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Semigroup and generator

Point process : definitions

Point process (or counting process) Z :
e a random countable set of Ry : Z = {T; : i € N}
e a random point measureon Ry : Z =} . 0T,

A process A is the stochastic intensity of Z if :

Y0 < a < b,E[Z([a, b])|Fs] = E [/b)\tdt

7|
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Point processes

Semigroup and generator

Definitions and some property

Let (X¢)e>0 be a (homogeneous) Markov process

Semigroup of X
Prg(x) = E[g(X¢)|Xo = x] = Ex [g(Xt)]

Infinitesimal generator of X

d

Ag(x) = IPtg(X)

t=0

Characterization of P by A
t
P:g(x) = g(x) + / PsAg(x)ds
0
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Model Definitions of the systems
Heuristics

Modeling in neuroscience

Neural network = directed graph
e vertices = neurons

® arcs — synapses
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Neural networks model
Model Definitions of the systems
Heuristics

Modeling in neuroscience

Neural network = directed graph
e vertices = neurons

® arcs — synapses

Neural activity = Set of spike times
= Point process

Spike rate depends on the potential of the neuron
Each spike modifies the potential of the neurons

Network of N neurons :

. ZN" = number of spikes of neuron i emitted in [0, t]
= point process with intensity (X,
e XN = potential of neuron i
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Neural networks model
Model Definitions of the systems
Heuristics

N —neurons network model

ax]M = (t)dz]?

HMZ

with :
o 7NJ — point process with intensity f(Xth)
e =1lorl/2

e uji(t) = random variable (or deterministic)

Dynamic of XN/ :
° XtN” = XNTg=alt=5) if the system does not jump in [s, t]
— « = leakage rate

o x XN’ + N(,) if a neuron j emits a spike at t

— uf’( )/NfB = synaptic weight
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Neural networks model
Definitions of the systems
Heuristics

Mean field limit

N
i i 1 Nj
dXN' = b(XN")dt + B > ui(t)dz
j=1
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Mean field limit

N

N,i N,i 1 N,j

dX;' = b(X;"")dt + B E uji(t)dz,™
=1

Scaling of the sum :

e linear scaling 5 =1 (LLN) :
[Delattre et al. (2016)] (Hawkes process, uji(t) = 1),
[Chevallier et al. (2019)] and [Agathe-Nerine (2022)]
(uji(t) = w(vj, vi) random)
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Neural networks model
Definitions of the systems
Heuristics

Mean field limit

N

N,i N,i 1 N,j

dX;' = b(X;"")dt + B E uji(t)dz,™
=1

Scaling of the sum :
e linear scaling 5 =1 (LLN) :
[Delattre et al. (2016)] (Hawkes process, uji(t) = 1),
[Chevallier et al. (2019)] and [Agathe-Nerine (2022)]
(uji(t) = w(vj, vi) random)
e diffusive scaling 5 =1/2 (CLT)
— uji(t) random and centered
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Neural networks model
Definitions of the systems
Heuristics

Diffusive scaling

‘Marked point processes‘ ZNY = {(Tk, Ui(Tk)) : k € N}

dxM" = b(XN")dt + N_1/2Z Uj(t)dz)?

j=1
References : 3x|[E., Locherbach, Loukianova (2022)]
Property : semimartingale and Markov structure

° \ Random environment\ Uji iid centered

N
dX" = b(x[")dt + N2> Udz)"

j=1
Reference :...
Property : conditional semimartingale and Markov structure

Marked model inconsistancy :
roles of synapses can change at every spike
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Diffusive scaling, random environment, dimension 1

N—particle system U; iid centered

N
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Neural networks model
Model Definitions of the systems
Heuristics

Diffusive scaling, random environment, dimension 1

N—particle system U; iid centered

N
dX' = b(X)dt + N2> " U;dz}"
j=1
Reference : [Pfaffelhuber, Rotter, Stiefel (2022)] 2 differences :
e XN Hawkes process = not gentle process
o L(U1) =1/261 +1/26_1 = gentle distribution

Our assumption : U; iid centered and

E [eawﬂ] < oo for some o > 0; o2 :=E [Ulz]

Limit system W ~ A(0,02)
dX; = b(X¢)dt + WF(Xe)dt + o/ F(X¢)dB:
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Heuristics for the limit system

N—particle system

N
dX = b(X[)dt + N2> " U;d 2]
j=1

Limit system
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Model Definitions of the systems
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Heuristics for the limit system

N—particle system Z'/ .= zNJ _ fo J)ds local martingale

N
dX{ =b(X[)dt + N2> " U;d 2]
j=1

+ | N 1/2211 F(XN)d

Limit system

dX. = b(X.)dt + WF(X:)dt + o/ F(X:)dB;
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CLT coupling from KMT result
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Let U; (j > 1) iid centered, for some a > 0,

E [eo‘“}ll} <ooand 0? :=F [Uf]

Then there exist WM i.d.~ A/(0,0?) and K such that :
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Neural networks model
Model Definitions of the systems
Heuristics

CLT coupling from KMT result

Let U; (j > 1) iid centered, for some a > 0,

E [eo‘“}ll} <ooand 0? :=F [Uf]

Then there exist WM i.d.~ A/(0,0?) and K such that :

N
1 In N
— U — WM < K— and E [evK] < oo for some v > 0
VN Z ’ VN
j=1

Proof. consequence of :
e KMT theorem [Komlés, Major, Tusnady (1976)]
e reasonning of [Ethier, Kurtz (2005)]
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Result

Finite-dimensional convergence
Convergence

Main result : annealed convergence and quenched control

e X" converges to X in distribution in D(R,R)
e Forallt >0,g € C3(R),

In NV

E [s(x)] ~E[s(X0)]| < Gy

e Forall t > 0,g € C3(R), almost surely,

(In N)Cf)

’Es [g(XtN)} —Ee [g()_(tlv)” =0 ( Wi

with € = o(U; 1 j > 1) V(WM . N > 1)

Remark : same convergence speed for FIDI distribution
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Result

Finite-dimensional convergence
Convergence

Infinitesimal generator

N—particle system

N 0o ]
dX = b(xM)dt + NTV2N UJ-/O Lo, crxnyy @ (t,2)
j=1

Limit system
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Semigroup convergence
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0

t
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<l ([

Yoo (AY - AY) PYg(x)| ds

| as

(AY - AY) PEg(X.)

ng >€N(5)

Control of [P _g(x)/5

Pg(x) =Ee . |g(X0)]

Xavier Erny Annealed limit in random environment 16 /19



Result

Finite-dimensional convergence
Convergence

BEIigroup convergence
(e rt) et < [
/tngm [

<l |7

Yoo (AY - AY) PYg(x)| ds

| as

(As - As) PY.g(XY,)

N 5) en(€)

sg

Control of [P _g(x)/5

PL.g(x) e gy [e(X)] = Ee [g(XN(x))]

Xavier Erny Annealed limit in random environment 16 /19



Result

Finite-dimensional convergence
Convergence

BEIigroup convergence

(P P2) ] < [ [
/tngm [
<l |7

Yoo (AY - AY) PYg(x)| ds

| as

(As - As) PY.g(XY,)

N 5) en(€)

&s8

Control of [P _g(x)/5
PL.g(x) e gy [e(X)] = Ee [g(XN(x))]

0xPY.g(x) =Ee |(0 XN (x))g/ (X (x))]

Xavier Erny Annealed limit in random environment 16 /19



Result

Finite-dimensional convergence
Convergence

BEIigroup convergence

(P P2) ] < [ [
/tngm [
<l |7

Yoo (AY - AY) PYg(x)| ds

| as

(As - As) PY.g(XY,)

N 5) en(€)

&s8

Control of [|PY _z(x)[5 ..
Pg(x) =Ee g [g(X)| = Ee [g(X(0)]
0xPY.g(x) =Ee |(0 XN (x))g/ (X (x))]
0P8 ()| <lg [l supEe [|0.X ()

Xavier Erny Annealed limit in random environment 16 /19



Result

Finite-dimensional convergence
Convergence

BEIigroup convergence
(e rt) et < [
/tngm [

<l |7

Yoo (AY - AY) PYg(x)| ds

| as

(As - As) PY.g(XY,)

N 5) en(€)

sg

Control of [P _g(x)/5
PY.g(x) =Ec sy |g(X)| =Ee [g(X(0)]
0xPY.g(x) =Ee [(0 X (x))g/ (X' (x))

_ (V]
0P g ()| <lg'] o supEe [|0XV ()] < Collgloce™ ™

Xavier Erny Annealed limit in random environment 16 /19



Result

Finite-dimensional convergence
Convergence

BEIigroup convergence
(e rt) et < [
/tngm [

<l |7

< S My (e)

Yoo (AY - AY) PYg(x)| ds

| as

(As - As) PY.g(XY,)

N 5) en(€)

sg

Control of [P _g(x)/5
PY.g(x) =Ec sy |g(X)| =Ee [g(X(0)]
0xPY.g(x) =Ee [(0 X (x))g/ (X' (x))

_ (V]
0P g ()| <lg'] o supEe [|0XV ()] < Collgloce™ ™

Xavier Erny Annealed limit in random environment 16 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
(P = PEL) 803)| < o™ Mlen(e)

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
(P = PEL) 03| < o™ Mlen(e)

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
'ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
'ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

E HEs [g(XtN)} — E¢ [g()_(t’v)} H < CgE [EN(5)2]1/2

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
'ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

E HEs [g(XtN)} — E¢ [g()_(t’v)} H < CgE [EN(5)2]1/2

N N N
1 1
with en(£) < C | |—= Y U= WM + 1= " 02 — 2|+ N32) |2
VNS = =1

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
'ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

E HEs [g(XtN)} — E¢ [g()_(t’v)} H < CgE [EN(5)2]1/2

N N N
1 1
with en(€) < C | |—= > U= WM+ 1= " 02 — 2|+ N32) |2
VN = = j=1

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
'ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

E[|Bs [g0¢)] ~ Ee [(xM)][] < CoiE [en(€)])™?
with ey(€) < C kN L EN: U? —o?| + NWZN: U3
VN N j=1 j=1

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
'ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

E[[Bs [g0)] - Ee [e(XM)][] < CorE [en(e))?
with ey(€) < C kN 1L EN: U? —o?| + NWZN: U3
VN N j=1 j=1

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control

Ee [g(X!)] — Ee [g0X)]| < Guee® W en(e)

Annealed convergence

B [[Be [s0)] — Be [e0%)][] < G
with ey(€) < C KM-i- 1ZN:U.2_U2 +N3/2ZN:U-|3
< JN N 2 j < J

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control

Ee [g(X!)] — Ee [g0X)]| < Guee® W en(e)

Annealed convergence

B [[Be [s0)] — Be [e0%)][] < Gt
with ey(€) < C KM-i- 1XN:U.2_U2 +N3/2iu.’3
< N N2 j < J

Quenched control

. eN(E)—(’)<I\n/%/>—|—O< '”'I:‘/N>+o<\%>

Xavier Erny Annealed limit in random environment

17/19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control

Ee [g(X!)] — Ee [g0X)]| < Guee® W en(e)

Annealed convergence

B [[Be [s0)] — Be [e0%)][] < Gt
with ey(€) < C KM-i- 1XN:U.2_U2 +N3/2iu.’3
< N N2 j < J

Quenched control

. eN(S)—O@%)w( InI/CN>+O<1N) -o(W)

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

[ [sx9] e st < oo
with en(€) < C Kl\n/%/ + /t/ﬁ; Uj2 o2+ N3/2j§ U

Quenched control

“rie-o(o8) o) o (&) o(c2)
e There exists 8 BM, [WIM| = |8y[/v/N = O(VInIn N)

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

[ [sx9] e st < oo
with ey(€) < C Kl\n/%/ /t/ﬁ; Uj2 — o2+ N3/2jé Uj3)

Quenched control

. eN(s)—o@%’) +o< '”'/(‘/N> +o<}) O('\'}%)
o There exists 8 BM, [WIM| = |8y|/v/N = O(VInn N)

[Ee [g(xM)] —Ee [s0M)]| < CoeMlen(e)

Xavier Erny Annealed limit in random environment 17 /19



Result

Finite-dimensional convergence
Convergence

Annealed convergence and quenched control
ES |:g()_<tN)} _ES |:g(XtN)” < Cg,teC*‘W[N”eN(E)

Annealed convergence

[ [sx9] e st < oo
with ey(€) < C Kl\n/%/ /t/ﬁ; Uj2 — o2+ N3/2jé Uj3)

Quenched control

. eN(s)—o@%’) +o< '”'/(‘/N> +o<}) O('\'}%)
o There exists 8 BM, [WIM| = |8y|/v/N = O(VInn N)

Ee [6(X)] — Be [g0X)]] < G0 (0 M) - (n W)/ VW)

Xavier Erny Annealed limit in random environment 17 /19



Bibliography

e E. (2022) Annealed limit for a diffusive disordered mean-field
model with random jumps. HAL, ArXiv.

e Delattre, Fournier, Hoffman (2016). Hawkes processes on large
networks. Ann. Appl. Probab.

e Chevallier, Duarte, Locherbach, Ost (2019). Mean field limits for
nonlinear spatially extended Hawkes processes with exponential
memory kernels. Stoch. Proc. Appl.

e Agathe-Nerine (2022). Multivariate Hawkes processes on
inhomogeneous random graphs. Stoch. Proc. Appl.

e Pfaffelhuber, Rotter, Stiefel (2022) Mean-field limits for non-linear
Hawkes processes with excitation and inhibition. Stoch. Proc. Appl.

e Komlés, Major, Tusnddy (1976). An approximation of partial sums
of independent RV's, and the sample DF. Il. Zeitschrift fiir
Wahrscheinlichkeitstheorie und Verwandte Gebiete.

Xavier Erny Annealed limit in random environment 18/19



Thank you for your attention !

Questions ?
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