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ABSTRACT. This paper provides approximate formulas that generalize the Blelodk formula in
all dimensions. Pricing and hedging of multivariate contingent claims enéeed by computing
lower and upper bounds. These bounds are given in closed form isathe spirit as the classical
one-dimensional Black-Scholes formula. Lower bounds perfommarkably well. Like in the one-
dimensional case, Greeks are also available in closed form. We dic@ssension to basket options
with barrier.

1. INTRODUCTION

This paper provides approximate formulas that generalize the BlackeSdieomula in all dimen-
sions. The classical Black-Scholes formula gives in closed form the pfia call or a put option on
a single stock when the latter is modelled as a geometric Brownian motion. Thé tseRlack-
Scholes formula has spread to fixed income markets to price caps andifiddtsor models or
swaptions in Swap models when volatilities are deterministic.

Many options however have multivariate payoffs. Although the mathematiearyhdoes not
present any particular difficulties, actual computations of prices angsschnnot be done in closed
form any more. Financial practitioners have to resort to numerical irttegrasimulations, or ap-
proximations. In high dimensions, numerical integration and simulation methodbentyo slow
for practical purposes. Many areas of computational finance remlitest and accurate algorithms
to price these options.

Moreover, the classical Black-Scholes formula is still extremely populspitethe fact that the
assumption that volatility is deterministic is not satisfied in reality. One can therbfogenuinely
interested in obtaining multivariate equivalents of this one-dimensional formula

In this paper we give approximate formulas that are fast, easy to implenggeamery accurate.
These formulas are based on rigorous lower and upper bounds ateederived under two assump-
tions. First, we restrict ourselves to a special class of multivariate may®dffroughout payoffs are
of the European type (options can only be exercised at maturity) and exezoised these options
pay alinear combinationof asset prices. This wide class includes basket options (i.e., options on a
basket of stocks), spread options (i.e., options on the difference &etim® stocks or indices) and
more generally rainbow options but also discrete-time average Asian optidrelso combination of
those like Asian spread options (i.e., options on the difference between teragag of two stocks
or indices.) Second, we work in the so-called multidimensional Black-Schubegl: assets follow a
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multidimensional geometric Brownian motion dynamics. In other words, all volatikinescorrela-

tions are constants. As usual, to extend the results to deterministic time depevldélities and/or

correlations one just has to replace variances and covariances byntais over the option life.
To continue the discussion, let us fix some notations. In a multidimensional-Bigloéles model

with n stocksSy, . . ., Sy, risk neutral dynamics are given by
ds;(t) -
D Si(t) = (T’ — qi)dt + ; Uidej (t),
with some initial valuess; (0), ..., S,(0). By,..., B, are independent standard Brownian motions.

r is the short rate of interest amgis dividend yield on stock. Correlations among different stocks
are captured through the matix;;). Given a vector of weightgw;);—1,...», we are interested, for
instance, in valuing the following basket option strucksatvhose payoff at maturity’ is

n +
(Z wiSi(T) - K) s
i=1

as usualg™ = max{0, z}. Risk neutral valuation gives the price at time 0 as the following expecta-
tion under risk neutral measufe

n +
(2) p=e¢"TE { (Z w;S;(T) — K) } .

Deriving approximate formulas in closed form for such options with multivanyoffs has al-
ready been tackled in the financial literature. For example, Jarrow add iRU6] provide a general
method based on Edgeworth (sometimes also called Charlier) expansieisid€h is to replace the
integration over the multidimensional log-normal distribution by an integration awether distrib-
ution with the same moments of low order and such that this last integration casnbédrdclosed
form. In the case where the new distribution is the Gaussian distribution, {hiexamation is often
called the Bachelier approximation since it gives rise to formulas like thoseeddry Bachelier.

Another take on this problem (introduced by Vorst in [13] and by Ruttie424) is to replace
arithmetic averages by their corresponding geometric averages. Thehkateethe nice property of
being log-normally distributed; they therefore lead to formula like the Bladieles formula. See,
for example, [9] pp. 218-25 for a presentation of these results. Thelradessumes however that
the weights(w;);—1,... », are all positive. Our method does not require such an assumption and will
prove to be more accurate.

The trick of introducing the geometric average was later improved by Curfdh By condition-
ing on the geometric average, he is able to split the price into two parts, cgreigielosed form and
the second being approximated. Conditioning was also used by Roge&haim[11] to compute
explicit a lower bound on Asian option prices. They used the convexityeofithctionz — x™ and
Jensen’s inequality to get their lower bound. More recently, these ideesused and again improved
in [3].

Let us close this review of existing results in the area by mentioning a clodatgderoblem. Itis
when the multivariate distribution of the assets’ terminal values is not spedifisdnly constrained
to be such that it gives back some known prices for other options (typioptipns on the single
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assets of the basket). The problem then consists in finding lower and lhioeds on basket option
prices under these constraints. It can viewed as a semi-definite pragramj2].

There are two difficulties in computing (2): the lack of tractability of the multiteriag-normal
distribution on the one hand and the non linearity of the functien =™ on the other. Whereas [6],
[13], and [12] circumvent the first difficulty, our approach relies aifing optimal one-dimensional
approximations thanks to properties of the function~ ™. In one dimension, computations can
then be carried out explicitly.

Approximations in closed form are given in Proposition 4 and 6 below. Warice sensitivities,
the so-called Greeks, are given in Proposition 9, 10, 11 and 12. Sécs8bows actual numerical
results. We close the paper with an extension to multivariate barrier options.

2. TWO OPTIMIZATION PROBLEMS

The dynamics giving the asset prices evolutions in (1) have the followitigkwewn solutions

1 n n
(3) SZ(T) = Sl(O) exp r—q; — 5 Z(O’ij)2 T+ Z O'Z'ij (T)
j=1 J=1
In order to work in a quite general framework, which will allow us to deal ooly with basket
options but with any other option paying a linear combination of these termiitagspwe letX be

the random variable

X — zn: €% cCiVT—Var(Gi)T/2
i=0
(Gi)i=0,...n 1S @ mean zero Gaussian vector of size- 1 and covariance matrix, ¢; = +1, and
z; >0foralli =0,...,n.
Our goal is to comput&{ X *}. In the case of basket options, (see (2) and (3)) this notation just

meanse; = Sgr’(wl) andzx; = ’wi|Si(O)€_qiT fori =1,...,n, Eij = (O'O'I)Z'j fori,j =1,...,n.
Here and throughout the rest of the papeenotes transpose. The strike pri€as also incorporated
into X as ‘stock 0’, with zero volatility:eg = —1, g = Ke "l and%;g = Yoj = 0fori,j =
0,...,n.

Without loss of generality, we suppose that not all of¢hbave the same sign. If it were the case,
E{X*} = E{X}T and it does not present any difficulty. Note also thiais symmetric positive
semi-definite but not necessarily definite. Before we explain our appation method we need the
following definition and proposition.

Definition 1. For everyi,j,k =0,...,n, we let

2 = Zij — Zik — Sy + S
and
(4) oi=V%iu  of=4/3k

The next proposition says that we have some freedom in choosing tagarme structur® when
we computeE{ X 1.



4 RENE CARMONA AND VALDO DURRLEMAN

Proposition 1. For everyk = 0,...,n, let (Gf)i:07..,7n be a mean zero Gaussian vector with covari-
anceX*. Then,

n +
© E(X*) :E{(Zsi:pieG?ﬁ_Vaf(G?)Tﬂ) }
=0

Proof. Itis an easy consequence of Girsanov’s transform. Indeed,

n +
E{X+} ) {eGk\/T—Var(Gk)Tﬂ (Z 6ixi@(cr*i—Gk)\/T—(Var(G’l-)—Var(Gk))T/2> }
=0

= +
= Eg { (Z Eixie(Gi—Gk)ﬁ—(var(Gi)—Var(Gk))T/2> } ’

i=0
where probability measur@” is defined by its Radon-Nikdan derivative
A" _ GvTvarGTy2
dP '
UnderQ¥, (Gi —Gr)o<i<n is again a Gaussian vector. Its covariance matrix (which remains the same
under bothP andQ¥) is ¢, m

Without loss of generality, we will also assume that for eviers: 0,...,n, ¥ # 0. Indeed if
such were the case, Proposition 1 above would give us the price withpfiiidher computation.
The following simple observation is the key to the rest of the paper.

Proposition 2. For any integrable random variabl&,

(6) sup E{XY}=E{Xt} = inf E{Z},
0<Y <1 X=2Z,—23
- Z1>0
Z5>0

whereY, Z;, and Z; are random variables.
Proof. On the left-hand side, letting < Y < 1,
E{XY}=E{XTY} -E{X Y} <E{X"}
and takingY” = 1,x>0; shows that the supremum is actually attained. On the right-hand side, it

is well known that if X = Z; — Z5 with both Z; and Z, non negative, ther¥; > X*. The
decomposition = X — X~ shows that the infimum is actually attained

These two optimization problems are dual of each other in the sense of Imggamming.

3. LOWER BOUND

Our lower bound is obtained by restricting the set over which the suprem((&) ia computed.
The resulting problem will be solved exactly. We choaSef the form1y,.q<qy Whereu € R 1
andd < R are arbitrary and denotes the usual inner product®f*+!. Let us let

(7 Dy = su(Ii)E {Xl{u-ng}} .

The next propositions give further information pn First, we need the following definition.
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Definition 2. Let D be the(n + 1) x (n + 1) diagonal matrix whoséth diagonal element i$/o; if
o; # 0 and 0 otherwise. Defin€' to be

C =D¥D.
C is also a symmetric positive semi-definite matrix and we denotg@ya square root of it (i.e.,

C=vCVC)

C'is just the usual correlation matrix with the convention that the correlation te §&h case one
of the random variables has zero variance.

Proposition 3.

(8) ps«=sup sup Ze—:ml <d+ (Xu); \/T) = sup sup ismifb <d+ Ui(\/av)i\/f) )

deR u-Xu= 1 deR |jv]|=1 i—0

Here and throughout the paper, we use the notatiar) and®(z) for the density and the cumula-
tive distribution function of the standard Gaussian distribution, i.e.,
o(z) = ! e /2 and  ®(z)

= —— —2 gy,
V2T V2T /oo c b

Proof. By conditioning,

Py = sup sup ]E{]E{X|u G}l{uG<d}}
deR yeRn+1

n
Cov(G;,u-G) T  Cov(G, uG)
= sup sup E EiwiE{e TR B /21{u-G<d}
deR yeRn+1 75 B

— sup sup Z&x E{ Cov(G,u-G)u-GvVT—Cov(Gy,u-G)? T/21{u G<d}}
deR u-Xu= 1 -0

= sup sup Zele (d%—(Zu)ﬂ/T).

deR u-Xu= 1

DefineD~! to be the(n + 1) x (n + 1) diagonal matrix whoséh diagonal element is;. We easily

check thatt = D~1v/C'v/C' D—1. Therefore taking = D—1/C u gives the second equality of the
proposition. n

To actually compute the supremum, it is interesting to look at the Lagrangjiahthe second
problem in (8)

d) = > ciwi® (d+ o (VONVT) = £ (ol - 1).
=0

w is the Lagrange multiplier associated with the constriirfit= 1.

Proposition 4.

(9) Dy = zn:si:z:i(b (d* + ai(\/av*)iﬁ>
i=0
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whered* andv* satisfy the following first order conditions

(10) Zf‘:ixiai\/aij%p <d* + JZ(\/EU*)Z\/T> ﬁ — ;M); =0 fOl‘j = 0, o n
=0

(11) 3 ciwip (d*—l—oi(\/av*)i\/f) -0
=0
(12) [v*] = 1.

Note that (9) is as close to the classical Black-Scholes formula as oneluapgdor.

We now give a necessary condition fét to be finite. It is interesting when it comes to nu-
merical computations but it also ensures us that lower bounds are riat th/e need to make a
non-degeneracy assumption. Recall that the méiriwas introduced in Definition 2. Through its
definition, C' may have columns and rows of zeros. We are now assuming that the sopizabeC
obtained by removing these rows and columns of zeros is non-singuiamwell defined because we
assumed that none of thé* (and therefor&) were actually the zero matrix.

Condition 1.

det(C) #0
Proposition 5. Under Condition 1,
p. >E{X}T, orequivalently |d*| < +ooc.
Proof. Assume for instance th@t{ X} > 0. We want to show that, > E {X}. Let us letf,(d) =
S8 e (d + ai(\va)i\/T). First note that for any, limy_, . f»(d) = E{X}. We are going
to show the claim by showing that there exists a unit veetsuch thatf, (d) < 0 whend is near

+o0. Under Condition 1, Range/C) = @', o:R # {0} and we can pick a unit vectersuch that
o; > 0 = g;,(+/Cv); > 0. For such a, write f/ as

£(d) = o(d) { Z xiefdai(ﬁv)iﬁfaf(ﬁv)?Tﬂ _ Z xiedm(\@v)iﬁﬂf(ﬁv)?Tﬂ} )
7;261':—{-1 7:267;:—

By denotinge = min;..,— 11 0;(v/Cv); > 0 anda = max;..,—_1 0;(v/Cv); < 0, we get the follow-
ing bound, valid ford > 0:

fo(d) < o(d) {( Z %) e~deVT—a*T/2 _ ( Z 1:1) e—(ﬁﬁ—éazT/Q} '

:gi=+1 tiE,=—

Without loss of generality, we can assume thandc are not simultaneously zero and the above
upper bound is strictly negative falarge enough. The case whétd X } < 0 is treated analogously
by showing thatf, > 0 around—oco. B

Note that in case assets are perfectly correlated, it may happen that ¢hprite is actually
E{X}*. A condition such as Condition 1 is therefore necessary in the above stateme
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4. UPPER BOUND

Our upper bound is obtained by restricting the set over which the infimunj is @mputed. For
everyk =0,...,n, let&, = {i: of # 0}, which is never empty. Let us also lef = | > ., eiil
andéy, = sgn>_,¢, €ixi). Without loss of generality, we can assumije> 0. Then, choose reals
(AP)ice, suchthal ", . Al = —&; and rewriteX as

X = Z o oGiVT—Var(Gi)T/2 _ Af o oCrVT—Var(Gy,)T/2
1€E
_ Z i oGiVT—Var(Gi)T/2 _ /\f i eGk\/T—Var(Gk)T/2>+
€€k
_ Z <€i 2, GV T—VarGOT/2 _ Ar, eckﬁ—Var(Gk)T/z)* .
€8
The family of random variable&; that we choose consists of those of the form
Z <5ixi (GiVT—Var(G)T/2 _ /\? i eGk\/TfVar(Gk)Tm)-i—
1€
wherek =0,...,n, Ziegk )\f = —&; and/\fgi > O foralli € &.. Because all the; do not have the
same sign, the set of suafi is nonempty for each.

Proposition 6.

(13) p* = min {anaixiq) (dk + 51-011-“\/?)}

0<k<n | “
=0

wherec? is given in(4) andd* is the unique solution of
n
Z EiTip (dk + 810’?@) = 0.
i—0

Again, note that (13) is as close to the classical Black-Scholes formulaeasonld hope for.

Proof.
J’_
»* = min inf E Z <5i$i (GVT—Var(G)T/2 _ /\f i eGk\/TfVar(Gk)Tm)
) S T
. . E; E; 4 EZ‘O'ZI?\/T
= min inf Z cg;x; P k In |t
0SkSn S ce, Mb=—21 7 oFVT  \ Mgy, 2

M [ =1 ( S ) _aoivT
Ui \/T )\z Tl 2
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Forming the Lagrangiag”
k
kiyk _ o &g Eil; Siai\/f
LM = ) e <J§ﬁln()\§jk>+ 5 )

1€E
. . oF\T
£ E;r E;0,
Nz ® L qp | ) - 2 — Netge ],
we find the first order conditions
8£’“ — 5P & In g5 _ 81'0'?\/T _ -0
o = T GhT T \ N 2 e

from which we deduce that the argumentsbofnust all equal each other. This leads to the following
system:

& | < €iTi > Eio‘fﬁ €j 1 <8jxj ) €j0§\/f
_ — n _ _

=dF fori,jeé&,

n =
T\ N ) T 2 AT\ i, 2
> - -
€€k

)\]?EZ‘ > 0 forieé&.
Solving for the\!'s yields

Zeiq:i exp (—siofﬁdk - (of)QT/2> =0.
i=0

It is a decreasing function @f*. Moreover, since not all the; have the same sign, its limits @t
arez 0. n

Cases of equality. It is easily seen that when = 1, lower and upper bounds both reduce to the
Black-Scholes formula and therefore give the true value. Let us strats = 1 not only contains
the classical call and put options but also the exchange option of M

The following proposition confirms this property and gives other casesravtower and upper
bounds are in fact equal to the true value. These correspond to whsesstocks are perfectly
correlated or uncorrelated depending on the sigms the payoff.

Proposition 7. Ifforall 7,5 =0,...,n,
Eij = EiEjUin,

then

*

P« =P .

Proof. Exactly as in Proposition 1 we have the freedom to choose among the diiftereariance
matrices:*. Therefore, for any:

Py = SUp Sup Zsixi@ (d—l— (Eku)lﬁ> .
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Also, for anyk

(14) sup Zsl:m ( Zk )i ﬁ) <pe <p* < iswi@ (dk + 5iaf\/T) )
i=0

quu 1Z =0

Let us choose: such thato, = ming<;<, 0;. Note that under the hypothesﬁ,fj = (gio; —
eroy)(ej0; — eroy). Notice further that since all the do not have the same sign, we can define
the following vectoru:

Sgr(sml- - 5kak)
Yo lejoi — enol

U; =

One trivially checks that - ©*u = 1 and that(X*u); = ;0; — ¢0%. Because of the way we chose
k,

(Zku)i = &;0; — ERO| — 51"61'01' - 5k0'k| = 61'(7?.

This proves that the inequalities in (14) are in fact equaliti@s.

Bound on the gap. Although an estimate on the gap is readily available as soon as lower and upper
bounds are computed, it is interesting to havegmiori bound on the gap* — p..

Proposition 8.

< pf— <,/7
(15) 0<p"—p« < Og}glgn{zxa}

Proof.

p" —ps < min Zn:zszxz <dk—i—<€Z k\ﬁ) — max Zale ( + (SFu*); \/T)

0<k<
< min Z&ﬂfz{ <dk+<€Z kf) ( (Eku*)zﬁ)}

By Cauchy-Schwarz inequality,

n

n
ZZ Shudu| < R AT Sk6udiy = of

Jj=01=0 j=01=0 j=01=0

whered;; = 1if i = j and 0 otherwise. It follows that

n n
P e < s 3l (o = (F00)0) VT < 29T le i 3 ot
1=

0<k<n
1=

Since||¢||co = sup,er |¢(z)] = \/% it gives the desired upper bound on the gap.
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5. GREEKSCOMPUTATIONS

Lower bound. We now compute partial derivatives with respect to the various param#éterisitial
asset prices, their volatilities, their correlation coefficients, and the matdtibe@ption.

Proposition 9.

(16) ZI;* = o (d* + Uz(\FCU*)Z\/T>

(17) gl;* = gii(VOv)ip (d*+gi(\@v*)iﬁ)ﬁ
w(d*+m’(\@v*)iﬁ>¢<d*+aj(mv*)jﬁ>ﬁ
Siockeron(VOu g (4 + 01 (VO ) T)

Ops
(18) 8/]))@] = &i&jTiT;j0;05

(19) 8;;: = 2\1/T kzoé‘kxkﬂk(\/av*)k(p (d* + ak(\FCv*)k\/T> .

Recall that in our general formulation can bejw;|S;(0)e~%T, or Ke="T.

Proof. First order derivatives are easily computable thanks to the following adusen.

dp.  Opx N Ops Od dv  Ops HaHU*HQ _ Ops
because, satisfies the first order conditions (10-12)at, d*). The same reasoning applies to any
first order derivative with respect to any parameter. This leads to thaufas above, except f(ﬁ%,

where an additional computation is needed.

We first make the computation whéhis the symmetric square root 6f (see Definition 2). We
further assume that it is non singular. The final formula will not depenithese choices and that will
prove the claim. Under these assumptions

(9\/5kl 1 -

+ Voups -

1 -1
+5jk Ci )

and therefore

8 * T - * - *
P = £ <5ixi0i§0i(\/5 1'U )j +6j$j0j<pj(\@ 1’U )Z>
8pij 2
where we used the short-hand notation= ¢ (d* + Ui(\@v*)iﬁ) On the other hand because
of (10),

-1
EiTi0P; = %( C U*)i

and also because of (10) and (12),

o= Z Eiaixi(\/av*)icpi\/f
1=0
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This gives the formula of the proposition. Whéhis singular, the claim is proved by a density
argument. Finally, the formula only depends @@'v*, which does not depend on the choice of the
square root made in Definition 2m

Second order derivatives are more difficult to obtain since the previtksis no longer possi-
ble. There exist however simple and natural approximations that satisfiyutiglimensional Black-
Scholes equation.

Proposition 10. Let
P p. @ (4" + (VO )VT) o (4 +0,(VCu),VT)
== SiSj 7
0013 >0 ekTkok (VO )i (d* - Uk(mv*)kﬁ) VT

(20)

then

8p* —|— ZZEJQJ x]aa g; =0.

10]0

Another interesting feature of these formulas is tgﬁg% and gﬁ’; are proportional to each other

wheni # j. A property that is shared with the true price.

Note that there are no first order derivative terms in the Black-Schqlestien. It comes from the
fact that in our framework, interest rate and dividends are hidden in;the They do not show up
explicitly as long as we are working with the’s as main variables.

Proof. It suffices to show that:

(Z%l‘k% (VCv*) k:‘ﬁk:) +ZZ€Z€] ijTi%;pipj = 0.

i=0 j=0
Simply note that because of (10),

n n
Z Z Ei€j 04 TiT P05 =

n n n

> cigjoioiVCiuV Crjzizjpie;

=0 57=0 =0 j=0 k=0
[ n
= —= Ejdjl‘j(\/a’u*)jg&j.
VT

Again because of (10) and (12), we have:
= Zsmmi(\FCv*)miﬁ.
=0

This completes the proof.a
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Upper bound. We now turn ourselves to the case of upper bounds. The functions only almost
everywhere differentiable. Therefore the next two propositions lave understood in an almost
sure sensek* denotes the value for which the minimum is achieved in (13).

Proposition 11.

(21) W _ e:® (d’f* + e,-af*\/T)
al‘i
8 * Z_ Z * * * *

(22) il pklf L (dk + giof \/T) VT
do; o}
8 * 7 * 7 *

(23) Poo_ jk*xzw <dk bt \f) /T
Ipij o;

24) P LS ol (¢ + ol V)
or VT =0

with the conventio® /0 = 0.
Proof. We proceed in the same way as for the lower boumd.

As in the case of the lower bound approximation, there are formulas foraham@’s that satisfy
the Black-Scholes equation.

Proposition 12. Let

2, % ® dk*+€z k*\/T e .
(25) P _ —( P )(Sij ifi € Eps
Oxi0z; 0 forall j if i ¢ &),
then

*

+ ZZE :1:]8 893 = 0.

zOy—

6. NUMERICAL EXAMPLES AND PERFORMANCE

We implemented the lower and upper bound formulas in C++. The optimizatioequoes are
simple conjugate gradient methods. On a standard PC, lower and uppeistare given in a fraction
of a second.

Basket options. As a first example, we shall consider the case of a basket option. Fdictynbet
us suppose that there atestocks whose initial values are all $100 and whose volatilities are also all
the same, equal 1@. Correlation between any two distinct stockgisl'his amounts to the following:

, . T00 0 -+ 07
- 0 1
1 100/n ) P '(,)
€= ., x= ] and Y=o 0 p 1
1 100/n P T
LO p -+ p 1
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Interest rate and dividend are set to zero. The option has maturity 1 Weapresent the results in
Figure 1 whem = 50 and for different volatilities¢ = 10%, 20%, 30%) and different correlation
parametersd = 30%, 50%, 70%.) We plot lower and upper bounds against stidkeFor the sake of
comparison we also plot results of brute force Monte Carlo simulations.

In view of the plots in Figure 1 one can make two comments. The gap betweendodeipper
bound tends to decrease as correlation increases, which is in totaimegrte®ith Proposition 7.
On the other hand the gap increases with the volatility, this fact, in turn, coutdifgected from
Proposition 8.

p=30%0=10% p=30%0=20% p=30% 0 =30%

o
w
o
w
o
w

price
o o o
o ° i o N
& [ o o q
price
o o o
o ° i o N
& [ o o )
price
o o o
o o i o N c
& [ o N 5
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strike K strike K strike K
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0.35, 0.35, 0.35
0.3 0.3] 0.3
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o o o
o ° i o N
& [ o o q
price
o o o
o ° i o N
& [ o o &
price
o o o
o o = o N .
& [ o N )

0.75 0.88 1.00 113 125 0.75 0.88 1.00 113 125 0.75 0.88 1.00 113 125
strike K strike K strike K

p=70%0=10% p=70%0 = 20% p=70% 0 =30%

o
w
o
w
o
w

price
o o o
o ° i o N
& [ o o a
price
o o o
o ° i o N
& [ o o 3
price
o o o
o o = o N .
& [ o N il

113 1.

o
o]

1.00 113 125 0.75 0.88 1.00 1.00
strike K strike K strike K

FIGURE 1. Lower and upper bound on the price for a basket option on 50 stocks
(each one having a weight af/50) as a function ofK. “+” denote Monte Carlo
results. Prices and strikes have been divided by 100.

Table 1 gives numerical values for the same experiment. It is striking to aedotieer bounds
are always within the standard errors of Monte Carlo estimates. On thehahdr upper bounds
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are really not as good as lower bounds. It is unfortunate that we tacheeve the same degree of
accuracy with upper bounds.

The absolute precision on lower and upper bounds is of the ordér&f There are two approxi-
mations in the implementation: one comes from the optimization algorithm, the other feostatt
dard Gaussian cumulative distribution function. The optimization procedige one-dimensional
search with first derivative as explained in [10] pp. 405-8. We setdlegance parameter ).
On the other hand, for the cumulative distribution function, we use the Mgasdaman-Marsaglia
algorithm as described in [4] p.70. The relative error is of the ordénot>.

6.1. Greeks computation for basket options. In the framework of (2), the different sensitivities are
given as follows fori = 1, ..., n:

- Ip — . _QiT@
= as) - wle™ g
_Op _ _p0Op
"TOK T % om
0
Vega 65
0%p . 0%p
T = _ ; Je—(aiteg)T Y £
J 851(0)8Sj(0) |w ‘ ‘w]| © ’ 8$18$]
Xij = apz’j .

wherep is eitherp, or p*.
These are compared with Monte Carlo estimates in Table 2. Estimates fbistaee computed
from those for they’s in the following way. When # j,

S Xij
=
J .I‘Z'.Z‘jO'iO'jT,
and

~

1 — ~
P o;Vegg — Z PiiXij | »
(2

W= "5
;0
i i

wheni = j. Doing so is fully justified in the present Black-Scholes model. These fosninteed
follow from the following relationship between derivatives of the multivari@sussian density:

62 1 1 »-1 8 1 1 »n-1
e~ 3% ) = (146 e~ 3% 2,
070z ( det () ) ( ])321‘]' < det (%) >

whereX. is of course symmetric positive definite. From this we deduce that whke,
1 0Op 1 op

XTilj 82ij :IZZ':L’jUinT apij

ij



o =10% o =20% o =30%

p K LB MC UB LB MC UB LB MC UB
90 |10.0618 (pai) 10.7124{10.9906 (Pgne) 13.5891 12.5699 (jioss) 17.0129
95 | 55331 (J00s0) 6.8881| 7.3049 ({033 10.5195) 9.3320  (gioer,  14.2936

0.3 100| 2.2352  (§3o5;) 3.9878| 4.4687  (540i%)  7.9656 | 6.6986  (doas 11.9235
105| 0.6082 (0011 2.0640 | 25072 o033  5.9056 | 4.6525  (Goosy,  9.8817
110| 0.1072  (go6s 0.9539 | 1.2904  (Ggossy  4.2920 | 3.1310  ({pods)  8.1410
90 |10.2099 (Gnis) 10.712411.8128 [Jgo7  13.5891) 14.0601 (5py,  17.0129
95 | 5.9638 (0003 6.8881| 8.4043  {§qoehy  10.5195/ 11.0537 (jinns) 14.2936

0.5 100| 2.8484  Gfoyy, 3.9878| 5.6932  (((0s0)  7.9656 | 85307  (Gonse) 11.9235
105| 1.0752 (50019 2.0640 | 3.6721  §00if) 5.9056 | 6.4689  (oovs,  9.8817
110| 0.3165 (po0s) 0.9539 | 22582  §ios  4.2920 | 4.8252  (gioges)  8.1410
90 |10.3997 (oous) 10.7124 12,5681 [Fine  13.5891| 15.3433 (jiihs,  17.0129
95 | 6.3574  (({ois) 6.8881| 9.3298 (g2 10.5195) 12.4795 (o, 14.2936

0.7 100| 3.3511 (gioss) 3.9878| 6.6962  ((ooer)  7-9656 | 10.0296  [gihsy  11.9235
105| 1.4977  (Gooos)  2.0640 | 4.6502  G0os)  5.9056 | 7.9713  (oes) — 9.8817
110| 0.5645 (0015 0.9539 | 3.1289  Gofif)  4.2920 | 6.2704 (30,  8.1410

TABLE 1. Numerical results for a basket of 50 stocks. LB and UB are

the Gaussian quantile at 95%.

oweruapeér bound values. MC are
Monte Carlo estimates with 10,000,000 replications, numbers in parenthegis atandard errors computed with

SIVID LNIONILNOD ILVIHVAILTININ OL VININYGOL STFTOHIS-XOV1d FHL ONIZITVHINTID

ST
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and wheni = j,

F”:z(?p: 1 8p_2@8p
" .%'zz 82@'@' x?aiT 801‘ iz ag; 8pij

This trick allows us to estimate the second order derivatives from firgravdes. As is well
known, these are much easier to obtain. We used the pathwise derivsiimaates (see, for instance
[4] pp.386-92).

price A Vega r X S} K
Lower Bound 3.3511 0.0103 0.6698.9 10~° 0.0019 1.6746 -0.4832

Upper Bound 3.9878 0.0104 0.7968.0 1074 0 1.9922 -0.4801

3.3508 00103 0.6700 4.310~6  0.0019  1.6746  —0.4857
Monte Carlo  :5101) (2.1 10-5) (0.0027) (1.310~4) (0.0004) (0:0053)  (0.0010)

TABLE 2. Greeks for a basket option on 50 stocks, each having initial valué $10
and weightl /50; K = 100, T = 1, 0 = 10%, p = 0.7. Monte Carlo estimates were
computed with 1,000,000 replications and the standard errors (below intbesés)
with the Gaussian quantile at 95%. By symmetry, fkis, vega’s,I''s, andx’s are

the same for every stock or pair of stocks.

6.2. Discrete-time average Asian options.In the case of Asian option, we compare the lower bound
with another often used approximative lower bound for Asian option. Ttherdower bound is
obtained by replacing an arithmetic average by a geometric one (seeafopkx [13].) Results are
reported in Table 3. Again, we take an option with 1 year to expiry and an inélak for the stock

of $100. Interest rate and dividend are set to zero. Averaging ferpaed over 50 equally spaced
dates. Results are given for different stock volatilities= 10%, 20%, 30%.) The lower bound is
uniformly better than the geometric average approximation.

o= 10% o= 20% o = 30%
K GA LB uB GA LB uB GA LB UB
90 [9.9928 10.0754 10.159510.7979 11.0867 11.572412.1687 12.7492 13.6343
95 | 55089 5.5922 5.8451 7.1954 7.4631 8.1119 9.0419 9.5786 10.5953
100| 2.2606 2.3372 2.6964 4.4319 4.6708 5.3880 6.5083 6.9971 8.0699
105| 0.6391 0.6886 0.9595 2.5165 2.7164 3.3926 4.5423 49778 6.0320
110| 0.1204 0.1399 0.2600 1.3181 1.4717 2.0292 3.0784 3.4557 4.4312
TABLE 3. Asian prices using the geometric average approximation (GA), lower
bound (LB) and upper bound (UB) approximations.

6.3. Another example. In the example of Section 6, the optimization procedure for the lower bound
can be somewhat simplified because we can compuexplicitly (namely,v} = 1/./n for everyi)
because of the problem’s symmetries.
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For the sake of completeness, we give here another example of an optoweighted sum of
five arbitrary stocks whose characteristics are given in Table 4. Indisis, eve do not know a closed
form expression for* and we have compute it by performing the optimization.

Price and Greeks are given in Table 5.

Assets S(0) weights dividend yields volatilities correlations
1 110 0.1 5% 20% 1 05 04 03 0.1
2 105 0.4 4% 25% 1 08 02 03
3 100 0.1 7% 30% 1 05 06
4 95 0.2 6% 35% 1 05
5 90 0.2 9% 40% 1

TABLE 4. Data for Section 6.3: = 3%, K = 100, andT = 1.

7. BASKET OPTIONS WITH BARRIER

To our knowledge, the first paper dealing with barrier options with more tm&nunderlying is
[5]. The options they consider are usual barrier options on a singlk simept that the barrier event
is related to another asset. Later [7] and [14] tackled the same problemtivheption is written on
more than one asset, in fact, they consider options written on the maximumeoékassets. In this
subsection, we look at different but related problem where the optionmiteemwon a basket and the
barrier event is based on a particular stock.

More precisely, we show how to extend the previous results to the caskaskat option with a
down-and-out barrier condition on the first stock of the basket. We wijl tbcus on lower bounds
since they are much more accurate than upper bounds. More speciffealbption payoff is

n +
(Z w;Si(T) — K) Lint,cr 510> 0}
=1

We assume, without loss of generality, ttfat< S;(0). With the notation of the paper, the price of
the barrier option is

n +
 Gi(T)-0?T)2
E { (Z gixi€e i l{ianT 5,1(O)G(r—ql—o%/Q)H—Gl(t)ZH} ’
=0 -

where{G(t);t < T} is (n + 1)-dimensional Brownian motion starting from 0 with covariarie
Although we have the particular case of basket options in mind, it shoulttdssed that this formu-
lation is valid for any payoff with a linear structure. We simply assumgee: +1 ando; > 0. We
propose to approximate the option’s price and its replicating strategy withtamadpower bound.

n

— Gi(T)—0o2T/2

=supE Eixie i 1 .

P ucIl) {z(:) o {inft<TSl(O)e(“ql*"f/z’”Gl(”ZH; u~G(T)§d}
K = =



Price A Vega I' x 104 X

7.0931 0.0425 2.1665% 1.72 7.02 1.70 3.44 3.34 0.4056 0.1125 0.2520 0.2644
LB © 0.1866 12.967 286 6.94 140 13.6 0.5466 1.2246 1.2853
2.6299 0.0480 3.391 168 340 3.30 0.3395 0.3564
K 0.0937 4.7147 6.88 6.67 0.7984
—-0.3941 0.0948 4.657 6.47
z Price A Vega I' x 104 X
= 71218 0.0426_ 21836 | 178 708 171 344 325 04090 01126 0.2518  0.2575
= (0.0078)  (3.410-5) (0.0049) | (0.078) (0.049) (0.022) (0.026) (0.030) | (0.0028) (0.0015) (0.0019) (0.0024)
o MC fe) 0.1868 13.0868 29.3 6.98 13.6 13.1 0.5494 1.1879 1.2410
= (1410-4)  (0.0200) (0.187) (0.060) (0.062) (0.058) (0.0047)  (0.0054) (0.0055)
o) 2.6779 0.0480 3.3854 1.70 3.36 3.25 0.3352 0.3511
s (0.0039)  (3.710~5)  (0.0048) (0.110)  (0.035) (0.036) (0.0035)  (0.0039)
g . 0.0939_  4.8182 731 6.63 0.7939
2 (7.6 10-5)  (0.0101) (0.077)  (0.026) (0.0031)
z —0.3907  0.0949_  4.7413 6.87
b (0.0003)  (7.91075)  (0.0098) (0.075)
é Price A Vega I' x 104 X
% 9.9699 0.0458 4.1700 17.2 0 0 0 0 0 0
% UB © 0.1929 16.098 58.4 0 0 0 0 0
x
3.8838 0.0487 3.714 12.4 0 0 0 0
K 0.1020  7.0995 22.5 0 0
—-0.3912 0.1026 6.484 20.0

TABLE 5. Greeks obtained from Lower Bound, Upper Bound, and Monte Gadthods. The parameters are
given in Table 4. Monte Carlo estimates were computed with 10,000,000 replisatial the standard errors
(below in parenthesis) with the Gaussian quantile at 95%.

18
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Using Girsanov's theorem, it rewrites
Dy = supznjsiinF’ inf G1(t) + (22’1 +r—q — 02/2) t>1n " su-G(T) <d—(Zu)T ;.
‘ t<T ! - x1)’ -

Let us define a new standard Brownian mot{d# (¢); ¢ < 7'} independent of G1(t);t < T'} by

i, G
01 01

G ().

Like in Proposition 3, we use homogeneity to normaliziey settingu - >« = 1. Suppose first that
we restrict ourselves to the half ellipsqilu); < 0. Letting\; = X;1 +7 — ¢ — 0?/2 and

_ I PR 1)
Y= 5 <d (Su)T — 4 [1 2 W(T)),

we get for the above expression:

sup sup gix; P < inf G1(t Jr)\-tzln(
deR w-Yu= z; o {tST ( ) !
(Eu)1<0 ¢

H> .G (T) zy}.

I

In fact, since we assumed that = +1, this last expression is equal 4@ even if we restricted the
sup over(Xu); < 0. It remains to compute these probabilities; we use the following classicadl resu
(see, for example, [9] p. 470.)

Lemma 1. Let B be standard Brownian motion anki(t) = o B(t) + At, then fory <0,

o (=zeAT 7;!@ —zAT+2y if y <
P {tig%X(t) 2y X(T) 2 gg} N P EE/};;TS %é E J:/A;r\g ())therW?iJse.x

The probabilities above are expressible in term&gfthe cumulative distribution function of the
standard bivariate Gaussian distribution:

lu —2puv+v
Do (x / / ex ( >dudv.
(z,y,p) = QW\/l_— p 11—
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Recall thatY” is independent of7, therefore, by first conditioning oH we get

H
P{lnf Gl(t) + Nt >1n <> ,Gl(T) > Y}
t<T al

2,
Y H\ 2 21n(H/x1)—Y>
Ed |- ()7 s Lottt /a |
( 01\/T> (96'1) < oVT Un(He)<Y AT

2);

B (p()\iT—ln(H/xl)) . (H> 5 (AiT%—ln(H/:rl)) )
Ul\/T 0'1\/T {In(H/z1)>Y+X\T}

Z1

2);

= Py (d - (Eu)i\/i —aj;, —7) - <Z> B Dy (d — (Bu)VT — 2In(H/z1), —ai, —7)

e </\iT— ln(H/xl)) B (H) o <A1T+ln(H/x1)> b (o)

oVT 1 oV
with
2
aizl(d—<zu>iﬁ+ @“)W&T—ln(ﬂ/xl))) and =1 C5L
gl oivT 71

Deltas could be readily computed from these expressions but we shalhréd do so. Instead,
we report in Table 6 price estimates for such options for various setsafmggers. Framework and
notation are the same as in Section 6. Therenaséocks whose initial values are $100 and whose
volatilities are all equal ter. Correlation between any two distinct stocksisnd options are at-
the-money, i.e. K = 100. The numerical aspect of this optimization problem is of course more
challenging than in the case without barrier but it seems to perform quiteamglto converge very
quickly. We note that option’s prices tend to decrease to a constant asrttienof stocks increase.
We observed the same phenomenon for European basket options.

8. CONCLUSION

This paper shows how to efficiently compute approximate prices and hedggtions on any
linear combination of assets. Our general method allowed us to treat alldptses in a common
framework. This methodology was applied to the pricing of basket, distirate-average Asian
options and basket options with a barrier. As an important by-produbtomethod, first and second
order sensitivities are given in closed form at no extra cost.

We compared our method with Monte Carlo estimates and lower bounds probedetaremely
accurate. In terms of computational time, our method clearly outperforms Niamte methods. Our
examples show that we essentially get the same degree of accuracy ad@@oQo0 replications in
a fraction of a second.

Incidentally, in the Black-Scholes model, we also showed how the Gammas telgega’s and
first order derivatives with respect to correlation parameters. Thigadlais to estimate Gamma’s
by Monte Carlo methods using pathwise derivative estimates.
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o 0 H n =10 n =20 n =30

70 5.8897 5.7514 5.7045

0.5 80 5.6065 5.4579 5.4076

90 4.0862 3.9477 3.9013

70 6.8025 6.7318 6.7080

20% 0.7 80 6.6127 6.5356 6.5097
90 5.0713 4.9918 4.9653

70 7.5981 7.5772 7.5702

0.9 80 7.4838 7.4613 7.4537

90 6.0030 5.9777 5.9692

70 8.4844 8.2647 8.1905

0.5 80 7.3050 7.0793 7.0035

90 4.5820 4.4101 4.3527

70 9.9782 9.8648 9.8267

30% 0.7 80 8.9029 8.7784 8.7368
90 5.8227 5.7202 5.6861

70 11.2602 11.2272 11.2161
0.9 80 10.3586 10.3207 10.3080

90 7.0638 7.0296 7.0182

TABLE 6. Lower bounds for a down-and-out call option on a basket stbcks.

AcknowledgmentsThe authors thank Robert Vanderbei for helping them out with AMPLLEDQO
in the early stages of the project.
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