sup \Yﬁ—f@]z% — 0, as n — 00,
0<t<1

which completes the proof of (7.2). O

Proof of Lemma 5.10. Fix e > 0. First, notice that Z1g g,) satisfies the conditions in Lemma
7.1 and that YZ = y o0 o <t < 6. Thus there exists Z°1jg,) € Ni>1S*(P",FT)

with finite variation such that

sup |V —VE| <2 lefe<2 e De P —as,
0<t<0,

where L is the Lipschitz constant of A with respect to y. Assume we have defined Z¢ on
[0, 0,,] with finite variation such that

sup | V7 - VE|<[1- 2—n]eL(9n—1)€7P — a.s.
0<t<6,
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Note that

t
yf—yei+/

On

t
he(VZ, Z,)ds +/ ZydBs, 0, <t<6,.1, P—as.
On

Since Z1, g, ,,) satisfies the conditions in Lemma 7.1 by restricting to [0, 1], there exists

Z°1,, 0,.1] € Ni>1S8%(P!, FT) with finite variation such that
sup DZgZE - ytZ\ <2 () Llnii=De P _ 55
9n§t§9n+1
where

_ t
ytzzye%/

t
he(VZ, Z%)ds +/ Z8dB,, 0, <t<0,.1, P—as.
On, On

Moreover, since |[VZ" — VZ | <[1 - 27 Mell—1g P_as., by standard arguments we have

sup  |VFT - VE| < Ot yZ —yZ < (1-27) O P oas,
9n§t§9n+l

Then Z°1(y g, ,] has finite variation and

ZE £ "'ZE ZE ~ZE Z
sup [V =Y | < sup |V =V |+ sup VP =)/
enStS0n+l angtge'rHJ 0n§t§0n+1

< (1 =27 elOnn—bg 4 9= (4D o Lni1—1)g
= (1—27)elfn=be < ¢

Repeating the arguments, and sending n — oo, we define Z° over [0, 6) satisfying all the

requirements. O
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